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Preface 


Poisson structures naturally appear in very different forms and contexts. Symplec- 
tic manifolds, Lie algebras, singularity theory, r-matrices, for example, all lead to a 
certain type of Poisson structures, sharing several features, despite the distances be¬ 
tween the mathematics they originate from. This observation motivated us to bring 
the different worlds in which Poisson structures live together in a single volume, 
providing a multitude of entrances to the book, and hence to the subject. Thus, the 
idea of the body of the book, Part II, was born. 

It is well known, i.e., it is commonly agreed upon by the experts, that results and 
techniques which are valid for one type of Poisson structure ought to apply, mutatis 
mutandis, to other types of Poisson structures. When starting to write Part I of the 
book, we soon realized that not everything could be derived from the general con¬ 
cept of a Poisson algebra, so we faced the challenge of presenting the concepts and 
the results in detail, for the algebraic, algebraic-geometric and geometric contexts, 
without copy-pasting large parts of the text two or three times. But as the writing 
moved on, both the algebraic and geometric contexts kept imposing themselves; fi¬ 
nally, each found its proper place, appearing as being complementary and dual to 
the other, rather than a consequence or rephrasing, one of the other. It added, unex¬ 
pectedly, an extra dimension to the book. 

It was pointed out by one of the referees that the main applications of Poisson 
structures should be present in a book which has Poisson structures as its main 
subject. This was quite another challenge, giving rise to the third and final part of 
the book, Part III, undoubtedly an important addition. 

Several years were necessary for this project, a big part was done at Poitiers, 
when the three of us were appointed to the “Laboratoire de Mathematiques et Ap¬ 
plications”. We were spending long hours together in what our colleagues called 
The Aquarium (for an explanation of the name, look up “poisson” in a French dic¬ 
tionary). When two of us moved away from Poitiers, we sometimes worked to¬ 
gether in other places, which always offered us a pleasant and stimulating working 
atmosphere. Thus, we are happy to acknowledge the hospitality of our colleagues 
from the mathematics departments at the universities of Poitiers, Antwerp, Coimbra, 
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Saint-Etienne and at the CRM in Barcelona and the Max-Planck Institute in Bonn. 
Each one of us was partially supported by an ANR contract (TcChAm, DPSing and 
GIMP, respectively), which made it possible to keep working on a blackboard, rather 
than seeing each other on a computer screen. 

We learned Poisson structures from our teachers, friends and collaborators: Mark 
Adler, Paulo Antunes, Pantelis Damianou, Rui Fernandes, Benoit Fresse, Eva Mi¬ 
randa, Joana Nunes da Costa, Marco Pedroni, Michael Penkava, Claude Roger, 
Pierre van Moerbeke, Yvette Kosmann-Schwarzbach, Herve Sabourin, Mathieu 
Stienon, Friedrich Wagemann, Alan Weinstein, Ping Xu and Marco Zambon. The 
multitude of different points of view on the subject, which we learned from them, 
have given a quite specific flavor to the book. Even if a book cannot replace what one 
learns through lectures, discussions and collaborations, it is our hope that this book 
may further transfer what we learned from them and that it invites other researchers 
to explore the subject of Poisson structures, which turns out to be as diverse and rich 
as the colorful fauna and flora which inhabit the bottom of our oceans. 


April 1, 2012 Camille Laurent-Gengoux, Anne Pichereau and Pol Vanhaecke 
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Introduction 


Poisson structures appear in a large variety of different contexts, ranging from string 
theory, classical/quantum mechanics and differential geometry to abstract algebra, 
algebraic geometry and representation theory. In each one of these contexts, it turns 
out that the Poisson structure is not a theoretical artifact, but a key element which, 
unsolicited, comes along with the problem which is investigated and its delicate 
properties are in basically all cases decisive for the solution to the problem. 


Hamiltonian mechanics and integrable systems. A first striking example of this 
phenomenon appears in classical mechanics. Poisson’s classical bracket, which is 
given for smooth functions F and G on E 2 ' by 




y /dF dG 3GdF\ 
\ dq l dp, dqidpi) 


( 0 . 1 ) 


allows one to write Hamilton’s equations of motion 


qi = 


dH 
dpi ’ 


Pi = 


dH 

dqt 1 


i = 1, 


( 0 . 2 ) 


associated to a Hamiltonian H = H (q. p), in a coordinate-free manner, treating po¬ 
sitions qi and momenta pi on an equal footing. Indeed, using (0.1), the equations of 
motion (0.2) can be written as 


qi = {qi,H}, pi = { P i,H} , i=l,...,r. (0.3) 

For every solution 1 1 —► ( q{t),p(t )) to these differential equations, it follows from 
(0.1) and (0.3) that 


= {F,H} C q(t),p(t )) , (0.4) 

for all smooth functions F on R 2 '\ 
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Introduction 


In differential geometrical terms, the Poisson bracket defines an operator which 
associates to every smooth function H on M 2r a vector field 56) i on R 2 ''. In terms 
of local coordinates, the vector field 6 Z)[ is given by (0.3) and the variation of a 
smooth function F on R 2 '" along any integral curve ( q(t),p(t )) of the vector field 
, 66)1 is given by (0.4). In fact, when the function H is the Hamiltonian (the energy) 
of the system, the integral curves of 56'n describe the time evolution of the system. 
Thus, the equations of motion of classical mechanics come along with an associated 
Poisson bracket; for simple systems, such as systems of particles with a classical 
interaction, the Poisson structure is the above one, but for constrained and reduced 
systems, the Poisson bracket takes a more complicated form. 

The role which the Poisson structure plays in solving the problems of classi¬ 
cal mechanics was known partly to Poisson, who pointed out that the vanishing of 
{F,H} and {G. //} implies the vanishing of {{ F, G} ,//}. In mechanical terms, this 
means in view of (0.4) that the Poisson bracket of two constants of motion is again a 
constant of motion. Since constants of motion are a great help in the explicit integra¬ 
tion of Hamilton’s equations, Poisson’s theorem brings to light the Poisson bracket 
as a tool for integration. 

A strong amplification of this fact is the Liouville theorem, which states that r 
independent constants of motion Hi = . H, of (0.3) suffice for integrat¬ 

ing Hamilton’s equations by quadratures, under the hypothesis that these functions 
commute for the Poisson bracket (are in involution). A yet further amplification is 
the action-angle theorem, which states that in the neighborhood of a compact sub¬ 
manifold, traced out by the flows of the (commuting!) vector fields .^Z)^, there exist 
(S ) r x Revalued coordinates (0i,..., 0 r ,pi,... ,p r ) in which the Poisson bracket 
takes the canonical form (0.1), namely 


dF dG dGdF 
d Bid pi d did pi 


r 


{^,G} = X 


i= 1 


and such that the functions (including the Hamiltonian H) depend on the 

coordinates pi ,... ,p, only. According to (0.2), Hamilton’s equations take in these 
coordinates the simple form 



which entails that the p, are constant and hence that the 0, are affine functions of 
time (since H does not depend on 0i,..., 0,). 

Thus, in a nutshell, the equations of motion of classical mechanics come with a 
Poisson bracket, the Poisson bracket is decisive for their integrability and it permits 
us to construct coordinates in which the problem (including the Poisson bracket) 
takes a very simple form, from which the solutions and their characteristics can be 
read off at once. 
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Abstraction and generalization. Before giving another example of the key role 
played by Poisson brackets, we explain the algebraic and geometric abstraction of 
the classical Poisson bracket (0.1). It is well known that Poisson’s theorem is ex¬ 
plained by the Jacobi identity 

{{F, G} ,H} + {{G,H} ,F} + {{//,F}, G} = 0 , (0.5) 

valid for arbitrary smooth functions F, G and FI on K 2 '. It is however noteworthy 
to point out that Jacobi discovered this identity only thirty years after Poisson an¬ 
nounced his theorem. Taking arbitrary smooth functions Xij = —Xjj defined on a 
non-empty open subset of W 1 , with coordinates xi ,... ,x,j, the skew-symmetric bi¬ 
linear operation {•,•}, defined on smooth functions by 


{F,G} 


* dF dG 

ih Xii ^d*j 


( 0 . 6 ) 


satisfies the Jacobi identity if and only if the functions Xjj satisfy the identity 


d 


I 


^ik 


dx >j 

dx f 


+ X(i 


dx jk 

dxi 


+ Xtj 


dxjd\ 

dxf J 


= 0 . 


This fact was observed by Lie, who also pointed out that under the assumption of 
constancy of the rank (which he assumes implicitly), there exist local coordinates 
qi,...,q r ,pi,...,p r ,Zi,...,Zs, where d = 2r + s, such that (0.6) takes the form 


r 


{F,G} = ^ 

i= 1 


fdF dG 
\dqi dpi 


dG dF\ 
dqi dpt) 


which is formally the same as (0.1), but on a d = 2r+s dimensional space, with .v of 
the variables being totally absent from the bracket. An important class of examples 
of brackets (0.6), satisfying (0.5), is defined on the dual g* of a (hnite-dimensional) 
Lie algebra g, where the bracket is directly inherited by the Lie bracket. Many im¬ 
portant facts about the Poisson bracket on g*, such as the relation to the coadjoint 
representation of the adjoint group G of g, were observed by Lie and were rediscov¬ 
ered and further expanded by Berezin [21], Kirillov [105, 106], Kostant [117] and 
Souriau [185], 

It was pointed out by Lichnerowicz in [126] that, in abstract differential geomet¬ 
rical terms, a Poisson structure on a smooth manifold M is a smooth bivector field n 
on M, satisfying [it, n\s = 0, where [■, •]$ stands for the Schouten bracket (a natural 
extension of the Lie bracket of vector fields to arbitrary multivector fields). It im¬ 
plies that for every open subset U of M, the bilinear operation defined for 

F,G€CT(U) by 

{F, G} v (m) := (d m F A d m G, n m ) , (0.7) 

for all m £ M , satisfies the Jacobi identity, hence defines a Lie algebra structure 
on C°°(U). 
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Moreover, this Lie algebra structure on C°°(U) and the associative structure 
on C°°(U) (pointwise multiplication of functions) are compatible in the sense that 

{FGM} u = F{G 1 H} u + G{F,H} u , 
for all F,G,H GC°°(U). 

It is from here easy to make the algebraic abstraction of the notion of a Poisson 
structure, leading to the notion of a Poisson algebra. For concreteness, we give the 
definition in the case of a vector space .t/ over a field F of characteristic zero (one 
may think of R. or C). Two products (bilinear maps from ■<// to itself) are assumed 
to be given on ,(•/, one denoted by which is assumed to be associative and com¬ 
mutative, while the other one, denoted by {•, •}, is assumed to be a Lie bracket. The 
triple , •}) is called a Poisson algebra if the two products are compatible in 

the sense that 

{F G,H} = F {G,H} + G {F,Hj , (0.8) 

for all F,G,H G ,c/. It is clear that in the case of a Poisson manifold (M, n), for 
each open subset U of M, the triple (C°°(U), •, {•, ■} L ,) is a Poisson algebra, where • 
stands for the pointwise product of functions and {■>•}[/ stands for the Lie bracket 
defined by (0.7). 


Deformation theory and quantization. We now come to a second striking exam¬ 
ple of Poisson structures making an unexpected appearance, and playing next a very 
definite role in the statement of the problem and in its final solution. We give a purely 
algebraic, but very simple and natural, introduction to the problem. In this approach, 
one speaks of “deformation theory”. A physical interpretation of the problem will 
be given afterwards; one then speaks of “quantization” or of “deformation quanti¬ 
zation”. 

We start with a commutative associative algebra /// = (.<//. ■). The reader may 
think of the example of the polynomial algebra -</J = F[xj .... ,x,/]. We suppose that 
the product in .<// is part of a family of associative (not necessarily commutative) 
products, say we have a family *, of bilinear maps 


: s# x srf —> si 
( a,b ) i y a-k t b 


(0.9) 


such that, for each fixed t £ F, the product *, is associative, with *o being the original 
associative commutative product on &/, i.e., (jz/, •) = (,e/,*o). We refer to the family 
of associative products *, oil .&/ as a deformation of ■'//. It is assumed that the family 
depends nicely on t, in a way which we do not make precise here. We consider, for 
every t £ F, the commutator of * r , which is defined for all a.b G ;// by 


[a,7>], := a* t b — b* t a . 
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Since is associative, the commutator [•, •], satisfies for each t G F the following 
identities, valid for all a, b, c £ si\ 

\a-k r b.c], = a-k t cl. + \a,c] f * t b . 

1 1 ' ( 0 . 10 ) 

[\ a Mt > c \ t + [[*>, c \ t , a\ t + [[c, a\ t ,b\ t = 0 . 

Consider the skew-symmetric bilinear map {•, •} : si x s/i —> si, which is defined 
for a, b £ si by 


{«,&}:=— \a.b}, = — (a-ktb — b-ktd). 

1 1 dr |r=o h dr|r=o v ’ 

Then the first equation in (0.10) implies that {•,•} satisfies the Leibniz prop¬ 
erty (0.8), while the second equation in (0.10) implies that {•, •} satisfies the Jacobi 
identity. Combined, it means that {si, -,{-,•}) is a Poisson algebra. Thus, a fam¬ 
ily of deformations of a given commutative associative algebra leads naturally to a 
Poisson bracket on this algebra! In the particular case of the associative algebras of 
operators of quantum mechanics, in which t is a multiple of Planck’s constant h, the 
operators become in the limit Jz —► 0 commuting classical variables and the above 
procedure yields a Poisson bracket on the algebra of classical variables. 

The main problem of deformation theory is to invert this procedure; in the context 
of physics, this is called the quantization problem or, more precisely, the problem 
of quantization by deformation. In its algebraic version, the first question is whether 
given a Poisson algebra {si, •,{•,•}) there exists a family of associative products 
on si, such that {si, •) = and such that {•, •}, obtained from * r by the above 

procedure, is a Poisson bracket on ,x/. The second question is to classify all such de¬ 
formations, for a given (&/,-, {■ ,•}). The physical interpretation of these questions 
is that, starting from the algebra of classical variables, which inherits from phase 
space a Poisson bracket, as explained above in the context of mechanical systems, 
one wishes to (re-)construct the corresponding algebra of quantum mechanical op¬ 
erators. 

A mathematical simplification of this problem is to ask whether the above pro¬ 
cedure can be inverted formally. Stated in a precise way, this means the following. 
Let (&/,-, {■, •}) be a Poisson algebra and consider the vector space j^[[v]] of for¬ 
mal power series in one variable v, whose coefficients belong to ,x/. Let il r denote 
an associative product on jz^[[v]] , i.e., an F[[v]]-bilinear map from ^[[v]] to itself, 
which is associative. Given a,b £ x/, we can write 

H*{a,b)= ik{a,b)v k , 

ke N 

which defines bilinear maps /i;: srf x srf —> srf for i £ N. By definition, jJ r is a formal 
deformation of {si, •,{•,•}) if j^{a,b) = a- b and jj.i{a,b) — H\{b, a) = {a,b}, for 
all a,b £ si. The main question, stated formally, is then if every Poisson algebra 
{si,-, {•, •}) admits a formal deformation 
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Consider for example R 2r , with coordinates (x\,... ,X 2 r ) = (<?i, ■ ■ ■ ,qr,P\, ■ ■ ■,Pr)■ 
The Moyalproduct is the R[[v]]-bilinear product on C”(K 2 ' ) [[v]], which is given for 
F,G€ C“(R 2r ) by 


lijF,G):= X I 

r-eN 


J‘] Jl ■ ■ ■ JkJk 


d k F 


d k G 


dxi ] ... dxj r dxj { ... dxj r k\ 


where J is the skew-symmetric matrix of size 2 r, given by J : 


. The 


0 1 ,- 
-t r 0 

Moyal product, also called the Moyal-Weyl product, dehnes an associative product 
on C“(K 2r )[[v]], whose leading terms satisfy po(F,G) = FG and 


Hi(F,G)-m(G,F) 


^ / dF dG dG dF\ 
j“i \dqjdpj dqjdpj) ’ 


where the latter right-hand side is the Poisson bracket (0.1). This shows that the 
classical Poisson bracket admits a formal deformation. 

It was shown by De Wilde and Lecomte in [57] that the Poisson algebra of an 
arbitrary symplectic manifold (regular Poisson manifolds of maximal rank) admits 
a formal deformation. A geometrical proof of their result, which also works in the 
case of arbitrary regular Poisson manifolds, was given by Fedosov [73]. Finally, it 
was Kontsevich [107] who proved, using ideas which come from string theory, that 
the algebra of functions on any Poisson manifold admits a formal deformation. He 
proved in fact a quite stronger result, which says that for a given Poisson manifold 
( M,n ), the equivalence classes of formal deformations of the algebra of smooth 
functions on M are classified by the equivalence classes of formal deformations of 
the Poisson structure n. 

Summarizing, when one deforms a commutative associative algebra, a Poisson 
structure shows up and it plays a dominant role in the entire deformation process. 


The examples. The main idea which led us to the writing of this book, and to its ac¬ 
tual structure, is that Poisson structures come in big classes (families) where roughly 
speaking each class has its own tools and is related to a very definite part of mathe¬ 
matics, hence leading to specific questions. As a consequence, the main part of the 
book (about half of it) is Part II, dedicated to six classes of examples. They make 
their appearance in six different chapters, namely Chapters 6-11, as follows. 

• Constant Poisson structures, such as Poisson’s original bracket (0.1), are accord¬ 
ing to the Darboux theorem the model (normal form) for Poisson structures on real 
or complex manifolds, in the neighborhood of any point where the rank is locally 
constant. Regular Poisson manifolds and symplectic manifolds (such as cotangent 
bundles and Kahler manifolds) are the main examples, which exhibit even in the 
absence of singularities some of the main phenomena in Poisson geometry, which 
distinguish it from Riemannian geometry and show its pertinence for classical and 
quantum mechanics. Constant and regular Poisson structures are studied in Chap¬ 
ter 6. 
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• Linear Poisson structures are in one-to-one correspondence with Lie algebras and 
many features of Lie algebras are most naturally approached in terms of the canon¬ 
ical Poisson bracket on the dual of a (finite-dimensional) Lie algebra, the so-called 
Lie-Poisson structure. The coadjoint orbits, for example, of a Lie algebra are the 
symplectic leaves of the Lie-Poisson structure, showing on the one hand that they 
are even dimensional, and on the other hand that they carry a canonical symplectic 
structure, the Kostant-Kirillov-Souriau symplectic structure. Linear Poisson struc¬ 
tures appear also on an arbitrary Poisson manifold (. M , n) at any point x where the 
Poisson structure vanishes: the tangent space T X M inherits a linear Poisson struc¬ 
ture, the linearization of n at x. It leads to the linearization problem, which inquires 
if n and its linearization at x are isomorphic, at least on a neighborhood of x. Linear 
Poisson structures and their relation to Lie algebras are the subject of Chapter 7. 

• Many Poisson structures of interest are neither constant nor linear (or affine). In 
fact, while the basic properties of the latter Poisson structures can be traced back to 
(known) properties of bilinear forms and of Lie algebras, new phenomena appear 
when considering quadratic Poisson structures (i.e., homogeneous Poisson struc¬ 
tures of degree two) and higher degree Poisson structures, which often turn out to 
be weight homogeneous. A prime example of this is the transverse Poisson struc¬ 
ture to an adjoint orbit in a semi-simple Lie algebra. Moreover, this Poisson structure 
arises in the case of the subregular orbit from a Nambu-Poisson structure, defined 
by the invariant functions of the Lie algebra. Higher degree Poisson structures are 
studied in Chapter 8. 

• In dimension two, every bivector field is a Poisson structure, yet many questions 
about Poisson structures on surfaces are non-trivial. For example, their local clas¬ 
sification has up to now only been accomplished under quite strong regularity as¬ 
sumptions on the singular locus of the Poisson structure. In dimension three, the 
Jacobi identity can be stated as an integrability condition of a distribution (or of 
a one-form), which eventually leads to the symplectic foliation. A surface in C 3 
which is defined by the zero locus of a polynomial <p inherits a Poisson structure 
from the standard Nambu-Poisson structure on C 3 , with <p as Casimir. In the case 
of singular surfaces C 2 /G, where G is a finite subgroup of SL 2 (C), this Poisson 
structure coincides with the Poisson structure obtained from the canonical symplec¬ 
tic structure on C 2 by reduction. Thus, rather than being trivial, Poisson structures in 
dimensions two and three form a rich playground on which a variety of phenomena 
can be observed. Poisson structures in dimensions two and three are discussed in 
Chapter 9. 

• In a Lie-theoretical context, a linear Poisson structure, different from the canoni¬ 
cal Lie-Poisson structure, often pops up. This Poisson structure appears on the Lie 
algebra g at hand, so that the dual g* of g comes equipped with a Lie algebra struc¬ 
ture, or it appears on g*, so that g is equipped with a second Lie algebra structure. 
The underlying operator, which relates either of these Lie structures with the orig¬ 
inal Lie bracket on g is in the first case an element r € g ® g, called an /-matrix, 
while it is in the second case a (vector space) endomorphism R of g, called an R- 
matrix. These structures appeared first in the theory of integrable systems, but are 
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nowadays equally important in the theory of Lie-Poisson groups (see the next item) 
and of quantum groups. In the context of Lie algebras which come from associative 
algebras, /--matrices and /^-matrices also lead to a quadratic Poisson structure on 
the Lie algebra, which plays an important role in the theory of Lie-Poisson groups; 
they also lead to a cubic Poisson structure, whose virtue seems at this point still very 
mysterious. Poisson structures coming from /--matrices or ^-matrices are the subject 
of Chapter 10. 

• A Poisson-Lie group is a Lie group G, equipped with a Poisson structure n for 
which the group multiplication G x G —> G is a Poisson map. The Poisson struc¬ 
ture n leads to a Lie algebra structure on the dual of the Lie algebra g of G, making g 
into a Lie bialgebra, a structure generalizing the structure which comes from an r- 
matrix. Conversely, every finite-dimensional Lie bialgebra is obtained in this way 
from a Poisson-Lie group, a result which extends Lie’s third theorem (every finite¬ 
dimensional Lie algebra is the Lie algebra of a Lie group). Poisson-Lie groups have 
many applications, for example in the description of the Schubert cells of a Lie 
group. Poisson-Lie groups are discussed in Chapter 11. 

Theoretical foundations. The examples (Chapters 6-11) are preceded by a first 
part (5 chapters) with a systematic exposition of the general theory of Poisson struc¬ 
tures. We used two principles in the writing of these chapters. The first one is that we 
wanted to develop both the algebraic and geometric points of view of the theory. In 
fact, there has for the last decade been an increasing interest in the algebraic aspects 
of Poisson structures, while of course geometrical intuition underlies all construc¬ 
tions and the vast majority of examples. In the algebraic context, we have a Poisson 
algebra, whose underlying space is an F-vector space, where F is an arbitrary field 
of characteristic zero. In the geometric context, we have a Poisson manifold, where 
the manifold is either real or complex. In between the algebraic and geometric con¬ 
texts, Poisson varieties appear, whose underlying object can both be viewed as a 
variety or as a finitely generated algebra. Throughout this first part, the reader will 
experience that although most of the results are formally very similar in the alge¬ 
braic and in the geometric setting, their concrete implementation (including proofs 
of the propositions) is quite different and needs to be worked out in detail in both 
settings. 

The second principle which we used was to keep the prerequisites in (commu¬ 
tative and Lie) algebra and in (differential and algebraic) geometry to a minimum. 
Thus, for example, when we describe Poisson structures geometrically as bivector 
fields, we explain the notion of a bivector field by first recalling the notion of a vec¬ 
tor field, rather than simply saying that a bivector field is a section of the exterior 
square of the tangent bundle to the manifold. Similarly, while the basic facts about 
Lie groups and Lie algebras are supposed to be known, the interplay between Lie 
groups and Lie algebras is recalled in detail, as it is further amplified in the presence 
of Poisson structures. We added an appendix at the end of the book with some facts 
on multilinear algebra (tensor products, wedges, algebra and coalgebra structures) 
and an appendix which recalls the basic facts about differential geometry. The ob- 
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jects and properties which are recalled in these appendices are used throughout the 
book. 

Chapters 1 and 2 contain the basic definitions and constructions. A good famil¬ 
iarity with these chapters should suffice for reading a good part of any other chapter 
of the book. Chapter 3 deals with multi-derivations and their geometrical analog, 
multivector fields, and with Kahler forms, which are the algebraic analogs of dif¬ 
ferential forms. Chapter 4 deals with Poisson cohomology and Chapter 5 is devoted 
to reduction in the context of Poisson structures. At the end of each of these five 
chapters, we give a list of exercises, so that the reader can test his understanding of 
the theory. 

Applications. The third part of the book contains the two major applications, which 
we discussed above: integrable systems are discussed in Chapter 12, while de¬ 
formation quantization is detailed in Chapter 13. They are however not the only 
applications which are given in the book. In fact, we end each example chapter 
(Chapters 6-11) with an application of the class of Poisson structures, studied in 
that chapter. 

What is absent from this book. The main topic about Poisson structures which is 
absent from this book is what should be called “Poisson geometry”. By this we mean 
the global geometry of Poisson structures, which involves the integration of Poisson 
brackets, Poisson connections, stability of symplectic leaves and related topics. For 
this, we refer to [51, 53, 74]. 

Equally absent from this book are the many generalizations of Poisson structures. 
Quasi-Poisson structures and Poisson structures with background are not only math¬ 
ematically speaking very interesting, see [112], they have in addition non-trivial ap¬ 
plications in physics, see [119, 162, 176], and are themselves a particular case of 
Dirac structures [48, 89], The theory of quantum groups, initiated in the seminal 
ICM talk [59] by Drinfel’d, has several connections with the topics which are de¬ 
veloped in this book, but adding several chapters to the book would not have been 
sufficient to give a fair account of this subject; we simply refer to the excellent books 
[40, 103], 

Equally absent from this book is the theory of Lie algebroids, introduced by 
Pradines [171], which are both a particular case and a generalization of Poisson 
manifolds. In particular, after the pioneering work of [47], the problem of the in¬ 
tegration of Poisson manifolds, which claims that symplectic Lie groupoids are to 
Poisson manifolds what Lie groups are to Lie algebras, has gained a long attention. 
For a definite solution of this problem, given by Cranic and Fernandes, see [49, 50], 

The notes and the references. When writing the history of the theory of Poisson 
brackets, giving each of the main results in the theory and examples the “right” 
credit is a challenge which is beyond the scope of this book. We claim no originality 
in this book, but since none of the proofs which are given are copy-and-paste proofs 
from existing proofs, we did not think it was necessary to cite the proof in the lit¬ 
erature which is closest to the proof that we give. Also, many properties of Poisson 
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structures, and many examples, have been through a long series of transformations 
and generalizations, think for example of Weinstein’s splitting theorem or the Pois¬ 
son and Poisson-Dirac reduction theorems; structuring the long list of important 
intermediate results which led to the final results is certainly interesting from the 
epistemological point of view, but this was not our main focus when writing the 
book. 

However, at the end of each chapter, we have put a section called “Notes”, in 
which we indicate some references, including the main references which we know 
of, for further reading on what has been treated in the chapter. These notes are also 
used to situate, a posteriori, the treated subjects in the scientific literature and to trace 
some of their historical developments. Finally, the notes are also used to indicate 
some further connections to other fields of mathematics or physics. Since Poisson 
structures are a very active field of research, it is clear that the list of connections 
with other fields is not exhaustive. 



Part I 

Theoretical Background 



Chapter 1 

Poisson Structures: Basic Definitions 


In this chapter, we give the basic definitions of a Poisson algebra, of a Poisson 
variety, of a Poisson manifold and of a Poisson morphism. 

Geometrically speaking, a Poisson structure on a smooth manifold M associates 
to every smooth function H on M, a vector field 'i'n on M. In the context of a me¬ 
chanical system, this vector field yields the equations of motion, when H is taken 
as the Hamiltonian. The Poisson bracket is demanded to be a Lie bracket, which 
amounts to demanding that Poisson’s theorem is valid, namely that the Poisson 
bracket of two constants of motion is itself a constant of motion. 

Algebraically speaking, one considers on a (typically infinite-dimensional) vec¬ 
tor space si two different algebra structures: (1) a commutative, associative multi¬ 
plication, (2) a Lie bracket. It results in the following definition: 

Poisson algebra := Comm, assoc, algebra + Lie algebra + Compatibility. 

The compatibility between the two algebra structures is precisely what allows us 
to associate to elements of si, derivations of si, derivations being the algebraic 
analogs of vector fields. 

Poisson algebras and their morphisms are defined in Section 1.1. In Section 1.2, 
respectively Section 1.3, we introduce Poisson varieties, respectively Poisson man¬ 
ifolds, and their morphisms. Sections 1.2 and 1.3 can be read independently and 
in either order; the reader is invited to discover, by comparing them, up to which 
point Poisson varieties and Poisson manifolds can be treated uniformly, and how 
quickly the techniques and results diverge, past this point. In Section 1.4 we spe¬ 
cialize the results of Sections 1.2 and 1.3 to the case of Poisson structures on a 
finite-dimensional vector space; such a space can indeed be viewed as an affine 
variety or as a manifold, depending on the choice of algebra of functions on it. 

Throughout the present chapter, we fix a ground field F of characteristic zero, 
which the reader may think of as being R. or C, especially in the context of varieties. 
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1 Poisson Structures: Basic Definitions 


1.1 Poisson Algebras and Their Morphisms 

In this section we introduce the general notions of a Poisson algebra and of a mor¬ 
phism of Poisson algebras. The Hamiltonian operator, which associates to an ele¬ 
ment of the Poisson algebra a derivation of the Poisson algebra, will be introduced 
and its basic algebraic properties will be given. 


1.1.1 Poisson Algebras 

We start with the algebraic notion of a Poisson algebra over a field F which, as we 
have already said, is always assumed to be of characteristic zero. 

Definition 1.1. A Poisson algebra is an F-vector space si equipped with two mul¬ 
tiplications (F,G) F • G and ( F, G) {F, G }, such that 

(1) (si, •) is a commutative associative algebra over F, with unit 1; 

(2) (si, {-,-}) is a Lie algebra over F; 

(3) The two multiplications are compatible in the sense that 

{F-G,H}=F-{G,H} + G-{F,H} , (1.1) 

where F, G and FI are arbitrary elements of si. 

The Lie bracket {•, •} is then called a Poisson bracket. 

Poisson brackets are often constructed on a given commutative associative algebra 
si = (si,-). The algebra of regular functions on an (affine algebraic) variety is a 
typical example of this, leading to the notion of Poisson variety (Section 1.2); see 
Section 1.3 for the case of real or complex Poisson manifolds. On si, one considers 
then a skew-symmetric bilinear map {•,•}: si x si —► si , which satisfies condi¬ 
tion (1.1). It will be a Poisson bracket on si as soon as the Jacobi identity 

{F, {G,H}} + {G, {H, F}} + {H, {F, G}} =0 (1.2) 

is verified for all triples (F, G, H) of elements of si . In order to shorten the formu¬ 
las, (1.2) is often written as 

{F,{G,H}}+O(F,G,//) = 0, 

and similarly for other formulas which involve sums over three terms with cycli¬ 
cally permuted variables. The algebraic terminology which expresses (1.1) is that 
for every H £ si the linear map F i-4 { F, I !} is a derivation of si . Namely, a linear 
map Y : si —» si is called a derivation of si (with values in si) if 


Y (FG) = FF(G) + Gf (F) 


(1.3) 


1.1 Poisson Algebras and Their Morphisms 


5 


for every F. G £ ■<//. We have written FG for F ■ G, a convenient shorthand which 
we will use freely in the sequel. We denote by .X 1 (vJ) the Lie algebra of derivations 
of srf , where the Lie bracket [■, •] on .X 1 (A/j is given by the commutator of deriva¬ 
tions. A bilinear map P \ srf x sY -A stf is called a biderivation of gf (with values 
in s2) if 

P(FG,H)=FP(G,H) + GP(F,H), 

P{H,FG)=FP(H,G) + GP(H,F) , 

for every F. G. // £ .<//. Our biderivations will always be defined by a skew- 
symmetric bilinear map P : srf x srf ->j/;we say then that P is a skew-symmetric 
biderivation of ,c/. For such a biderivation, it is convenient to enclose its arguments 
in square brackets; thus, when P is a skew-symmetric biderivation, we write the first 
equation in ( 1 .4) as 


P[FG,H] =FP[G,H]+GP[F,H] ; 

by the skew-symmetry of P, this formula is of course equivalent with the second 
equation in (1.4). Square brackets will also be used to enclose the arguments of 
a general skew-symmetric multi-derivation, a notion which will be introduced in 
Section 3.1; in particular, we will also use square brackets to enclose the argument 
of a derivation, writing Y[F] for Y (F) when Y is a derivation of srf. 

The F-vector space of skew-symmetric biderivations of srf is denoted by % 2 (g/). 
As recalled in Appendix A, a skew-symmetric bilinear map on gf can be viewed as 
a linear map on A 2 g2 = g4 A we therefore often abbreviate \j/ : g/ x g/ ^ g/ to 
\j/: A 2 g/ —> srf or t// :.(/ A .<// -A g/ . According to Definition 1.1 , a Poisson bracket 
on .t/ is in particular a skew-symmetric biderivation of ,o/. 


1.1.2 Morphisms of Poisson Algebras 

We now turn to the notion of a morphism between two Poisson algebras (defined 
over the same field F). Since a Poisson algebra is an algebra in two different ways, 
it is natural to demand that a morphism of Poisson algebras be a morphism with 
respect to both algebra structures. 

Definition 1.2. Let (^, {■ , •} ( ). i = 1,2, be two Poisson algebras over F. A linear 

map cj) : s4\ —> which satisfies, for all F, G £ s4 \, 

(1) 0(F-iG) = 0(F)-20(G); 

(2) 0({F,G} 1 ) = {0(F),0(G)} 2 , 

is called a morphism of Poisson algebras. 

It is clear that if 0 : sit\ —> s ^2 is a morphism of Poisson algebras and 0 is bijective, 
then 0 -1 : srfi —> is also a morphism of Poisson algebras. We say then that 0 is 
an isomorphism of Poisson algebras. 
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As we will see in the case of Poisson manifolds and of Poisson varieties, one is 
often led to morphisms of the associative algebras which underlie the two Poisson 
algebras. In this case, we only have to consider condition (2) in the above definition, 
which says that 0 is a morphism of Lie algebras. 

When one deals with subalgebras or ideals of Poisson algebras, it is important 
to distinguish which multiplication (maybe both) is considered. Our convention is 
that subalgebra and ideal refer to the associative multiplication, Lie subalgebra and 
Lie ideal refer to the Lie bracket, and Poisson subalgebra and Poisson ideal refer to 
both. This means that a vector subspace C sZ is a Poisson subalgebra of <// = 

K,•,{•,'}) if 

SB-SSllSS and {&,&} , (1.5) 

while a vector subspace ^ C sZ is a Poisson ideal of ,c/ if 

J? ■ srf <Z J? and C J? . (1.6) 

In the first case, SS becomes itself a Poisson algebra, when equipped with the restric¬ 
tions of both multiplications to S$ and the inclusion map i : —> sZ is a morphism of 
Poisson algebras. In the second case, sZ/ J? inherits a Poisson bracket from .ft/, such 
that the canonical projection p : .ft/ .<// j , ( Z is a morphism of Poisson algebras. We 
will come back at length to the notions of Poisson subalgebra and Poisson ideal in 
Chapter 2, when we have developed sufficient concepts and tools to illustrate these 
notions geometrically. 

In view of Definitions 1.1 and 1.2 we get, for a fixed field F, a category whose 
objects are the Poisson algebras over F and whose morphisms are the morphisms of 
Poisson algebras. 


1.1.3 Hamiltonian Derivations 

The biderivation property of the Poisson bracket leads to a fundamental operation 
which allows one to associate to elements of .ft/, derivations of .ft/; in the case of a 
real Poisson manifold M , it allows us to associate to a function on M, a vector field 
on M (see Section 1.3). This operation, which we introduce now, corresponds in the 
Hamiltonian formulation of classical mechanics to writing the equations of motion 
for a given Hamiltonian (see Section 6.1). 

Definition 1.3. Let , •}) be a Poisson algebra and let PI £ ///. The derivation 

,°P'u : = {•, H } of .ft/ is called a Hamiltonian derivation and we call// a Hamiltonian, 
associated to .'Z'u. We write 

Ham(£/,{-,-}) := { 3Lh \ H e sZ} 

for the F- vector space of Hamiltonian derivations of .ft/, so that we have an F-linear 
map 
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% : ^ Ham(^,{•,•}) ? 

H ^ & H := {■ ,H} . 

An element H £ si whose Hamiltonian derivation is zero, SFu = 0, is called a 
Casimir and we denote 

Cas (si ,{-,-}) \={H£si\3F H = 0} 

for the F-vector space of Casimirs. When no confusion can arise, we write Hamf.t/) 
for Ham(si, {•, •}) and Cas(si) for Cas(si,{- ,■}). It is clear that Cas(si) is the 
center of the Lie algebra (si, 

The defining properties of the Poisson bracket lead to the following proposition. 
Proposition 1.4. Let (si, -, {•, •}) be a Poisson algebra. 

(1) Cas(si) is a subalgebra of(si, •), which contains the image of F in si, under 
the natural inclusion a K > a ■ 1; 

(2) If si has no zero divisors, then Cas (si) is integrally closed in si; 

(3) Ham (si) is not an si-module (in general); instead, ftsFG = F 3fG-\-G3£f,for 
every F,G £ si; 

(4) Ham (si) is a Cas (si)-module; 

(5) The map si —> X. l (si) which is defined by H i—>• —3Fh is a morphism of Lie 
algebras; as a consequence, Ham (si) is a Lie subalgebra of X (si); 

(6) The Lie algebra sequence 

— 

0 —» Cas(^) —> si —4 Ham (si) —> 0 
is a short exact sequence. 

Proof. Properties (l)-(4) follow from the biderivation property (1.1), while proper¬ 
ties (5) and (6) follow from the Jacobi identity (1.2) for {•, •}. We only show (2). 

Let F be integral over Cas(,t/ j, that is F £ si and there exists a monic polynomial 
p(X) £ Cas (si)\X\, such that p(F) = 0. We need to show that F £ Cas (si). Let p 
be the monic polynomial of smallest degree such that p(F) = 0. If deg(/;) = 1, then 
F £ Cas (si) and we are done. Let us suppose therefore that r := deg(p) > 1. For 
every element G £ si we have by the derivation property that 0 = {p(F),G} = 
p'(F) {F,G}, where p' denotes the derivative of p. Now p'(F) ^ 0, as p'/r would 
otherwise be a monic polynomial of degree r — 1, such that p'(F)/r = 0. Since si is 
without zero divisors, {F, G} = 0. As G is arbitrary, this shows that F is a Casimir 
of si. □ 


1.2 Poisson Varieties 

When si is an algebra of functions on some variety or manifold, the properties of 
a Poisson bracket on si get a geometrical meaning, leading to many interesting 
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constructions, which can often be generalized to arbitrary Poisson algebras. In this 
section, we consider affine varieties, see the next section for the case of (real or 
complex) manifolds. 1 The reader, unfamiliar with affine varieties, may on his first 
reading of this section think of the affine variety M as being the affine space F f/ , 
where dgN*, equipped with the algebra of polynomial functions F[jci, ... ,xj\. 


1.2.1 Affine Poisson Varieties and Their Morphisms 


We use the convention that an affine variety is an irreducible algebraic subset M 
of an affine space F rf , where algebraic subset means that M is the zero locus of 
a family of polynomials (in d variables). It conforms to the American convention, 
see e.g. [93, Ch. 1.1]; in the French literature, affine varieties are usually not as¬ 
sumed to be irreducible. Given an algebraic subset M C F rf , one considers the prime 
ideal of F[jci ,... ,xj\ which consists of all polynomial functions, vanishing on M. 
Then F[jci ,... ,xf\/J? becomes a finitely generated (commutative associative) alge¬ 
bra, which can be considered as an algebra of functions on M, since the evalua¬ 
tion of elements of F[xi,... ,xj\/ at points of M is well-defined. This algebra of 
functions on M is denoted by J^(M) and is called the affine coordinate ring of M. 
For F G F[jci ,... ,Xd] we denote its projection in & ( M) = F[jci ,... ,Xd\/d? by F or 
by F\ m , the latter notation being justified by the fact that F can be viewed as the 
restriction of F to M. Since M is irreducible, J &{M) has no zero divisors. Elements 
of & (M) are called regular functions on M, although the name polynomial function 
is also used, especially when M = F rf . 

Thus, the vector space of regular functions on an affine variety is naturally 
equipped with a first algebra structure: the structure of a commutative associative 
algebra. The extra datum of a Poisson bracket on this algebra leads to the notion of 
an affine Poisson variety. 

Definition 1.5. Let M be an affine variety and suppose that ■ C F (M) is equipped with 
a Lie bracket {•,•}: &(M) x &{M) —> &(M), which makes -, {•, •}) into a 

Poisson algebra. Then we say that (M, {•, •}) is an affine Poisson variety , or simply 
a Poisson variety. The Poisson bracket on &(M) is usually referred to as a Poisson 
structure on M. 

In the case of a Poisson structure on F c/ , the Poisson bracket of two functions can be 
computed from the following standard formula; see Section 1.2.2 for the case of a 
general affine Poisson variety. 

Proposition 1.6. Let {•, •} be a Poisson bracket on sV = F[a'i ,... ,x r j. For all func¬ 
tions F and G in ■'//, their Poisson bracket is given by 


r , J* , dF dG 

{F,G}= X {t-v,} • 

i,j=l ax ' ox J 


( 1 . 8 ) 


1 As we said in the introduction to this chapter, Sections 1.2 and 1.3 can be read independently. 
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Proof. The proof is based on the standard argument that two biderivations (or p- 
derivations, in general) of some commutative associative algebra ,<// are equal as 
soon as they agree on a system of generators for .<//. Since we will use this argument 
several times, we spell it out in detail. Both sides of (1.8) are bilinear in F and G, 
so it suffices to show (1.8) when F and G are monomials in xi ,..., x,i. If F or G is a 
monomial of total degree 0, then the right-hand side in (1.8) is obviously zero, but 
also the left-hand side is zero, because constant functions are Casimirs (item (1) in 
Proposition 1 .4). Also, the fact that (1.8) holds when F and G are both monomials of 
degree 1, is clear. Suppose now that (1.8) holds when deg(f’ ) 4 deg(G) ^ n, for some 
n > 2; we show that it holds for all F and G such that deg(F) + deg(G) = n+ 1. Let 
F and G be non-constant monomials, such that deg(F) +deg(G) = n + 1. By skew- 
symmetry, we may assume that deg(F) > 1. There exist monomials F\. F 2 G ///, 
with deg(Fi) < deg(F) and deg(p 2 ) < deg(F), such that F = F\F 2 . Since {•, •} is a 
biderivation and in view of the recursion hypothesis, we have that 


{F,G} 


{F l F 2 ,G}=F 1 {F 2 ,G}+ F 2 {Fi , G} 

F V / \ ^F 2 dG r 

F\ 2j \ x i, x i) 3 — 3 — +F 2 2j \ X ‘- X J 

ij=l ' )X ‘ dx J 


} 


dF x dG 
dxj dxj 


d 


Z { x i- x j\ 

ij= 1 


dF dG 
dxj dxj 


This proves (1.8) for arbitrary polynomials F and G. □ 


We now turn to the notion of a Poisson morphism of Poisson varieties. 

Definition 1.7. Let ,•}, ) and ( M 2 ,{■ ,-} 2 ) be two Poisson varieties. A mor¬ 

phism of varieties P : M\ -G M 2 is called a Poisson morphism or a Poisson map if 
the dual morphism 

*F* : &(M 2 ) -a ^(Mi) 
is a morphism of Poisson algebras. 

Recall (see e.g. [182, Ch. 1.2.3]) that for a morphism of varieties (also called a 
regular map) *F : M\ —> Mi, the dual morphism P* is (well-)defined by P*(F ) := 
FoP, for all ( M 2 ), so that the first condition in Definition 1.2 is automatically 

satisfied: 


P*(FG) = (FG)oP = (FoP)(GoP) = ( P*F)(P*G ) . 
In this case, the second condition, which says that 




is a morphism of Lie algebras, can also be written as 


{F, G} 2 of = {Fo l P,Go l P} 1 , 


for all F,G £ fF{M 2 ) . 
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When N is a subvariety of M, which amounts to saying that the inclusion map i : 
N M is a morphism, then N is said to be a Poisson subvariety if N admits a 
Poisson structure such that i is a Poisson map. See Section 2.2. 

Combining Definitions 1.5 and 1.7 we get, for a fixed F, a category whose objects 
are (affine) Poisson varieties and whose morphisms are Poisson maps. 


1.2.2 The Poisson Matrix 


In this section, we show how a Poisson structure on an affine variety can be encoded 
in a matrix. We first consider the case of a Poisson structure {•,•} on the affine 
space F f/ (with its algebra of regular functions srf := F[xi,... ,*</])• The d 2 structure 
functions x,j £ ///, which are defined for 1 ^ i. j f d by x, ; := {x,. xj }, satisfy 



Xtk 


dx ij 

dx t 




dxjk 

dxi 


+ X(j 


dx ki \ 

dxe J 


= 0, 


(1.9) 

( 1 . 10 ) 


for all 1 ^ i. j. k f d. Formula (1.10) is obtained by writing the Jacobi identity (1.2) 
for the triple (xi,Xj,x k ) in the form 


{*ij,Xk} + {xjk,Xi} + {x ki ,Xj \ = 0 , 


and by using (1.8). 

If we view the structure functions x (/ - as the elements of a (skew-symmetric) dxd 
matrix X, then the Poisson bracket may, according to (1.8), also be expressed in a 
compact form by 

{F,G} = [dF] T X[dG], 


where [dF] is the column vector which represents d/-\ the differential of F, in the 
natural basis (dxi,... ,dxj), i.e., the i-th component of [dF] is JT. The matrix X £ 
Matd(^/) is called the Poisson matrix of (&/, {•,•}). 


A natural question is: given a skew-symmetric matrix X = ( xij ) G MaD(^/), 
where = F[xi,... ,xf\, does the corresponding skew-symmetric biderivation, de¬ 
fined for F, G € si by 


{F,G} 


£ dF dG 


define a Poisson structure on &/, i.e., does it satisfy the Jacobi identity? For F, G 
and H in sf, the biderivation property and the fact that second order derivatives 
commute, imply that 


{{F,G},H}+Q{F,G,H) 


J, dxjj dF dG dH 
\ Xtk ^ x e d x i d x j d x k 


+ 0 (F,G,H) 


( 1 . 11 ) 
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d d 


= I I 



dx ij 

dx( 


+ 0(i,j,k) 


dF dG dH 
dxi dxj dx k ’ 


so that the Jacobi identity is satisfied for all triples of elements of srf = F[jti,... ,Xrf] 
if and only if (1. 10) holds, i.e., if and only if the Jacobi identity holds for every triple 

(xi,Xj,Xk), with 1 ^ i < j < k^d. 

Summarizing, we have the following proposition. 


Proposition 1.8. If X = (x if is a skew-symmetric d x d matrix, with elements in 
srf = F[jci ,... ,Xd], then 


{F,G} 


J, dF dG 
fr^dx.dxj 


( 1 . 12 ) 


defines a Poisson bracket on sJ (with Poisson matrix X) if and only if every triple 
(xi,Xj,Xk), with 1 ^ i < j < k ^ d, satisfies the Jacobi identity 


{ {xi,xj} ,x k } + { {xj,x A-} ,Xi} + {{x k ,Xi} ,Xj} = 0 , 


which amounts to the condition 


d 


1 


dxjj dx jk dx ki 

xtk 3-I-*A"3- Vxtj 

dx£ oXf 


dx( 


= 0 . 


An analogous result is valid when stf is the algebra of regular functions on an affine 
variety, 

sJ \=¥[xi,...,x d ]/jF , 

where J? is a prime ideal of F[xi,... ,xf\. For F £ F[xi,... ,xj], let us denote the 
coset F + J’ by F. Then x k) ... .x,j are generators of /// and ■ '/ is the set of all 
relations between these generators. We suppose that we are given a skew-symmetric 
d x d matrix X, whose elements belong to ,vJ. We can write X = (,xy), where the 
elements Xjj £ F[xi,... ,xf\, which we choose such that = —xp, are of course 
not unique. Let us consider the skew-symmetric biderivation {•, -} 0 of F[xi .xfi, 
defined for F, G £ F[xi,... ,xf\ by 


{F,G}o 


J, dF dG 

.r^'^dxj ■ 


(1.13) 


We would like to define a skew-symmetric biderivation of xF by setting 

{F, G} := { F. G} 0 , for all F. G £ F[xi,... .xfi. The problem is that, in general, this 
is not well-defined. Namely, for every K £ J? one has that K = 0, so that a necessary 
condition for the bracket {•, •} on srf to be well-defined, is that for every K £ J? and 
1 ^ i ^ d. 
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Notice that this condition is independent of the chosen elements x L j £ F[xj,... ,x</], 
which represent x,j. 

• When condition (1.14) holds for every K £ J? and for every i with 1 ^ i £. d, 
then {F[jci ,... ,Xd\, J?} 0 C J?, since {-,-} 0 is a biderivation. It follows that {•,•} 
is well-defined. Also, {•,•} is a skew-symmetric biderivation since {-, - } 0 is one. 
Since {•, •} is well-defined, 

{{F,G},tf} = {{F,G} 0 ,H} 0 , 

for all F,G,H g¥[xi,. .. ,xfi, so that {•, •} is a Poisson bracket on .c/ if and only if 


{{F,G} 0 ,//} 0 + {{G,H} 0 ,F} 0 + {{H,F} 0 ,G} 0 g J , 

for all F,G,H £ F[xj.... .x,i\. Since {•, -} 0 is a skew-symmetric biderivation, this 
amounts to checking that 

{ { x L x j } 0 >* i } 0 + { {*/>**}0 >* i } 0 + { i x kMo , Xj } 0 e ^ > 

for every 1 ^ i < j <k £ d. Again, notice that this condition is independent of the 
chosen elements x,-,- £ F[xi,... ,x<f], which represent x,;. 

• Suppose that {•,•} is a Poisson bracket on stf = F[xi,...,x</]/^. We can 
choose elements x,-,- £ F[xi,... ,xj] such that x,-,- = —xn for all i and j, and such 
that Xij = {x,, x j }. Define a skew-symmetric biderivation {-,-} 0 on F[xi,...,Xrf] 
by (1.13). Since {x, , •} is a derivation of ///, we have that 


0 = {x„F} = £ {xi,xj} = X xtj^-r = i x u K } o . 

j =i J j =i J 

for every K £ , so that condition (1.14) holds. This means that {•,-} / , defined 

for all F, G £ srf by { F. G } := { F, G} (l , is a biderivation of ,e/, which coincides 
with {•,•} on a system of generators (xi ,...,Xd) of &/. Thus, {-,-} / = {•,•} and 
we can compute the Poisson bracket { F. &’} by using (1.13), as in the case of a 
polynomial algebra. 

We summarize these results in the following proposition. 

Proposition 1.9. Let M be an affine variety in ¥ d , with algebra of regular functions 


st = F[xi,... ,xf\/ 1 ? , 


where J? is the ideal of¥[x \,... ,x f /] of polynomial functions vanishing on M, and let 
X = (x^) be a skew-symmetric matrix with coefficients in &/. Picking representatives 
Xij £ F[xi,... ,Xd\ of Xij, with Xij = —Xji, define a skew-symmetric biderivation {•, -} 0 
of F[xi,...,x d ] by 


{F,G} 0 


d dF dG 

ih Xii ^j ' 


(1.15) 
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If for every 1 ^ j ^ cl and for every K £ J?, 



(1.16) 


and, for every 1 ^ i < j < k ^ d, 


{ { x i, x j }o >^} 0 + { {*/>**}o ,^} 0 + {{JC *,^} 0 ,*/} 0 G ^ 


(1.17) 


t/;en a Poisson bracket {•, •} on srf is defined by setting |F, G} := {F, G} 0 , for all 
F , G £ stf. Conditions (1.16) and (1.17) are independent of the chosen representa¬ 
tives Xij of the elements of the matrix X. Also, the Poisson bracket {•,-} on stf is 
independent of this choice of representatives. 

Conversely, given a Poisson structure {•,•} on srf, the Poisson bracket |F,G} of 
any two elements F and G of stf can be computed from (1.15), namely 



(1-18) 


where F and G are arbitrary polynomials which represent F and G. 

As in the case of srf = F[xi,. .. ,x d ], the matrix X = ({x,-,x/}) is called the Poisson 
matrix of (M, {•, •}), with respect to xi,... ,x d . Notice that, even if the Lie algebra 
{•, •}) is in general infinite-dimensional, the Poisson bracket of arbitrary 
elements of JF(M) is, in the case of an affine variety M C F d , completely determined 
by the Poisson matrix X, i.e., by the brackets between all pairs of elements of an 
arbitrary set of generators of &(M), as is seen from the explicit formula (1.18). 


1.2.3 The Rank of a Poisson Structure 

In this section, we introduce the rank of a Poisson structure at a point of a Poisson 
variety. Our definition is based on the fact that for a Poisson variety (M, {•,•}) the 
rank of its Poisson matrix at a point does not depend on the chosen generators for 
the algebra of regular functions on M. 

Lemma 1.10. Let (M, {•, •}) be an affine Poisson variety and let m £ M. The rank 
of the Poisson matrix X = ({x,'.x/}) evaluated at m, is independent of the chosen 
generators x\,...,x d of &(M). 

Proof. It suffices to show that if xi,...,x d are generators of :iP(M) and xo is an 
arbitrary element of & (M), then the matrices 

X(m) ■- ({xi,Xj} and X'(m) := ({x h xj} (m)) 0<iJ<d , 
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have the same rank. Since xq can be written as a polynomial in the generators 
x \,... ,Xd °f &{M), say xo = F(x 1 ,... ,xj), we have in view of (1.18), 

d df 

{Xi,x o} (m) = £ {xi,Xj} (m)^—(m) , 
j= i ax > 


and so the zeroth column of X'(m) is a linear combination of the other columns of 
X'(m), i.e., of the columns of X(m). Thus, X'(m) and X(m) have the same rank. □ 

Definition 1.11. For a Poisson variety (M, {•, •}) and a point in £ M, the rank of the 
Poisson matrix of {•, •} with respect to an arbitrary system of generators of &(M), 
evaluated at m, is called the rank of {•, •} at m, denoted Rk,„ {•,•}. The maximum 
max„ lG MRk»i {• 5 •} is called the rank of {•, •}, denoted Rk{-, •}. A point m £ M is 
said to be a regular point of (M, {•, •}), if Rk,„ {-,-} = Rk{-, •}, otherwise it is said 
to be a singular point of ( M , {•, •}). The set of singular points of (M, {•,•}) is called 
the singular locus of (M, {•,•}). 

A more intrinsic definition of the rank of a Poisson structure can be given in terms of 
the (Zariski) cotangent space to M at m. Recall that this vector space is intrinsically 
defined as J^„/ J where denotes the ideal of &(M), consisting of all functions 
which vanish at m ; its dual space is the (Zariski) tangent space to M at m. We 
denote the tangent space to M at m by T m M, while the cotangent space is denoted 
by T*M. Taking generators of J F(M) which vanish at in, the ideal - corresponds 
to elements of & (M) “without constant term”, so that & ( M )/ J? m ~ F, in a natural 
way (i.e., by evaluation at m). A point m of M where the dimension of T m M attains 
its minimal value is called a smooth point of M. The smooth points of M form a 
Zariski open subset of M and the dimension of T m M in a smooth point m of M is 
called the dimension of M, denoted dimM. 

By the biderivation property (1.1), we have that { J^m} C . Therefore, the 
bracket {-, •} induces for every m £ M a well-defined skew-symmetric bilinear map: 




&{M) 


Km '■ 02 x a2 ' 0 

^ in r ^ VI 


~F . 


(1.19) 


The bilinear map n m is closely related to the Poisson matrix of {•,•} at m. 
Namely, let xi, ... ,Xd be generators of so that xi — x\ (m),... ,xa — Xd(m) 

generate the ideal J 2 ),,. If we express the bilinear map n m in terms of the - possi¬ 
bly linearly dependent - equivalence classes [x<- — £ J? m l then the matrix 

which we get has entries 

n m ([xi-xi(m)),[xj -Xj(m)}) = {x,-Xi(m),Xj-Xj(m)} ( m ) = (in) , 

i.e., the resulting matrix is nothing but the Poisson matrix of {•, •}, with respect to 
xi,... ,Xd, evaluated at m. It follows that the rank of {•, •} at m can also be defined 
as the rank of the intrinsically defined bilinear form n m on T* n M. 

The main properties of the rank are given in the following proposition. 
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Proposition 1.12. Let ( M , {•,•}) be an affine Poisson variety. 

(1) For every m G M, the rank off , •} at m is even; 

(2) The rank £>/{•,•} is at most equal to the dimension ofM; 

(3) For every ssN, the subset ofM, defined by 

M( S ) ■= {m G M | Rk,„ {•, •} Si 2s} 

is open; in particular, the subset of points m G M such that Rk,„{•,•} = 
Rk{-, •} is open and dense in M. 

Proof. Writing &{M) as . ,x<f\/, the Poisson matrix of {•,•} at m G M is 

the skew-symmetric matrix X(m) = whose rank is even. This 

shows (1). Consider the open subset R s C 0l</ of all d x d matrices of rank greater 
than or equal to 2s. Since M( s \ is the inverse image of R s by the continuous map 

X : M —> 

/ < \. u d-20) 

it is open; since the topology which is considered here is the Zariski topology, these 
open subsets are dense as soon as they are non-empty. This yields the proof of (3). 
Finally, let m be an arbitrary point of M and denote the rank of {•,•} at m by 2 r. 
Consider a point m' of M ( rj , which is a smooth point of M\ such a point exists 
because M( rj and the set of smooth points of M are both dense subsets of M. At 
such a point in', the dimension of the (co)tangent space coincides with the dimension 
of M, so that 


Rk,„ {-,-}< Rk,„/ {•,•}< dim (jF m ,/ J^,) = dimM . 

Since, in this formula, m G M is arbitrary, Rk{- dim M, which is the content 

off2). □ 

A more geometric interpretation of the rank will be given in the next section, when 
we consider Poisson structures on manifolds. 


1.3 Poisson Manifolds 

In this section, we introduce the notion of a Poisson structure on a (real or complex) 
manifold. Our definitions and constructions are more geometric than in the previ¬ 
ous section. A geometric approach to Poisson structures is in the case of manifolds 
not only more natural, but in the case of complex manifolds it is even obligatory, 
because a complex manifold cannot be replaced by its algebra of (global) functions, 
as the latter may consist of constant functions only. Thus we will use the geomet¬ 
ric analog of a skew-symmetric biderivation, which is a bivector field. We will at 
the beginning of this section only shortly recall the basic terminology and notations 
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from differential geometry which we will use, referring the reader who needs more 
details to Appendix B at the end of the book. 


1.3.1 Bivector Fields on Manifolds 


We consider both real manifolds and complex manifolds, since many constructions 
in Poisson geometry apply in the same way if all manifolds are considered real or 
if they are all considered complex; we will therefore make simple statements such 
as “Let M and N be two manifolds and let *F : M —» N be a map”, which the reader 
may specialize to “Let M and N be two differentiable manifolds and let : M N 
be a smooth map” or to “Let M and N be two complex manifolds and let *F : M —> N 
be a holomorphic map”. Similarly, dimM stands for the real or complex dimension, 
according to the context, Jff'(M) stands for the appropriate algebra of functions, F 
stands for R. or C, and so on. In both cases, the coordinates, real or complex, will be 
denoted by x = (jq,... ,xf), where d = dimM. 

For m £ M the tangent space to M at m is denoted by T m M. Elements of T m M 
are by definition pointwise derivation at m, i.e., they are linear forms on the vector 
space of all function germs at m, satisfying, for all functions F and G, defined on a 
neighborhood of m in M, 

(F’nG m ) — F ( m ) 8 in G m -I- G (in) 8 m F m ; 


in this formula, F m stands for the germ of F at m. The dual space to T m M is the 
cotangent space, denoted T*M. The canonical pairing between T m M and T* M is 
denoted by (•,•). A map 'F : M —> /V between manifolds leads for every m £ M 
to a linear map : T m M —> Tp^N, called the tangent map of 'F at m. Upon 
identifying the tangent spaces to F with F, the tangent map leads to the differential 
of a function; specifically, if F is a function on M, then we view the differential of 
F at m, denoted d,„F as a linear function on T„,M, that is, as an element of T r *M. 
We denote by X 1 (M) the & (M)-module of vector fields on M and for Y £ X 1 (M) 
and m £ M we denote by Y m the value of Y at m (which is an element of T m M). We 
often use (and define) vector fields on M through their action on (local) functions: 
when U is a non-empty open subset of M and Y is a vector field on M (or on U) 
then Y[F\ denotes the function on U, defined by 


Y[F] : U —> ¥ 

m i t Y m F m . 


(L21) 


We also write Y m [F\ for Y m F m , so that 


Y m [F\ = Y[F](m) = (d m F,Y m ) . 


(1.22) 
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Notice that we use square brackets to denote the action of a vector field on a func¬ 
tion, as we did in the case of a derivation; this notation will be extended to bivector 
fields in this section, and to multivector fields in Chapter 3. 

We now come to the definition of a bivector field on a manifold. To do this, we 
first introduce the notion of a pointwise biderivation. 

Definition 1.13. Let M be a manifold and let m £ M. A bilinear map 

&tn(M ) 

a m . - X-^ If 

is a pointwise biderivation of ■'¥ (M) at m, if for all functions F. G and //, defined in 
a neighborhood of m in M, 

Fin ( FmGm• bim ) F {n't ) li m {G , n . H m ) T G( m) B m ( F m . H m ) , 
ifn ( biin ■ i'mGm ) ~ F ( m ) B m ( H m , G m ) ~' G f m ) B m (H fjl , F m ) . 

We will usually consider pointwise skew-symmetric biderivations. Given two point- 
wise derivations 8,„ and £„, at m, we construct a pointwise skew-symmetric bideriva¬ 
tion at m by 

8m F m 8 m G,n 

( 8 m A £ m ) ( F jn . G m ). , 

£m Fm £ m G tn 

for all functions F and G, defined in a neighborhood of m. It follows easily from the 
Hadamard lemma (Lemma B.2) that the basic pointwise skew-symmetric bideriva¬ 
tions A s P an vecto r space of all pointwise skew-symmetric 

biderivations at m; therefore, we denote the latter space by A 2 T m M. 

The passage from pointwise skew-symmetric biderivations to bivector fields is 
similar to the passage from pointwise derivations to vector fields, detailed in Ap¬ 
pendix B. Namely, we consider a map P which assigns to every point m of M an ele¬ 
ment P m of A 2 T m M. We say that P is a (smooth) bivector field on M, if for every open 
subset U of M, and for all functions F.G A :'P(U), one has that P\F,G\ € -iF (U), 
where P\F. G] is the function on U, which is defined by 

P[F,G]{m) \= P m {F m ,G m ) , 

for every m £ U. We also write P m [F. G) for P m (F m ,G m ). Clearly, P is a (smooth) 
bivector field as soon as P[xi,xj\ £ U ) for some collection of coordinate charts 
( U,x ) which cover M, and for all i,j, with I ^ i < j f d. Notice that, as we did 
for vector fields, we enclose the arguments of a bivector field in square brackets. 
Just like vector fields, bivector fields can be restricted to open subsets; the same 
notation will be used for P and each of its restrictions to open subsets. The coordi¬ 
nate expression for a bivector field on a coordinate chart ( U,x ) takes the following 
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form: 2 

P= I P[xi,Xj\^-A^-. (1.23) 

1<K Kd dx ‘ dx J 

In differential geometric terms, one often refers to bivector fields as being (skew- 
symmetric) tensors (of type (2,0)), which refers to the fact that they are & (M)-linear 
objects. In view of the biderivation property for a bivector field, this may seem 
absurd, but the point is that, as a tensor, a bivector field acts on a pair of differential 
one-forms, rather than on a pair of functions. To explain this, notice that the value 
of a bivector field P on two elements F and G of JF (M), at m G M, depends on the 
differentials d m F and d m G only. Indeed, (1.23) yields 

P[F,G\(m) = £ P[xi,Xj](m)^(m) ^(m) , (1.24) 

i% i oxi dxj 


where (m) is the z-th component of d m F, and similarly for 


of (1.22), 



d ... . dF 


dG 

dxj 


(m): in view 


The fact that P[F, G] (in) depends on d„,F and d ,„G only, implies that we can define 
a skew-symmetric ^(M )-bilinear map from the module of differ¬ 

ential one-forms on M, to & (M): simply put 


P(dT,dG) :=P[F,G] . 


We will in the sequel usually make no distinction between the bivector field P and 
the (2,0)-tensor P, and denote both by the same letter P. Note also that the tensorial 
interpretation, or equivalently (1.23), implies that we may specialize P to points 
m G M, giving a skew-symmetric, F-bilinear form 

P m :T*MxT*M^¥, (1.25) 


which is the differential geometric analog of (1.19). As in the algebraic case, P m 
totally determines the bivector field P at m. 

Just like for vector fields, we can also define the pushforward Tf P of a bivector 
field P by a diffeomorphism *F : M —> N between two manifolds. The bivector field 
Vf P on N is defined by setting 3 


(Wvw ■■= A \T m V)P , 


for all m G M. 

2 See (B.8) for the coordinate expression of a vector field, of which (1.23) is a direct generalization. 

3 For a linear map <p :V —>W between two vector spaces, the linear map A 2 0 : /\ 2 V —» A 2 W is 
defined by (A 2 (f>)(v A tv) := <^> (v) A for all v, w 6 V. See Appendix A for details and general¬ 
izations. 
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Remark 1.14. Vector fields on a manifold M can be defined as sections of its tan¬ 
gent bundle, TM, the vector bundle over M, whose fiber over m £ M is the vector 
space T m M. Similarly, bivector fields on M can be defined as (smooth or holomor- 
phic) sections of A 2 TM —> M, where the latter vector bundle has as fiber over m £ M 
the vector space A 2 T m M. 


1.3.2 Poisson Manifolds and Poisson Maps 

We are now ready to define the notion of a Poisson structure on a (real or complex) 
manifold M. The idea is that a bivector field n on M leads for every open subset U 
of M to a skew-symmetric product on J ^(U), which is demanded to make ■J r (U) 
into a Poisson algebra. 

Definition 1.15. Let n be a bivector field on a manifold M. We say that n is a Pois¬ 
son structure on M if for every open subset U of M, the restriction of n to II makes 
J^( U ) into a Poisson algebra. We then call (M, n) a Poisson manifold. 

The Poisson structure n of a Poisson manifold (M , n) will often be denoted by {•, •}, 
in particular the Poisson bracket n[F, G] of two functions F. G, defined on an open 
subset U of M, will usually be denoted by { F. G}. The notation { F. G} for n\F, G] 
will be referred to as the bracket notation. 

Let (U,x) be a coordinate neighborhood of a d-dimensional Poisson manifold 
(M, n). On U, the bivector field n can, according to (1.23), be written as 

n= X { x '^;}4r A ^r > t 1 - 26 ) 

l <;<Krf OXl i 

so that the matrix X := 1<; , <d encodes the restriction of n to U. This 

matrix X, whose elements belong to &(U), is called the Poisson matrix of n with 
respect to the coordinates x\ ,...,Xd. It is the differential geometric analog of the 
Poisson matrix, introduced in Section 1.2.2 in the context of affine Poisson varieties. 
Evaluating the Poisson matrix X at m £ M, we get the matrix of the skew-symmetric 
bilinear map n m : Tf n M x T*M —¥ F, defined by the Poisson structure at m. 

Proposition 1.16. Let n = {•,•} be a bivector field on a manifold M of dimension d. 
Then n is a Poisson structure on M if and only if one of the following equivalent 
conditions holds. 

(i) For every open subset U of M and for all functions F,G,H £ &(U), the 
Jacobi identity holds: 

{{T, G},H} + {{G,7/} ,F} + {{H,F} , G} = 0 ; (1.27) 

(ii) For some collection of coordinate charts (U,x) of M which cover M and for 
all functions F,G,H £ &(U), the Jacobi identity (1.27) holds; 
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(iii) For some collection of coordinate charts (U,x) of M which cover M and for 
all i,j,k with 1 ^ i < j < k ^ d the following equality holds: 


d 


I 


dxjj 

x lk ~;- \-xu 

oxi 


dxjk 

dxt 


+ x tj 


dx ki \ 
dxt ) 


= 0, 


(1.28) 


where x,j := {x<-,Xy}, for 1 ^ i. j f d; 

(iv) For some collection of coordinate charts ( U,x ) of M which cover M and for 
all i,j,k with \ f i < j < k f d, the Jacobi identity holds: 

{{*/>*/} i x k) + {{xj,xk] ,Xj} + {{x k ,Xi},Xj} = 0 . (1.29) 

Proof. Clearly, (i) holds if and only if n makes every ■'¥ (U) into a Poisson algebra, 
hence it is a Poisson structure if and only if (i) holds, (ii) is a consequence of (i), by 
specialization. The equivalence of (ii) and (iii) follows from the fact that 


{{F,G},H} + Q(F,G,H) 

* dxjj dF dG dH 
i iff | dxt dxt dxj dx k 


+ 0 (F,G,H) 


d d 

= I I 

i,j,k= U=\ 


dxj ] 

x ^+0 {i,j,k ) 


dF dG dH 
dxi dxj dx k ’ 


(1.30) 


where we used (1.26) to compute the Poisson brackets. Notice that this computation 
shows that the value of (1.30) at a point m £ U depends only on F. G and H in a 
neighborhood of m, in other words on the germs F m ,G m and H m . Therefore, if the 
Jacobi identity holds on a coordinate neighborhood (U,x), then it will hold on every 
open subset V C U, which leads to the implication (ii) => (i). The equivalence of 
(iii) and (iv) is clear because (1.28) is just (1.29) written out explicitly, using (1.26). 
□ 


Remark 1.17. In the case of a real manifold, every germ is the germ of a globally 
defined function, hence it suffices to verify the Jacobi identity for all triples of func¬ 
tions on M. For complex manifolds, this is not sufficient, see Remark B.4. 

We now turn to the notion of a Poisson map between two Poisson manifolds. 

Definition 1.18. A map T': M —> N between Poisson manifolds (M, n) and (A, n') 
is called a Poisson map if for all open subsets U CM and V C N, with ‘Pft/JcV, the 
induced map 'P* : &(V) —> &(U), which is defined for all F £ ^(V) by l P*(F) := 
F o 9 / , is a morphism of Poisson algebras, i.e., for all functions F. G £ &(V), 

{Fo9 / ,Go*P} = {F',G}'o9 / , 

where {• ,•} := n and {• ,■}' := n'. 


(1.31) 
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The condition that W : M —> N be a Poisson map can be written directly in terms 
of the bivector field, without reference to local functions on N, as shown in the 
following proposition. 

Proposition 1.19. Let P : M —> N be a map between two Poisson manifolds (M, n) 
and (N , It'). Then W is a Poisson map if and only if 

A 2 (TP)n = tt! , (1.32) 


A 2 {T m 'P)n m = nlp^for every m G M. 


Proof. Let F and G be functions, defined on a neighborhood of P(m) in N, and 
let (U,x) be a coordinate chart for M around m, so that n can be written on U as 

n = ^‘<J x U dx i A Jicj- 


A 2 (T m W)K m (F,G\ = £ A A ) [F,C\ 

= X ^M)T m p(j-\ A T m p(^-) [F,G] 


l <(< jy,d 

= E x ij( m ) 

1 <<<;'<(/ 


d 

dx\ 


A 


dx, 


. dx J/m 
[FoP,GoP] 


J / m 


= {Fo'F,Go'F}(m) 


where we have set, as usual, {•, •}:= n. Setting {•, •} / := n' we clearly have that 


n' nm) [F,G\={F,GY(P(m)), 


so that A 2 (T m 'P)n m = 7if and only if {Fo 9 / , Go *F} (m) = {T’,G} / (fPfn)) for 
all functions /*’ and G, defined in a neighborhood of Pirn). This proves that P is a 
Poisson map if and only if A 2 (TP)n = n’. □ 


In the context of Poisson manifolds, one calls the Hamiltonian derivation 
associated to a function H G ■ ( P (M). the Hamiltonian vector field , associated to H. 
One says then that H is a Hamiltonian function, corresponding to this vector field. 
More generally, a vector field "V is called a locally Hamiltonian vector field, if every 
point m G M belongs to a neighborhood U on which "V is Hamiltonian, i.e., there 
exists H £ JP(U) such that "V — ,5F// on U ; such a function is called a local Hamilto¬ 
nian of y. According to (1.26), the (local) Hamiltonian vector field 3Fu, associated 
to H G &(U), is given in a coordinate chart ( U,x) by 




d 


i,j= 1 


dH_d_ 
dxj dxt 


(1.33) 


It follows that the first order differential equation, which describes the integral 
curves of in a coordinate chart (U,x), is given by 
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Hr. ^ r) rt 

{x t ,H} = £ {xt-Xj} ^ , i=l,...,d. (1.34) 

j = i ^ 

Besides the Cas(M)-module Ham(M) of Hamiltonian vector fields on M, we will 
also consider the vector space Ham,„(Af ), which consists of all tangent vectors of 
the form where H is an arbitrary function, defined on some neighborhood 

of m. Elements of Ham,„(M) are called Hamiltonian vectors at m. 

Definition 1.20. For a Poisson manifold (M, n ) and a point m G M the integer Rk n m , 
which is also the rank of every Poisson matrix of n at m, is called the rank of n at m, 
denoted Rk,„ n. One says that (M, n) is a regular Poisson manifold when its rank is 
constant (independent of m G M), and that the rank is locally constant at m, when it 
is constant on some neighborhood of m in M. The rank of n is said to be maximal at 
m G M, when it coincides with the dimension of M. The maximum max„, 0 v/ Rk m n 
is called the rank of n, denoted Rk n. A point m G M is said to be a regular point 
of (M, 7r), if Rk,„ n = Rk7U, otherwise it is said to be a singular point of (M, {•,•}). 
The set of singular points of (M, n) is called the singular locus of (M, n). 

The main properties of the rank are given in the following proposition. 

Proposition 1.21. Let ( M , n) be a Poisson manifold and let m G M. 

(1) Rk,„ n is even and is equal to dim Ham,,, (M); 

(2) For every sGN, the subset ofM, defined by 

M( s ) := {m G M \ Rk,„ n ^ 2^} 

is open (and dense in the complex case); in particular, the subset of points 
m G M such that Rk,„ n — Rk n is open. 

Proof. The rank of n at m is the rank of the bilinear map n m , so it is the dimension 
of the image of the linear map T*M —> T m M, defined by i—>• n m ( <!;,•). In turn, 
the latter equals the dimension of Ham,„(M), since every q G Tf M can be written 
as d m F, for some function F, defined in a neighborhood of in. Also, since n m is 
skew-symmetric, its rank is even. This shows (1). The set R s of d x d matrices of 
rank greater than or equal to 2s is an open subset of id,/. Let m be a point in and 
let (xi,.... x,j) be local coordinates on a neighborhood U of m. The restriction to U 
of M( s i is open since it is the inverse image of R s by the continuous map X : U —> qIj 
defined by m i—>■ ( } (m)) 1<j <d . This yields the proof of (2). □ 

In the real case, the rank of a Poisson structure does not necessarily attain its maxi¬ 
mum on a dense open subset. This is shown in the following example. 

Example 1.22. Let <p be a smooth function on M 2 which is positive on the interior 
of the unit disk and which is zero elsewhere. Then the rank of the Poisson structure 
on M 2 , which is defined by the bivector field (pd/dx A d/dy, is of rank 2 only on 
the inside of the disk. 
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To finish this section, we show that the flow of a (locally) Hamiltonian vector field 
leaves the Poisson structure invariant. 

Proposition 1.23. Let (M , n) be a Poisson manifold. The Lie derivative of n with 
respect to every (locally) Hamiltonian vector field is zero. As a consequence, the 
flow of each (locally) Hamiltonian vector field preserves the Poisson structure. 

Proof. Let U be an arbitrary open subset of M and let F. G £ :F(U). We need to 
show that the bivector field flfl-pn, which is the Lie derivative of n with respect 
to Y, vanishes on the pair (F. G). To do this, we use the classical formula for the 
Lie derivative of a tensor; in the case of a bivector field P, this formula is given by 

% yP[F,G ] := y[P[F,G}] - P[y[F\,G\-P[F,y[G)\ , (1.35) 

for all F,G £ ■'F(U) (see Section 3.3.4 for generalizations). For P := n = {•,•} and 
y \= 3 Fh, with H £ JF(U ), this yields 

&X H i*[F,G\ = ^ h [{F,G}]-{^h[F],G}-{F,^ h [G}} 

= {{F,G},H}-{{F,H},G}^{F : {G,H}} , 

whose vanishing is equivalent to the Jacobi identity (1.2). □ 

A vector field y is called a Poisson vector field if taking the Lie derivative with 
respect to y kills the Poisson structure, i.e., if F/flu = 0. Proposition 1.23 implies 
that all Hamiltonian vector fields are Poisson vector fields. This property will be 
reformulated in cohomological terms in Section 4.1. 

Remark 1.24. For a Poisson algebra (&/, •, n) one says that a derivation 'F of •) 
is a Poisson derivation if the Lie derivative of n with respect to F vanishes. One 
has as in Proposition 1.23 that all Hamiltonian derivations are Poisson derivations; 
there is, however, no interpretation of Poisson derivations in terms of flows, since 
the notion of a flow does not make sense for derivations of algebras, in general. 


1.3.3 Local Structure: Weinstein’s Splitting Theorem 

This section deals with Weinstein’s splitting theorem, which states that, in the neigh¬ 
borhood of a point where the rank of the Poisson structure is 2 r, the Poisson mani¬ 
fold is a product of a symplectic manifold of dimension 2 r, and a Poisson manifold 
which has rank zero at the origin. It implies the Darboux theorem, which states that 
all symplectic manifolds of the same dimension are locally isomorphic, “there are 
no local invariants in symplectic geometry”, as well as a generalization to regular 
Poisson manifolds. 

Theorem 1.25 (Weinstein’s splitting theorem). Let (M,n) be a (real or com¬ 
plex) Poisson manifold, let m £ M be an arbitrary point and denote the rank 
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of n at m by 2 r. There exists a coordinate neighborhood U of m with coordi¬ 
nates </i,... ,q r , p\, ..., p r ,Z\,-■■ ,Zs, centered at m, such that, onU, 


•A d d ^ . d d 

i=i dp, i <k<JXs dzk dze 


(1.36) 


where the functions (py are (smooth or holomorphic) functions, which depend 
on z = (zi,...,z s ) only, and which vanish when z = 0. Such local coordinates 
qi,...,q r ,pi,...,p r ,Zi,---,Zs are called splitting coordinates, centered at m. 


Proof. We use induction on r. For the case r = 0, it is clear that for every Poisson 
manifold ( M,n ) and for every point m such that the rank of n at m is zero, an 
arbitrary system of local coordinates (zi, ■ ■ ■ ,Zd), centered at m, works (d := dimM). 
Let rgN* and assume that Theorem 1.25 holds true for every Poisson manifold, at 
every point where the rank is 2(r— 1). Let (M, n) be a Poisson manifold and let 
m E M be a point for which Rk m n = 2 r. We will show that the theorem holds for 
(M, n) at m. 

Since Rk m n> 0, there exists a function p on a neighborhood of m, whose Hamil¬ 
tonian vector field Std p does not vanish at m E M; we may suppose that p(m) = 0. 
Since 3d p (m) f 0, there exists by the straightening theorem (Theorem B.7) a sys¬ 
tem of coordinates ( q,y ' 2 ,... ,y' d ) on a neighborhood U' of m, centered at m, such 
that 3£ p = d/dq. Writing {-,-} = n , it follows that 

{q,p} = X p [q] = = 1 , [X q , 3t' p \ = X {pq) = = 0 and J;' p [y'] = 0 , 

for i = 2,... ,d, on U’. Writing S£ q in terms of these coordinates, 


d d d 

^ = ^1T + X^’ 

dq ~ d Vi 


we have that E,\ = X q \q] = { q , q} = 0, and all coefficients § 2 ,..., are independent 
of q, since SP q and 3£ p = d/dq commute. At m, we have 

-1 = q [p\{m ) = , 


so that the vector field Sd q = Xf =2 %id / dy\ is independent of q and does not van¬ 
ish at m. Applying the straightening theorem once more, we may introduce a sys¬ 
tem of coordinates ( q,p’,y 3 ,---,yd ) on a neighborhood of m, centered at m, where 
P',3'3,•■■,3V/ depend on/ 2 , ...,y’ d only, with 


_d_ 

dp' 


d 


X£ 


d_ 

dVi 


= -X q . 


1.3 Poisson Manifolds 


25 


Substituting p' by p we consider (q,p,y^,... ,yj) which is also a system of coordi¬ 
nates on a neighborhood U of m, since 


dp 

dp' 


-'%][p\ = {q,p} = 1 , 


in a neighborhood of m. Since p 1 ,y 3 , .... y,\ depend on y(.... ,y' d only, d/dq has the 
same meaning in both coordinate systems, so that the Poisson brackets take in the 
new coordinates the following form, 


{q,p} = 1 , 

{q,yi} = = dyi/dp' = 0, 

{p,yt} = -^pb/] = -dyt/dq = o, 


for i = 3,... ,d, and we conclude that the Poisson structure n is given, in terms of 
the coordinates q,p,yi,... ,yd, by 


n = 



d 

dp 


+ 


E {yk-,yi} 

3 ^k<e^d 


d_ 

dyk 


A 


d_ 

dye. ' 


(1.37) 


To show that {yk,ye} i s independent of p and q, for all values of k. L we just have 
to check that {{yk,ye} ,p} = {{ykiye} ,q} — 0’ an eas Y consequence of the Jacobi 
identity for n. The Jacobi identity also yields that the second term in (1.37) defines 
a Poisson structure n' on a neighborhood V of the origin o of 2 . The Poisson 
matrix of n with respect to q. p.y-}, ■ ■ ■ ,y r: i has a diagonal block form, where the 
lower block is the Poisson matrix of n' with respect to >’ 3 ,..., y,i. Thus, n' has 
rank 2 (r 1 ) at o, and by the induction hypothesis there exist local coordinates 

q 2 ,...,q r ,P 2 f’iPr>Zi,---,Zs centered at o, such that n' takes on V the following 


form: 


/ x"’ d d t , , d d 

rc=X3“ A 3— + S 

i—2 dkh dp, 1 yk<Ms dt.k dze 


In terms of the system of coordinates (q\, q 2 , ■.. ,q r ,pi, pi, ■ ■ ■ ,Pr,Zi,- ■■,Z S ), which 
is centered at m, n takes the required form (1.36), where we have set 171 := q and 
Pi ■= P- □ 


For a given point m in a Poisson manifold M, splitting coordinates are not unique. 
We will see however in Section 5.3.3 that the Poisson structure, which is defined 
in a neighborhood of z = 0 in IF' V by the second term in (1.36), is unique, up to 
isomorphism. 

In terms of the splitting coordinates qi,...,q r ,pi,...,p r ,zi,...,z s , the Poisson 
structure (1.36) has the block form 


0 t r 0 
-t r 0 0 

000 
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where <5 G Mat v (,(P(M )) is given by 0 ,/ := { z, ,z,} and 1,- denotes the identity 
matrix of size r. It follows that 0 = 0 in a neighborhood of m, when the rank of 
n is locally constant (= 2r) at m. This leads to the following strengthening of the 
splitting theorem for points at which the rank is locally constant. 

Theorem 1.26 (Darboux theorem). Let ( M,n ) be a (real or complex) Poisson 
manifold of dimension d, and suppose that m is a point where the rank of n is 
locally constant and equal to 2r. There exists a coordinate neighborhood U of m 
with coordinates (q\, . .., q r , p\ ,.. ., p n zi , ■ ■ ■ ,Z S ) such that, on U, 


*=x 

/—1 


— A — 
dq, dpt ' 


(1.38) 


Moreover, n is locally of the form (1.38), in terms of arbitrary splitting coordinates 
on M. Such coordinates are called Darboux coordinates. 


Corollary 1.27. The only local invariant of a regular (smooth or complex) d- 
dimensional Poisson manifold ( M,n) is its rank Rk7t. 

To close this section we state a generalization of Weinstein’s splitting theorem 
which we will use in Chapter 12. It provides a set of Darboux coordinates for the 
Poisson structure n, which contains a given set /?]..... p r of functions in involution 
(i.e., functions which pairwise commute for the Poisson structure), whose Hamilto¬ 
nian vector fields are assumed to be independent at a point m G M. See [120] for a 
proof and see Section 12.3 below for an application. 

Theorem 1.28. Let m be a point of a Poisson manifold ( M , n) of dimension d. Let 
p \,..., p r be r functions in involution, defined on a neighborhood ofm, which vanish 
at m and whose Hamiltonian vector fields are linearly independent at m. There exist, 
on a neighborhood U ofm, functions qi,...,q r ,zi,..., Zd~2r> such that 

(1) The d functions (qi,...,q r ,pi,...,p r ,zi,-- ■ ,Zd~ 2 r) form a system of coordi¬ 
nates on U, centered at m; 

(2) The Poisson structure n is given on U by 


^ d d 

7r = X 

/=! dqi dpi 


d ^ r . . d d 
Zj SiiWr A r 
ip t dz ‘ dz i 


(1.39) 


where each function gjj(z ) is a smooth function on U and is independent of 
q u ...,qr,pi,...,pr. 

The rank of n at m is 2 r if and only if all the functions gij(z) vanish for z = 0. 


1.3.4 Global Structure: The Symplectic Foliation 

We now come to the global structure of a Poisson manifold. As we will explain in 
this section, a Poisson manifold naturally decomposes into immersed submanifolds. 
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where each submanifold inherits a Poisson structure from the ambient Poisson struc¬ 
ture; since this induced Poisson structure is of maximal rank, it is symplectic , 4 so 
one usually refers to this decomposition as the symplectic foliation of the Poisson 
manifold. We combine two approaches, which are both due to Weinstein [199], to 
obtain the symplectic foliation; both have their advantage, a fact that we exploit to 
get at the decomposition in a natural way and to prove its properties with minimal 
effort. For another approach, using the theory of generalized distributions, we refer 
to [125]. Throughout this section (M, n) is an arbitrary Poisson manifold. 

The idea which underlies the decomposition is based on the following two ob¬ 
servations. First, recall from Proposition 1.23 that the flow of every Hamiltonian 
vector field preserves the Poisson structure, hence its rank at each point. Second, 
the rank of the Poisson structure at a point is precisely the dimension of the space 
of Hamiltonian vector fields, at that point. Thus, the flow of all Hamiltonian vector 
fields, starting from a given point m G M where the rank of the Poisson structure 
is 2r, should trace out locally a submanifold of dimension 2r, on which the Poisson 
structure has constant rank 2 r. This leads, for m G M, to the following definition of 
a subset of M, 

5 := \m G M | 3 a piecewise Hamiltonian path in M from m to m'} . 

By a Hamiltonian path from m to m' we mean a curve y, defined on an open neigh¬ 
borhood 5 of [0,1], with y(0) = m and y(l) = m!, which is an integral curve of a 
Hamiltonian vector field ,21/., where F is a function, defined on an open neighbor¬ 
hood of y([0,1]). More generally, when points ihq..... m N in M are such that there 
exists a Hamiltonian path from m,-_i to m,:, for i = 1 ,.... /V, we say that there exists 
a piecewise Hamiltonian path from mo to m n- 

It is clear that the subsets -':/ m (M) define a well-defined global decomposition 
of M: the subsets y m (M), with m G M fill up M, and two subsets 5 and 
are disjoint, unless they coincide. Notice however that some care has to be 
taken when passing to open subsets: if U is an open subset of M, then ■5F m (U) is, 
in general, not the intersection of ,5F m (M) and U: the subset is by defini¬ 

tion path-connected, while Sf m ( M ) (T U does not have to be connected, even if U is 
connected. 

The differential geometric properties of , r f m (M) are best understood by relating 
,9 J m (M) to an immersed submanifold of M, passing through m, which appears natu¬ 
rally in the splitting theorem (Theorem 1.25). Recall that a subset N of a manifold 
M is called an immersed submanifold if the inclusion map /: /V —^ M is an immer¬ 
sion, i.e., for every m G N the tangent map T m i : T m N —> T m M is injective. We are 
viewing here N as a manifold in its own right, i.e., with a topology, which is not 
necessarily the induced topology from M (one speaks of an embedded submanifold 

4 Symplectic manifolds will be introduced and discussed in Chapter 6. For now, the reader may 
think of a symplectic manifold as being a Poisson manifold (M, n) whose rank Rk,„ n at each point 
is equal to the dimension of M. 

5 The neighborhood is taken in R when M is a real manifold and is taken in C when M is a complex 
manifold. 
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when the manifold topology on N is the induced topology). However, locally, with 
respect to the manifold topology on N, every point in N has a neighborhood, which 
sits in M in the same way an open subset of sits in ¥ d ( d' = dim IV ^ d = dim M). 
To construct this immersed submanifold of M, through m, we choose on a neigh¬ 
borhood U of m, splitting coordinates (at m) which we denote by x = {q\.... ,q r , 
Pi,...,Pr,Zi,...,z s ) and we define 

y^(U,x) := {in' G U | zi(m') = ••• =z s (W) =0} . 

It is clear that ,9” m (U,x) is an embedded submanifold of M of dimension 2 r, and 
that (qi,....q r . p i ,.... p r ) (restricted to yfiiJ ,x\) forms a system of coordinates 
on y'jU.x). Since the Poisson structure has on U the form 


' d d 

7r = 2.^ _A 5 — 
i=\ QQi uPi 


lKk<Ks ° Zk " Zt 


(1.40) 


where the functions <pkf.(z) vanish for z = 0, it follows that at points m! G J^(t/,x), 
the Poisson structure takes the form Yf = \ A ^, which defines a Poisson structure 
on y^(U,x), which we denote by Tiy. The map i : (yf n (U,x), ny) —>• ( M,n ) is a 
Poisson map, since for all functions F, G G y{U), and for every m! G y' m (U,x), we 
have that 

{F,G}(i(m')) = {F,G} (m!) = X ( 

j = \ \d(ji dpi d pi dqi J 

= {F oi,Goi}y(m') . 


In the language of Section 2.2, (yj n (U,x),Ky) is a Poisson submanifold of (M, n). 
Notice that ny has constant rank 2 r = dim y^(U,x). In the following proposition 
we show that, for each m G M, the subsets y m ( U) and y' n (U,x) coincide, for small 
enough U. 

Proposition 1.29. Let m be a point in a Poisson manifold ( M , n) and let x = 
{q\,... ,q r ,pi, ■ ■ ■ ,p r ,Zi, ■ ■ ■ ,Z S ) be splitting coordinates atm, on a coordinate neigh¬ 
borhood U, with x(U) convex. Then y m (U) = y^(U,x). 

Proof. For F G &{U) and m! G y' n (U,x) we have, in view of (1.40), that 

■' dF 

ftL F [zi\{m r ) = {zi,F} (m') = X ^it{m')y-{m) = 0 , 

1 =l " Zf - 

since the functions 0,-^ vanish at all points m' of y' m (JJ,x). It follows that all Hamil¬ 
tonian vector fields of U are tangent to y] n (U,x) at points m' G y^(U,x). Thus, 
a (piecewise) Hamiltonian path in U which starts at m must stay in y' m {U,x). It 
follows that y m (U) C y'f U.x). In order to show the other inclusion, suppose that 
m! G y' m (U,x). We show that there exists a Hamiltonian path from m to m' in U. 
Consider the (linear) function FI on U, given by 
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H := Y J (q l (m )p l - pi(m)qi) , 

i=i 


whose (constant) Hamiltonian vector field ■'?}/ is given by 


X H : 


dqi dH , 

d Pi dH , 


Consider the integral curve of /%}/, defined for t in a small neighborhood of [0,1] 
(in JR. or C) by 


y.t^t (q\ ( m')t ,.. .,q r (m')t,pi(m')t,.. .,p r (m')t, 0,... ,0) . 

The image of y is contained in U, because x(U) C F 2r+i is a convex open subset. 
Since y is a Hamiltonian path from in = y(0) to ml = y( 1) in U. it follows that 

m'ey m (u). □ 


We use Proposition 1.29 to build a topology and a differential structure on each 
one of the subsets y m (M). A subset V C y m (M) is by definition an open subset if 
and only if for all splitting coordinates (U,x) at in' G V, with x(U) convex, V n U is 
an open subset of y^i(U.x) = y m i(U). Similarly, an algebra of functions is defined 
on y m (M) by saying that F : y m (M) —» F is smooth (holomorphic in the complex 
case), when its restriction to every such y' it ,(U,x) = y m i(U) is smooth (or holo¬ 
morphic). Since the topology and the differential structure on these subsets y m i(U) 
is intrinsically defined, as embedded submanifolds of M, these definitions yield a 
well-defined manifold structure on y m (M). In general, the topology which we de¬ 
fined on y m (M) is different from (finer than) the induced topology which y m (M) 
inherits as a subset of M : it is an immersed submanifold, which is not necessarily 
an embedded submanifold. The Poisson structure on the submanifolds y',{U,x) 
yields a well-defined Poisson structure of maximal rank (symplectic structure) on 
y m (M). The results of the present section, combined, prove the following funda¬ 
mental theorem. 


Theorem 1.30. Every Poisson manifold (M, n) is the disjoint union of immersed 
submanifolds, whose tangent spaces are spanned by the Hamiltonian vector fields 
of (M, n). The Poisson structure, restricted to each of these submanifolds yields 
a Poisson structure of maximal rank (symplectic structure). This decomposition is 
called the symplectic foliation of M and the immersed submanifolds are called the 
symplectic leaves ofM. For m G M the symplectic leaf which contains m is given by 

y m {M) = {m G M | 3 a piecewise Hamiltonian path in M from m to m '} . 

The first part of the theorem can also be restated by saying that the (singular) 
distribution, defined by the Hamiltonian vector fields, is integrable (admits an inte- 
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gral manifold through each point), see [125, Appendix 3]. The theorem leads to the 
following description of the symplectic leaves of a Poisson manifold. 

Proposition 1.31. Let ( M , n) be a Poisson manifold of dimension d and rank 2 r. 

(1) A function F on M is a Casimir function if and only if F is constant on each 
symplectic leaf; 

(2) The (non-empty open subsets of the) symplectic leaves are the smallest em¬ 
bedded manifolds of M which are Poisson submanifolds (i.e., such that the 
inclusion map is a Poisson map); 

(3) If & is a Poisson vector field on M which is tangen t to every symplectic leaf 
ofM, then is Hamiltonian in the neighborhood of every point m £ M where 
the rank of n is 2r. 

Proof. The fact that the manifold (M) admits locally (in the sense of the topol¬ 
ogy on 5^ m {M) which we have constructed) the description as a submanifold 
5F' m (U,x), leads at once to the proof of (1) and (2). We proceed to the proof of (3). 
If the rank of n at m is 2 r, so that m is a regular point of n, then there exists local 
coordinates qi,...,q r ,pi,...,p r ,zi,... ,Zd- 2 r in a contractible neighborhood U of m 
with respect to which the Poisson structure n is given by: 


^ d d 

k = Zj^ a ^— 
i= i dq, dp; 


(1.41) 


The vector fields -Jy, -Jyfy span the symplectic leaves of n on U. There¬ 
fore, every vector field &, which is tangent to the symplectic leaves of n, is of the 
form 


^ = Y Fj— 

h dPi 


-XGif- 

dc T 


(1.42) 


for some smooth or holomorphic functions F\., F r ,G\,.... G r , defined on U. Sup¬ 
pose now that is a Poisson vector field, so that T£oi/ n = 0. Then one computes 
easily from (1.35), (1.41) and (1.42) that 


dF, _ dFj dG; _ dGj dFi _ dG; 

dqj dq; ’ dpj dp, W dpj dqj ’ 


for i, j = 1,..., r. By the classical Poincare lemma, there exists a function H, defined 
on the contractible subset U, which satisfies 


P = ~ 


dH 
dqi 


and 


Gi = 


dH 
dp; ’ 


for i= 1,..., r. Hence, 


X* = I + X = 9 , 

dq; ,ti dp, ~ dz k 


which shows that ^ is a Hamiltonian vector field on U. □ 
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Locally, the regular leaves (i.e., the leaves which pass through a point where the 
rank is maximal, hence locally constant) are given as the level sets of the (local) 
Casimir functions. This is shown in the following proposition. 

Proposition 1.32. Let (M, n) be a Poisson manifold of dimension d, let U be a non¬ 
empty open subset of M and let F\,... ,F S £ JP(U), satisfying: 

(1) The rank ofn is constant on U and is equal to d — s; 

(2) The functions F\,... ,F S are Casimirs of the restriction of n to U; 

(3) For every point m of U, the differentials d m F \,..., d m F s are independent. 

Then the symplectic foliation of the restriction ofn to U coincides with the foliation 
which is defined on U by the map F := (F\.... ,F S ) : M —> F'. 

Proof. Under the stated assumptions, the restriction of n to U is a regular Poisson 
structure, hence the symplectic foliation is a regular foliation of U , where every 
leaf has dimension d — s. Since F := (F\.... ,F S ) has constant, maximal rank, F 
also defines a foliation & on U, whose leaves are id — .vj-dimensional. In view 
of (1) in Proposition 1.31, F is constant on every symplectic leaf in U. hence every 
symplectic leaf is contained in a leaf of &. Since all symplectic leaves and all leaves 
of & have the same dimension (d — s), it follows that both foliations coincide. □ 

In good cases most or all of the symplectic leaves are level sets of the Casimir 
functions, but this is not true in general. 

Example 1.33. Consider the Poisson structure d/dx A d/dy on IRC, where x.y.z are 
the natural coordinates on R 3 . Since translations over a constant vector are obviously 
Poisson maps, it descends to a Poisson structure on every torus R 3 /A, where A is a 
lattice in R 3 . Unless A is very special, all symplectic leaves are dense on the torus, 
hence they cannot be the level sets of a (Casimir) function. 

Proposition 1.34. Let K\ and Ki be two Poisson structures on a manifold M. Sup¬ 
pose that both Poisson structures define the same symplectic foliation on M and that 
for every symplectic leaf SP (of both structures), the Poisson (symplectic) structure 
induced on ST by n\ is the same as the Poisson structure induced on T9 by U 2 - Then 
K\ and U 2 are equal. 

Proof. Let n\ = j and n 2 = {-,-} 2 be two Poisson structures on M which 
determine the same symplectic foliation on M. Let m £ M and let .9 be the leaf 
which passes through m\ we denote by iy the inclusion map iy \ ,9 r —f M. It 
is assumed that the induced Poisson structures {-,-}jy on coincide, so that 
{Foiy,Goiy} x y = {Foiy,Goiy} 2 y for every F, G £ fP(M). Since iy is a 
Poisson map, when M is equipped with K \, or with Ki, we have for every m £ ,9, 

{F,G}i (m) = {Foiy,Goiy} l yim) = {Foiy,Goiy} 2 y{m) = {F,G} 2 (m.) . 

This applies to every point m of M, so that {F, G }, (m) = [F. G} 2 (m ), for all in £ M, 
which was to be shown. □ 
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1.4 Poisson Structures on a Vector Space 


On a finite-dimensional F-vector space V, one can consider its algebra of polyno¬ 
mial functions, which is canonically isomorphic to the symmetric algebra SV*, but 
when F = R one may also consider the algebra of smooth functions on V, while 
when F = C one may consider the algebra of holomorphic functions on V. The dif¬ 
ference corresponds to viewing V as an affine variety or as a real/complex manifold. 
What makes a vector space V special, from either point of view, is that it admits a 
basis, say (ei ,..., e^), and hence a dual basis, consisting of linear forms Xj: V —> F, 
for i = 1 

(1) From the affine variety point of view, SV* = F[xi,. so every function can 

be written uniquely as a polynomial in xi,..., x,i . More generally, every derivation 'V 
of SV* can be uniquely written as V = jf=i where % := "V[xj \, and similarly 
for biderivations, such as Poisson structures. 

(2) From the manifold point of view, xi,.... x,j are global coordinates on V, i.e., V 
is covered by a single coordinate chart. Functions, vector fields, Poisson structures, 
and so on, admit a global coordinate representation in terms of these global coordi¬ 
nates. 

Many results about Poisson structures on a vector space take formally the same 
form when the Poisson structures are considered on the algebra of polynomial func¬ 
tions or on the algebra of smooth/holomorphic functions. Therefore we will often 
refer to ^(V) as the algebra of functions on V, independently of whether the algebra 
of polynomial, smooth or holomorphic functions is considered; however, when F is 
different from R and C, then JF(V) always stands for the algebra of polynomial 
functions on V. To stress that we consider a Poisson bracket on the algebra of poly¬ 
nomial functions on V, we often use the term polynomial Poisson structure. 

Vector fields on a real or complex vector space V can be identified with deriva¬ 
tions of the algebra of smooth or holomorphic functions on V, so we will simply 
write X^V) for the Lie algebra of vector fields on V; even when F is different 
from R and C, we refer to elements of X^V) as vector fields on V. Similarly, we 
refer to elements of X 2 (V) as bivector fields on V. Vector fields and bivector fields 
admit in this general context the following description. 

Proposition 1.35. Let V be a vector space and let ■'V' (V) be its algebra of functions. 
Let Y be a vector field on V and let P be a bivector field on V. In terms of linear 
coordinates X\,.. . ,x,jfor V, the elements f and P can be written (uniquely) as 


d a 

1=1 


d.Xi 


P = 


1 -gj< j<„d 


' ' d.Xj dxj 


where fi € V ) and Pjj £ ^(V), for all 1 ^ i,j ^ d. In particular, every vector 
field on V is determined by its values on a system of linear coordinates on V, and 
every bivector field on V is determined by its values on all pairs of functions, taken 
from a system of linear coordinates on V. 
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Suppose now that we have a bivector field n = on V and that we wish to 
express that n is a Poisson structure. When &(V) is the algebra of polynomial 
functions on V , then n is a Poisson structure if and only if n satisfies the Jacobi 
identity, 

{F,{G,H}} + {G 1 {H,F}} + {H 1 {F,G}} = 0, (1.43) 

for all F, G,H G J^(V); however, when ■’¥{V) is the algebra of smooth of holo- 
morphic functions on V, precisely the same condition expresses that n is a Poisson 
structure, because V can be covered with a single coordinate chart. We formulate 
this result in the following proposition, which is a transcription and a specialization 
of Propositions 1.8 and 1.16 to the case of a vector space V. 

Proposition 1.36. Let V be a finite-dimensional vector space, with algebra of func¬ 
tions cP(V) and let (.xi,...,x</) be a system of linear coordinates on V. Given 
a skew-symmetric matrix (xjj) \ -gj of elements of jF(V), consider the skew- 
symmetric biderivation n of J^(V), which is defined, for F,G € V), by 


{F,G} 


dF dG 


which is the unique skew-symmetric biderivation of JF(V) such that {x/.x/} = Xjj, 
for all 1 ^ i,j ^ d. The following conditions are equivalent. 

(i) n is a Poisson structure on V; 

(ii) n satisfies the Jacobi identity: for all F,G,H £ ^(V), 

{F, {G,H}} + {G, {H,F}} + {H , {F, G}} = 0 ; 

(Hi) For all i,j,k, with 1 fi<j<kfid, 

{ {xi,Xj} ,x k } + { {xj,x k } ,Xi} + {{x k ,Xi} ,Xj} = 0 ; 

(iv) For all i,j,k, with ] f i < j <k^d. 


d 


1 


dxij 

xek^.—yxa 

uXf 


dxjk 

dxf 


+ X(j 


dx ki \ 
dx t ) 


= 0 . 


In this case, the skew-symmetric matrix (xjy)i^,- j^d is the Poisson matrix of n with 
respect to the coordinates x\,... ,xj. 

At every point m £ V, the tangent space T m V is in a canonical way isomorphic to V, 
and similarly the cotangent space T y *V is canonically isomorphic to V*. Therefore, 
one usually thinks of the Poisson bivector at m, which is a skew-symmetric bilinear 
map n m : T t *V x T t *V —> F, as a skew-symmetric bilinear map V* x V* —> F, as an 
element of V A V, or as a linear map V* -G V. The rank of the latter linear map is the 
rank of the Poisson structure at m. 

It is clear that the results in this section are also valid when the vector space V is 
replaced by a non-empty open subset of V . 
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1.5 Exercises 

1. Suppose that Y is a derivation of s# := F[jci,... ,Xd\. Show that, for every 

F £ si. 



Deduce from it an alternative proof of Proposition 1.6. 

2. Two elements F, G of a Poisson algebra (si, •, n) are said to be in involution 
if {F, G} = 0. Prove Poisson’s theorem : if F and G are in involution with a third 
element H £ si, then { F, G} is in involution with H. The original motivation of 
Poisson’s theorem is that, since functions which are in involution with the Hamilto¬ 
nian are constants of motion, taking the Poisson bracket of two constants of motion 
produces a (a priori new) constant of motion. 

3. Let n be a polynomial Poisson structure on F^, with Poisson matrix X, and 
suppose that X vanishes at the origin o £ F' 7 (i.e., all entries x (/ - of X vanish at o). 
Let Y be the matrix whose entry v/ ; is the linear part of x, ; . for 1 ^ i. j d. Show 
that Y is a Poisson matrix. 

4. Let (Mi , K \) and (M 2 . Tin) be two affine Poisson varieties, or two Poisson mani¬ 
folds. Let *F : M\ -> Mi be a Poisson map. Show that 


Rk,„ Mj ^ R!<'/'(,„) M9 , 


for every m £ M\. 

5. Given a skew-symmetric biderivation {•, •} on a commutative associative alge¬ 
bra si , define its Jacobiator J? as the skew-symmetric tri-linear map si 3 —> .<//, 
given by 


c f(F,G,H):={F 1 {G,H}} + {G,{H,F}} + {H 1 {F,G}} . 


Show that ^ is a derivation in each of its arguments (as in (1.4); in the language of 
Section 3.1, it is a triderivation) and derive from it an alternative proof of Proposi¬ 
tion 1.8. 

6 . Consider on F 2 the bivector field n, defined by {x.v}:= x 2 , and let 'P/ denote the 
vector field on F 2 , defined by lY[x] := 0 and ^[y] := x. Show that Of is a Poisson 
vector field, but that there exists no neighborhood of o = (0,0) on which Pi is a 
Hamiltonian vector field (see item (3) of Proposition 1.31). 

7. The following is an open problem: given a Poisson algebra (si, of fi¬ 
nite type, do there exist generators x \,... ,Xd of si and representatives Xjj = —Xji £ 
F[xi,... ,Xd] of {x, ,X/ } such that 
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for every 1 i. j. k ^ cl: in other words, such that the matrix X := (xj/) \ xij< : d is a 
Poisson matrix? 


1.6 Notes 

In the mathematics and physics literature, Poisson structures are most often consid¬ 
ered in the case of smooth manifolds. In this context, Poisson structures are usually 
defined as sections of the exterior square of the tangent bundle of the manifold (see 
Vaisman [194]), as Lie algebra structures on the algebra of functions on the man¬ 
ifold (see Cannas da Silva-Weinstein [34] or Dufour-Zung [63]) or as sheafs of 
Poisson algebras on the manifold (see Przybylski [172]). Abstract Poisson algebras 
are considered in Bhaskara-Viswanath [23]; see also Huebschmann [96]. For more 
information on the general theory of real manifolds, we refer to Warner [198] or to 
Spivak [187]; for complex manifolds, see Wells [203], For a gentle introduction to 
algebraic geometry, in particular the link between commutative associative algebras 
and affine varieties, see Perrin [165] or Shafarevich [182]. 

The main result in this chapter is Weinstein’s splitting theorem (Theorem 1.25), 
from which we derived the symplectic foliation. This general theorem admits further 
generalizations: for example, an equivariant version is given in Dufour-Zung [63], 
while a generalization to arbitrary Lie algebroids is given in Fernandes [75]. See 
Laurent-Miranda-Vanhaecke [120] for the Caratheodory-Jacobi-Lie theorem for 
Poisson manifolds, which was stated without proof in Theorem 1.28 above; for reg¬ 
ular Poisson manifolds, this theorem goes back to Lie and Engel [128]. 


Chapter 2 

Poisson Structures: Basic Constructions 


In this chapter we give a few basic, general constructions which allow one to build 
new Poisson structures from given ones. These constructions are fundamental and 
will be used throughout the book. More advanced constructions, which all fall under 
the general concept of reduction, will be discussed in detail in Chapter 5, while 
several constructions which are specific to a particular class of examples will be 
given in Part II. 

As in the previous chapter, all Poisson algebras will be defined over an arbitrary 
field F of characteristic zero, our Poisson varieties will be affine varieties over F 
and our Poisson manifolds will be either real smooth manifolds (F = R) or complex 
manifolds (F = C). We will adhere to our habit of reformulating all our algebraic 
constructions in geometrical terms, or, conversely, present the geometrical construc¬ 
tion in general algebraic terms. We stress that although the geometrical and algebraic 
constructions are based on the same idea, their concrete implementation is usually 
quite different. 

Section 2.1 deals with the tensor product of Poisson algebras, which geomet¬ 
rically corresponds to the construction of a Poisson structure on the product of 
two Poisson manifolds. We investigate in Section 2.2 the notion of a Poisson ideal, 
whose geometrical counterpart is that of a Poisson submanifold. A Poisson struc¬ 
ture cannot be restricted to any submanifold; a necessary and sufficient conditions 
for this is that all Hamiltonian vector fields be tangent to the submanifold. In Sec¬ 
tion 2.3, we show on the one hand how real and complex Poisson structures are 
related, and on the other hand how complex algebraic and holomorphic Poisson 
structures are related. In Section 2.4, we assemble a few constructions which are of 
a different nature, namely changing the base field, localization and germification. 

Unless otherwise stated, F stands throughout this chapter for an arbitrary field of 
characteristic zero. 
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2.1 The Tensor Product of Poisson Algebras and the Product 
of Poisson Manifolds 

The product of two Poisson algebras/varieties/manifolds is in a natural way a Pois¬ 
son algebra/variety/manifold. We first give the algebraic construction and we make 
precise what we mean by “a natural way” (Proposition 2.1); it yields by a direct 
translation the corresponding construction for Poisson varieties, where we give an 
explicit formula for the product structure in terms of the Poisson matrix (Propo¬ 
sition 2.4). Finally, we give a purely geometric construction, in terms of bivector 
fields, for the product of two Poisson manifolds (Proposition 2.5). 


2.1.1 The Tensor Product of Poisson Algebras 

Let (sii , • i) and (si 2 , - 2 ) be two commutative associative algebras over F, with unit. 
Their tensor product si\ 0 si 2 is itself a commutative associative algebra with unit, 
with respect to the F-bilinear product, which is defined for F\.G\ £ ,</2\ and for 
F 2 ,G 2 £ si 2 by: 


(F X ®F 2 )-(G\®G 2 ) :=(FiGi)®(F 2 G 2 ) . (2.1) 

In this formula, and in the formulas which follow, we use the obvious abbreviations 
/ | Gj for /•’] -| G| and similarly for F 2 G 2 . The algebras si\ and si 2 are naturally 
identified with subalgebras of si\ ® srf 2 via the inclusion maps j; : sit —> sfi ® si 2 
(i = 1,2), given by j\(F) = F ® 1 for every F £ si\, and similarly j 2 (F) = 1 ®F 
for every F £ si 2 . Also, to a derivation "F of ,</J\ we can associate in a natural way a 
derivation "V of si\ ® si 2 (with values in si\ ® s/ 2 ), such that Y [ji (F)] = j\{Y[F]), 
for every F £ . It is defined by 


3L : sF\ ® srfi —> srf\ ® sF 2 

( 2 . 2 ) 

F\®F 2 i-)- y\F\] (g)F 2 . 

Notice that 'V [j 2 (F)] = 0, for every F £ g/ 2 . To see that Y is indeed a derivation of 
sd\®srf 2 , use the fact that Y is a derivation of sY \, combined with (2.1). Similarly, to 
a derivation W of si 2 , we can associate in a natural way a derivation "fY of s2\ ®sF 2 , 
such that yY[j 2 (F)\ = j 2 (fY[F]), for every F £ sf 2 . 

By extending this construction to the case of skew-symmetric biderivations, we 
can construct a skew-symmetric biderivation of s/\ ® s/ 2 (with values in sY\ (g) s/ 2 ), 
starting from a skew-symmetric biderivation of sY\ (or of s/ 2 ). We use this in the 
following proposition to construct a Poisson structure on ,v/\ 0 si 2 , starting from a 
Poisson structure on si -( and a Poisson structure on sY- 
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Proposition 2.1. Let (t/f, {•, ■} ■) be two Poisson algebras over F, where i = 1,2. 

The tensor product ® 3^2 admits a unique Poisson bracket {•,•}, making the 
canonical inclusions j; : g/j —> g/i ® srf 2 into Poisson morphisms with Poisson- 
commuting images, {ji(g^i),j 2 (g^ 2 )} = 0. For Fj,Gi £ g/i, this Poisson bracket is 
given by 

{F l ®F 2 ,G l ®G 2 } = {F l ,Gi} l ®(F 2 G2) + {F l G 1 )®{F2,G2} 2 ■ (2.3) 

For every Hamiltonian derivation of g/\, with H £ &£■[, SL-h is a Hamiltonian 
derivation of g/\ ® g/ 2 , more precisely, 

3Fh = , 

and similarly for the Hamiltonian derivations of g/ 2 . 

We call (g /i ® g/ 2 , •, {•, •}) the Poisson tensor product of g/\ and gf- 2 , while {•, •} is 
called the product Poisson bracket. 

Proof. Let %\\ g/\x g/\^t g/\ be a skew-symmetric biderivation of g/\. Then it can 
be verified, as in the case of derivations, that the skew-symmetric bilinear map ft \, 
defined by 


7t\ : (g/i ®g/ 2 ) x (M ®s/ 2 ) £ 

(Fi ®F 2 ,Gi ® G 2 ) 1 —> n\[F\,G\] ® (F 2 G 2 ) 


(2.4) 


is a biderivation of si\ ® g/ 2 . If 71 \ satisfies moreover the Jacobi identity, so that ti\ 
is a Poisson bracket on g/\, then n\ is a Poisson bracket on g/\ ® g/ 2 , since 


tl\ 


tt\ [F\ ®F 2 ,G l ® G 2 \ ,H\ ®H 2 


n 1 


ni[F\,G\],H\ 


® (F 2 G 2 H 2 ) . 


Notice also that K\ has the following properties: 


K\ [Fj ® 1, G\ ® 1] = K\ [Fi, G\] ® 1 , 
n\ [Fi (8) 1,10 G 2 ] = 0 , 
tti [1 ® f 2 , 1 ® G 2 ] = 0 , 

for every /*], G, £ g/i, ( i = 1,2). The first formula tells us that j\ : g/\ —> g/\ ® g/ 2 
is a morphism of Poisson algebras, when we take Tt\ as a Poisson bracket on si-\ ® 
g/ 2 \ according to the second formula, j\ and j 2 have Poisson-commuting images; 
however, the third formula indicates that j 2 ■ -x/i —> &/\ ® s/ 2 is only a morphism of 
Poisson algebras when g/ 2 is equipped with the trivial Poisson bracket. 

However, letting n 2 denote a Poisson bracket on g/ 2 and taking the sum n := Tt\ + 
n 2 , we obtain a skew-symmetric biderivation of g/i®g/ 2 , and the above formulas 
lead to 
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7t[Fi®1,Gi® 1] = 7Ti[Fi,Gi]®1 , 
n[F\ ® 1,1 ® G 2 ] = 0, 

7r[l ® F 2 ,1 ® G 2 ] = 1 ® 712 [F 2 , G 2 ] • 

By the biderivation property, these formulas can be summarized in the single for¬ 
mula 


n[Fi ® F 2 , Gi ® G 2 ] = ttj [Fi, Gj] ® (F 2 G 2 ) + (F 1 G 1 )®^ 2 [F 2) G 2 ] (2.5) 

for every /j.G, £ .£/ t , (i = 1,2). It follows that 7t satisfies the Jacobi identity, be¬ 
cause (2.5), combined with the fact that n is a biderivation, implies that 

n [n [Fi ® F 2 , Gi ® G 2 ], H x ® Hi]+ 0 (F, G, #) 

= Ttt [TTi [Fi, Gi],ffi] ® (F 2 G 2 Hi) + (FiGi H x ) ® 7T2 [tt 2 [F 2 , G 2 ],ff 2 ] + o (F, G, ff). 

Therefore, n is a Poisson bracket on s#\ ® ^ 2 , both maps j; : —>■ stf\ ® ^2 are 
morphisms of Poisson algebras and they have Poisson-commuting images. Notice 
that in order to establish formula (2.5) we have used only that n is a biderivation 
of s#\ ® such that canonical inclusions j; : —> srf\ ® srfi are Lie algebra ho- 

momorphisms and have Poisson-commuting images, which yields uniqueness of a 
Poisson bracket on srf\ ® srfi with the stated properties, and it provides us with an 
explicit formula for it. In the bracket notation, (2.5) is (2.3). 

Finally, let us show that the linear map F 1 —► 'F sends Hamiltonian derivations 
of . 0/1 to Hamiltonian derivations of . 0/1 0, 0 / 2 . To do this, it suffices to show that 
for every H £ the derivation ,2)// is the Hamiltonian derivation of sF\ 0, 0 / 2 , 
associated to H® 1. Let F\ £ .'//\ and Fi £ .</Fi be arbitrary elements. According 
to (2.2) and (2.5) 

1%h[F\ ® F 2 ] = 3Kh\F{\ ® F 2 = 7Ti [F\,H\ ® F 2 = 7r[Fi ® F2,/f 0 1] 

= FFh®i[F\ ®F 2 ] , 

so that ,°F'n = 3 Fh® 1 , as was to be shown. □ 

Given two affine varieties M\ and Mi, their product M\ x Mi is an affine variety, 
with algebra of functions SF(M\ x M 2 ) — &(M\) ® &(Mi). Under the latter iso¬ 
morphism, the natural projection maps p\ : M\ x Mi —> M,-, with i = 1,2, are dual 
to the inclusion maps jj : JF(M,) —► (M\) ® (Mi)\ specifically, the following 

triangle of algebra homomorphisms is commutative: 

Pi 

&(Mi) ---> &{Mi x M 2 ) 



&(Mi)®&(M 2 ) 


Translated in the language of varieties. Proposition 2.1 yields the following result. 
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Fig. 2.1 On the product of two affine varieties M\ and Mi, functions which are constant on the 
fibers of the canonical projection map p\ : M\ x M 2 —» M\ are of the form p\F = F o p l , for some 
F 6 J?(Mi). Every vector field on M\ x M 2 which annihilates all these functions is tangent to the 
fibers of pi. 


Proposition 2.2. Let (Mj. tij) be two affine Poisson varieties, where i = 1,2. The 
product variety M\ x M 2 has a unique Poisson structure n = {•, •} such that the 
projection maps pj : M\ x Mi —> Mj (i = 1,2) are Poisson maps and such that 


{p\F l ,p* 2 F 2 }=0, (2.6) 

for all functions F\ £ M \) and F 2 £ ^(Mi). Each Hamiltonian vector field on M\ 
[or Mi) extends to a Hamiltonian vector field on M\ x Mi, tangent to the fibers of 
p 2 (or pi). 

The Poisson variety (Mi x Mi, 7r) is called the product Poisson variety of (M \, n\ ) 
and (Mi, ^ 2 ). while n is called its product Poisson structure. 

Remark 2.3. For i = 1,2, the fibers of the projection maps p, : Mi x M 2 —> Mi have 
the following properties (see Fig. 2.1): 

1. A function F £ .'F (Mi x M 2 ) is of the form p* F-, for some Ij £ fpfMj) if and 
only if it is constant on all the fibers of /?,■; 

2. A vector field V on M\ x M 2 satisfies Y\p*Fi\ = 0 for every function Fj £ 

(Mj) if and only if it is tangent to all the fibers of 

It follows that the condition given by (2.6) can be rephrased in either of the following 
equivalent ways. 

(i) Every function which is constant on all the fibers of p 1 is in involution with 
every function which is constant on all the fibers of p 2 ; 

(ii) The Hamiltonian vector field of every function which is constant on all the 
fibers of pi is tangent to all the fibers of p 2 \ 

(iii) The Hamiltonian vector field of every function which is constant on all the 
fibers of p 2 is tangent to all the fibers of p\. 

To finish this section, we describe the Poisson matrix of the product Poisson struc¬ 
ture on Mi x M 2 , when M\ and M 2 are affine Poisson varieties. We show that, in 
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terms of natural generators of ■'¥(M\ x M 2 ), coming from generators of ) and 
fF (M 2 ), the Poisson matrix takes a block diagonal form. 

Proposition 2.4. Suppose that (Mi,{-,■},) and (M 2 ,{-,-} 2 ) are affine Poisson va¬ 
rieties, with Poisson matrices X = (*y)f\-_j = ({JC* 9 JCy } j )^j= 1 » respectively Y = 

(M/)<j=i = ({y<:>v} 2 )u=i> with res P ect to generators xi,...,x di for re¬ 

spectively Vi,... ,y dn for & (M 2 ). The Poisson matrix for the product Poisson struc¬ 
ture {■,■} on M 1 x M 2 takes, in terms of the d\ +d2 generators p\x 1 ,.... P*\X d] , p^y\ , 
• • •, p\yd 2 f or & ( M l x M l)> the form 



(P2yu)1j=i 


(2.7) 


Proof. Since pi is a Poisson map we have that 

=P* {xi,xj} 1 =ptx y , 

which yields the first diagonal block of the Poisson matrix of {•,•}. Similarly, the 
fact that p 2 is a Poisson map yields the second diagonal block. The other entries 
{ p\xi,p*yj} of the Poisson matrix are zero, as follows from (2.6). □ 

By a slight abuse of notation, one usually simply writes Xj for pfx; and _y ; for pfyj. 
Then the Poisson matrix (2.7) takes the simple form ^ and the product Pois¬ 

son structure n = {■, •} can be explicitly written in the following form 


X d d d d 

Xii ~dx- A fx + ^ yij ~dV ^ dw ' 

1 <i< jyd, JX J 1 ^i<j^d 2 ay J 


2.1.2 The Product of Poisson Manifolds 

The product of two manifolds Mi and M 2 has a natural structure of a manifold, 
whose construction we briefly recall. First, as a topological space, M\ x M 2 is en¬ 
dowed with the product topology. Second, an atlas of Mi x M 2 is constructed from 
an atlas of Mi and of M 2 : let (f//,x-7)/ e / be coordinate charts covering Mi and let 
(Vj,fd) je j be coordinate charts covering M 2 , then (£/,■ x P/)(;,/)e/x./ is an open cov¬ 
ering of Mi x M 2 and the homeomorphisms 

(x(‘\y U) ) : Ui x Vj —>(C/,) x y u) (Vj) C F dl+d2 

define compatible coordinate charts, hence endow Mi x M 2 with a manifold struc¬ 
ture; in this formula, d\ and di are the dimensions of M\ and M 2 respectively; as 
before, F = R or F = C, depending on whether the manifolds which are considered 
are real or complex. 
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Fig. 2.2 A vector field on M\ can be naturally lifted to a vector field on M\ x Mi, tangent to the 
fibers of p 2 : Mi x M 2 —> Mi. 


As ill the case of varieties, we denote by p, : M\ x M 2 — > Mj the canonical pro¬ 
jection maps (i = 1,2). For m\ £ M\ and mi £ M 2 , we will also use the inclusion 
maps i m2 : M\ ^ Mi x M 2 and i' m[ : M 2 aMj x M 2 , defined by i m2 (x) := (A,m 2 ) 
and t’ m (y) := {m\,y), for x £ M\ and y £ M 2 . 

To a vector field on an open subset of M\ (or of M 2 ), we can associate a 
vector field on an open subset of Mi x M 2 by using the tangent maps Ti mi (re¬ 
spectively Ti mi ). Namely, to a vector field Y £ X (U\ ), where Ui is an open 
subset of Mj, we associate the vector field Y £ X*(t /1 x M 2 ), whose value at 
m = (m\, m2) £ U\ x M2 is by definition 

Kn * = | lm 2 (' V,ni)£T m (M x x M 2 ). 

This means that for every F £ J^{U\) and G £ J^{U 2 ), where U 2 is an open subset 
of M 2 , 

f[Fopi] = V[F)opi and 'f[Gop 2 ]=0, (2.8) 

since for all m = (mi,m 2 ) £ U\ x U 2 , 

Y[Fopi\(m) = Y n (Fopi) 

— Tm\ lm2 {%n){F°p{) 

= Ymi(Fopioi m2 ) = Y mi (F) = Y[F]{pi(m)) , 

and similarly for the second equality in (2.8). These equalities can be used to 
write Y in terms of local coordinates, showing in particular that Y is a vector field 
(i.e., it is smooth/holomorphic). Similarly, every vector field W on an open subset 
U 2 of M 2 leads to a vector field W on Mj x t /2 . See Fig. 2.2. 

By extending this construction to the case of bivector fields, we can construct 
a bivector field on open subsets of Mi x M 2 , starting from a bivector field defined 
on open subsets of Mi (or M 2 ). We will use this in the following proposition to 
construct a Poisson structure on Mi x M 2 , starting from a Poisson structure on Mj 
and a Poisson structure on M 2 . 
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Proposition 2.5. Let (M\. Ti\) and {Mi, 7ro) be two Poisson manifolds. The product 
manifoldM\ x M 2 has a unique Poisson structure {•,•} = K, such that the projection 
maps pi : M\ x Mi — > M,- (i = 1,2) are Poisson maps and such that, for all open 
subsets Ui C Mi and for every Fj £ ^{Ufj with i = 1,2, the functions F\ o p\ and 
Fi o pi are in involution {on U\ x U 2 ), 

{F\op u F 2 opi} = 0. (2.9) 

The Poisson manifold (Mi x Mi. n) is called the product Poisson manifold of Mj 
and Mi, while n is called its product Poisson structure. 

Proof. We have seen how we can associate in a natural way to a vector field on Mi 
a vector field on Mi x M 2 . In order to generalize this to bivector fields, we use that 
every F-linear map </> : V —> W between vector spaces V and W, leads to a linear 
map A 2 (j) : f\ 2 V —> A 2 W. As recalled in Appendix A (Section A. 2) it is defined for 
vi,V 2 e V by 

A 2 <j) (vi A V 2 ) := 0(vi) A 0(v2) . 

Applied to the linear map 


Tmi lni2 • T„ n M\ T m (M\ x Mi) 

we can define a bivector field ff\ on Mi x Mi by its value at m = (m \ ,m 2 )'. 

tt\ m -— F (T lt )(7Ti )mi e A 2 7 )„(Mi xMl) . 

For open subsets U\ C M| and U 2 C M 2 and for functions F\,G\ £ J?(Ui) and 
F 2 ,G 2 £ jF(U 2 ) we have, as in (2.8), that 

TCl[FiOp h GlO Pl ] = 7Tl[Fi,Gl]o/7i , 

TZ\ [F| op ] .G 2 op 2 } = 0 , 
n 1 [F 2 o P 2,G 2 o p 2 \ = 0 . 


It follows that the bivector field n := tti + n 2 , where n 2 is constructed in the same 
way as Tt\ , but using T m2 i' mi instead of T mi i m2 , has the following properties: 


n[F\ °P\,G\ opi] = ^i[Fi,Gi]opi , 

n[F\ op\,G 2 o P2 \ = 0 , (2.10) 

n [F 2 op 2 ,G 2 o p 2 ] = n 2 [F 2 ,G 2 ] o P2 . 

Since every point in M\ x Mi admits local coordinates of the form x, o p\ and vy o 
p 2 , where x, and y ; are coordinate functions on Mi, respectively on Mi, it follows 
from (2.10) that every point admits local coordinates in which n satisfies the Jacobi 
identity. In view of (iv) in Proposition 1.16, this implies that n is a Poisson structure. 
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Moreover, the first and third equations in (2.10) express that p\ and p 2 are Poisson 
maps, while the second one says that n satisfies (2.9). 

If a Poisson structure on M\ x M 2 satisfies the requirements of Proposition 2.5, 
then it satisfies the equations (2.10), from which one can obtain explicit formu¬ 
las for it, in local coordinates, which provides uniqueness of such a Poisson struc¬ 
ture. In order to show how these explicit formulas are obtained from (2.10), let 
(U,x) and (V,y) be coordinate charts of M\ and M 2 , where x= (x\,,x^ ) and 
y = (y ],..., y r j 2 ). By a slight abuse of notation, we write the corresponding coordi¬ 
nates on U xV as ,x ( ^ ,yi,... ,ya 2 . According to (1.26) and (2.10), n is given 
in terms of these coordinates by 




KK/'^l 


J l^i<j^d2 

d d 




1 </< j^d\ 


l<i< j^d2 


which is written, in the bracket notation, as 


{*,-}= I 


( 2 3 d 

s; A &; + 


S 

l^i< j^d2 


r 1 d O 


d_ 

dyj 


where j and {yi,yj} 2 are taken as functions on U x V. □ 

Remark 2.6. Note that for all open subsets U\ C M\ and U 2 C M 2 , the restriction 
of the Poisson structure {•, •} on M\ x M 2 to &(Ui) <g> ^(t/ 2 ) C &{U\ x LA) is 
precisely equal to the product Poisson bracket, introduced in the previous section, 
of the Poisson algebras &(U\) and 

Remark 2.7. Remark 2.3 applies also to manifolds, upon replacing the functions 
and vector fields which appear in that remark by arbitrary local functions and vector 
fields, i.e., functions and vector fields which are defined in the neighborhood of a 
point. 

To finish this section, we give a useful formula for computing the product Poisson 
bracket. As above, let (Mi, m) and (M 2 , 712 ) be Poisson manifolds and let n denote 
the product Poisson structure on M 1 x M 2 . Let F, G be functions on a non-empty 
open subset U of Mi x M 2 and let (mi, m 2 ) £ U. By definition of n, we have that 


.m 2 ) ^1 (mi - m 2) ( 2//1 .m 2 ) 

— A ( l'm\ turn ) ( )ni] T A (7m 2 h«| ) () m 2 j 


( 2 . 11 ) 


so that 


^(mi ,1)12) )F- (^1 )ni\ (F 0 h«2; ^ 0 l m2 ) T (^2 ) in , (F 0 kn \ > ^ 0 L/j ) 1 


which yields, in the bracket notation, the following formula for the product bracket 
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{F, G} (mi,m 2 ) = {F oi m2 ,Goi m2 } l (mi) + {F o i' mi , Go i' m } 2 (m 2 ) , (2.12) 

valid for all F. G £ ■'¥ (U ), where U is an open subset of Mi x M 2 , which con¬ 
tains (mi,m 2 ). 


2.2 Poisson Ideals and Poisson Submanifolds 

The simplest sub-objects of Poisson manifolds are Poisson submanifolds, which are 
submanifolds, equipped with a Poisson structure, with respect to which the inclu¬ 
sion map is a Poisson map. For a submanifold, several conditions will be given, 
which are equivalent to the fact that it is a Poisson submanifold, including the well 
known condition that all Hamiltonian vector fields (of locally defined functions) be 
tangent to the submanifold. The algebraic condition, which corresponds to it, is that 
the ideal of functions which vanish on the submanifold, is a Poisson ideal. In gen¬ 
eral algebraic terms, for an ideal J? of a Poisson algebra (g/, ■. {■ ,•}), one has the 
following fact: g/ / J0 has a Poisson bracket which makes the canonical projection 
into a morphism of Poisson algebras if and only if J? is a Poisson ideal; if such a 
Poisson bracket on .<// j ■'/ exists, then it is unique. 

We give in Section 2.2.1 the algebraic construction, and we reformulate the result 
in geometrical terms for subvarieties of affine Poisson varieties. In Section 2.2.2, we 
give a purely geometrical construction for (immersed or embedded) submanifolds of 
a Poisson manifold. For the latter, we also relate the Poisson submanifold condition 
to the intersection of the submanifold with the symplectic leaves. 


2.2.1 Poisson Ideals and Poisson Subvarieties 

Let (.<//. ■) be a commutative associative algebra and let J? be an ideal of.(/. The 
quotient g0/ JF inherits from .'// the structure of an associative algebra. We denote 
the quotient map by p: g0 -£ /// j .0 and we use, for F £ g/, the convenient notation 
F := p(F). For a derivation "V of , 5 -/, the following conditions are equivalent: 

(i) There exists a derivation % of gP f J? such that y\F] = To[F], for every 
F £ g/; 

(ii) V maps J* to itself: for every F £ J’ , F[F] £ J* . 

The proof (i) =£> (ii) is immediate; for the other implication, we define Tq on ele¬ 
ments F £ gtf I J? by Tj) [F] '.= y[F], which is well-defined in view of (ii), and which 
is then easily shown to be a derivation of grf/ . 

Similarly, if g? comes equipped with a Poisson bracket, i.e., (srf, •,{•,■}) is a 
Poisson algebra, it is a natural question to ask what are the conditions on the ideal 
.0 which imply that ,c/ j ,0 carries a Poisson bracket {-. ■ } 0 , which comes from 
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{• ,•}, i.e., such that p is a Poisson morphism. The fact that p is surjective implies 
that, if such a bracket exists, then it is unique. 

Suppose that such a Poisson bracket {-, -} 0 exists. The morphism property 

{F,G} 0 = {F,G} (2.13) 

implies that {F, G} = 0 for every F £ 00 and G £ si, since F = 0 if F £ J?. This 
means that 00 is a Lie ideal of {si, {•, •}), i.e., {y, si} C 0 F. Thus 00 is an ideal for 
both multiplications of the Poisson algebra: one calls such an ideal a Poisson ideal. 

Conversely, suppose that JF is a Poisson ideal of si. Then (2.13) can be taken as 
the definition of a bilinear map {•, - } 0 from si / JF into itself. Since it is well-defined, 

{{F,G} 0 ,ff} 0 = {{F,G},//}, 

for all elements F, G and H of si, so that {• ,-} 0 defines a Lie bracket on si j..0. 
Since p is a morphism for both algebra structures on si, {-,-} 0 is also a biderivation. 
Thus, {•, -} 0 is a Poisson bracket on si which makes p into a Poisson morphism. 

The condition {F,G} £ .0 for all F £ JF, G £ si, rewritten as 3£g{F) £ -0 
means that every Hamiltonian derivation of si maps 00 to itself, and rewritten as 
3Ff{G) £ JF means that every Hamiltonian derivation of F £ .0 maps si to 00. 
Summarizing, the following proposition holds. 

Proposition 2.8. Let {si, ■,{■,■}) be a Poisson algebra and let .0 be an ideal 
of {si, •). The following conditions are equivalent: 

(i) There exists a Poisson bracket {■, - } 0 on si/\0 such that p : si -P si / 00 is 
a Poisson morphism; 

(ii) 00 is a Poisson ideal of{si,-,{- ,•}); 

(Hi) For every F £ si, the Hamiltonian derivation preserves J0; 

(iv) For every F £ ^0, the Hamiltonian derivation ffp is 0-valued. 

Moreover, if one of these conditions holds, then the Poisson bracket {-,-} 0 on si 100, 
satisfying (i), is unique and it is defined by 

{F,G} q :={F,G}, 


for all F,G £ si. 

We now turn to the case of affine Poisson varieties, which will bring us to the notion 
of a Poisson subvariety. We first recall that if N and M are affine varieties which 
belong to the same affine space F rf , then N is said to be an affine subvariety of M if 
N C M. Then N is the zero locus of a prime ideal ..Fy in .0 ( M) and .0 (/V) is in a 
natural way isomorphic to JF(M )/ JF^, with which it will in the sequel be identified. 
We denote by K : J0{M) —y J0(N) the canonical projection, which we think of as a 
restriction map. 
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Translating the equivalent algebraic conditions, given at the beginning of this sec¬ 
tion, to the case of varieties, we have that for a derivation Y of Y(M), the following 
conditions are equivalent: 

(i) There exists a derivation Yq of Y(N) such that k(Y[F\) = Yq[k(F)\, for every 
F £ Y(M), which can be expressed as the commutativity of the following 
diagram: 

Y(M) htf-f Y(M) 

K 

&{N) Y(N) 

(ii) Y maps the prime ideal Yn of all functions which vanish on A to itself: for 
every F £ Y N , Y[F] £ Y N . 

As we will see in the next section, these two equivalent conditions on Y correspond 
in the context of manifolds to the fact that Y, viewed as a vector field on M, is 
tangent to A, and Yo is the restriction of Y to A. In the case of varieties, we therefore 
also think of Yq as being the restriction of Y to A and, by a slight abuse of language, 
we say that Y is tangent to A (at points of A), if Y satisfies Y [Yn\ C Yn- 

Definition 2.9. Let (M, {•, •}) be a Poisson variety and let A C M he a subvariety. 
We say that A is a Poisson subvariety of M if there exists a Poisson structure on A 
which turns the inclusion map ;: A M into a Poisson map. 

This means that, if A is a subvariety of M, and Yn C Y (M ) denotes the prime 
ideal of all functions on M which vanish on A, then A is a Poisson subvariety of 
(M, {•,•}) if and only if Y{M)/ Yn has a Poisson bracket such that the quotient 
map K : Y(M) —> Y(M) / Yn is a morphism of Poisson algebras. It leads, for affine 
Poisson varieties, to the following geometric analog of Proposition 2.8. 

Proposition 2.10. Let (M, {•,■}) be an affine Poisson variety and let A be a subva¬ 
riety of M, defined by a prime ideal Y^ C Y(M). The following are equivalent: 

(i) A is a Poisson subvariety o/(M,{- ,•}),' 

(ii) Yn is a Poisson ideal of Y(M); 

(iii) For every F £ Y(M), the Hamiltonian vector field Sfip is tangen t to A; 

( iv) For every F £ Y (M) which vanishes on A, the restriction of the Hamiltonian 
vector field St f to A is zero. 

Moreover, if one of these conditions holds, then the Poisson structure on A which 
makes the inclusion map into a Poisson map is unique. 


K 
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2.2.2 Poisson Submanifolds 

Another approach is needed in the case of submanifolds of a Poisson manifold, as 
submanifolds are, in general, not defined by ideals. Moreover, important examples 
of submanifolds in Poisson geometry are not embedded submanifolds, but immersed 
submanifolds; even locally they are, in general, not defined by an ideal. Think, for 
example, of the leaves of the symplectic foliation of a Poisson manifold (see Sec¬ 
tion 1.3.4). 

First, let us recall the basic vocabulary. Suppose that;: Nq —> M is a map, where 
both M and No are manifolds. If for every point no £ No the tangent map Tn 0 l ■ 
T no No —> T t ( no jM is injective, then i is said to be an immersion. If the immersion is 
injective one says that (Nq, i) is an immersed submanifold , or submanifold for short; 
one often refers to the subset N \= i(Nq) of M as being an immersed submanifold, 
keeping in mind that N comes with its own differential structure and topology. Since 
T„ 0 i is injective we can, by the implicit function theorem, find a coordinate chart 
(V,y= (yi,... ,y s )) of No, containing no, and a coordinate chart (U,x =(x\,... ,x d )) 
of M, containing i(no), with i(V) C U, and such that / is given in terms of these 
coordinates by 


(yt,...,y s ) (xi,...,x d ) = (yi,...,y s ,0,...,0) , 

where 5 is the dimension of No and d is the dimension of M. The coordinate chart 
(17, x) for M is then said to be adapted to N at i(no). 

In the special case in which the topology on N which comes from No coincides 
with the induced topology from M, i.e., i is a homeomorphism between No and 
N (equipped with the induced topology from M), one says that N is an embedded 
submanifold. Open subsets of N are then restrictions to N of open subsets of M and 
every coordinate chart for N, can be extended to a coordinate chart of M, adapted 
to N. 

When N = i(Nq) is a submanifold of M, then for n := i(no) £ N, the subspace 
T no i(T„ 0 No) of T„M is denoted by T„N and is called the tangent space to N at n. 
A vector field P , defined on an open subset U C M, is said to be tangent to N if 
% £ T„N for every n £ U fl N. 

Definition 2.11. Let (. M , n) be a Poisson manifold. An (immersed or embedded) 
submanifold (Nq,i) of M is called a Poisson submanifold if there exists on Nq a 
Poisson structure tzn such that the inclusion map i is a Poisson map. Viewing N := 
i(Nq) as a submanifold of M, we refer to as a Poisson structure on N and we say 
that N is an (immersed or embedded) Poisson submanifold of M. 

We give in the following proposition a characterization of Poisson submanifolds 
in terms of (locally defined) Hamiltonian vector fields, as well as in terms of the 
symplectic leaves of the ambient Poisson manifold. 

Proposition 2.12. Let (M, n) be a Poisson manifold. For an (immersed or embed¬ 
ded) submanifold N = i(Nq) ofM, the following conditions are equivalent: 
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(i) N is a Poisson submanifold of (M, it); 

(ii) For every open subset U C M and for every F £ JF(U), the Hamiltonian 
vector field 3 Ff is tangent to N; 

(Hi) For every n £ N, the intersection of N with the symplectic leaf S^„(M) con¬ 
tains a neighborhood ofn in ,9 fi n (M); 

(iv) For every n £ N, the bivector n„ belongs to A 2 T n N. 

Moreover, if one of these conditions holds, then the Poisson structure on N, which 
makes the inclusion map into a Poisson map, is unique. 

Proof, (i) => (ii). Let n := i(no) £ N, where no £ No is an arbitrary point. Let 
(U,x) be a coordinate chart of M, adapted to N at n. In terms of the coordinates 
x = (xi,..., x,i), where d is the dimension of M, the Hamiltonian vector field of 
F £ &(U) is given, according to (1.33), by 

= Y,{xi,F}jr- + X { x P F }fT > 

11 dx i j=s+l dx J 

where s is the dimension of No and {•,•}: = n. Let us denote the Poisson structure on 
Nby {-,•}() = tto- Since i is a Poisson morphism, {xj. F) (n) = {ijOi,Fo(} „(«o), 
which is zero when 5+1 + j + d, since Xj o i 0, for such j. It follows that, for 
n £ NCiU, 


(%F) n = ^{xi,F}{n) 
1=1 



X(+,L}(n) T„ 0 i 

1=1 



so that ) € T„ 0 i (T„ 0 No) = T„N, for all no £ No, which means that 3Ff is 

tangent to N. This shows that all (locally defined) Hamiltonian vector fields are 
tangent to N. 

(ii) ==> ( iii). Let n £ N and consider the symplectic leaf S^ n (M) which con¬ 
tains n (see Section 1.3.4). Since i is an immersion, there exists an open subset V of 
No which contains no, where n = i(no), and an open subset U of M, such that i(V) is 
a closed, embedded submanifold of U. We also consider the symplectic leaf .'S n (U), 
which is an open subset of 5P n ( M) (recall that it is, in general, strictly smaller than 
SP n (M) DU). We claim that y n (U) C i(V). To show this, it suffices to show that 
every Hamiltonian path in U which starts in i(V), stays in i(V). Consider a Hamil¬ 
tonian path y.I—yU, where I is an open neighborhood of 0 in F (which is R or C), 
with y(0) £ i(V). It is the integral curve of a Hamiltonian vector field ,+}.■, with 
F £ J W(JJ'), which is tangent to i(V), at all points of i(V), where U' is an open 
subset of U, containing y(7). Suppose that y(I) is not entirely contained in /(V). 
Consider 

I' :={t£l\y(t)£i(V)j , 

which is an open subset of /, since y is an integral curve of a vector field which is 
tangent to i(V). Let 7 q denote the connected component of I' which contains 0 . Let t' 
be an arbitrary element of the (topological) boundary of l' 0 and let n' := y(t'). Then 
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n! £ i(V), since i(V) is a closed subset of U. Since y is an integral curve, passing 
through n!, of a vector field which is tangent to i(V), we have that y(t") C i(V) for t" 
in a neighborhood of t', which contradicts the fact that t' belongs to the boundary 
of /g. Therefore, all Hamiltonian paths 7 : 1 —> U, defined on a neighborhood I of 0, 
with 7(0) £ i(V), stay in i(V) and i(V) D 5 fi n (JJ)- Since the latter is an open subset 
of 5? n (M), property (lit) follows. 

(ill) => ( i ). Let no £ No be an arbitrary point and let n := i(no). Since 1 is an 
immersion, 

T no i '■ T no N 0 —> T n N C T n M 

is an isomorphism, while (Hi) implies that T n J^ n (M) C T„N. It follows that there 
exists a unique bivector (jtiy)„ 0 £ A 2 T„ 0 Nq such that 

A 2 (T no i)(n N )„ 0 = 7i n , (2.14) 

as the latter belongs to A 2 T n S fi n (M). We claim that the map 

k n : No ^ A 2 TN 0 ( 2 . 15) 

«0 1 —^ (7lN)n 0 

is a Poisson structure on No, such that 1 is a Poisson map. To see that n : \f is a 
(smooth/holomorphic) bivector field on No, let no be an arbitrary point and let 
Fq , Go be arbitrary functions, defined on a neighborhood of no in No- There exists a 
neighborhood U of n := i(no), and functions F. G £ :!F(U), such that F 01 = Fq and 
Go ; = Go on some neighborhood V of no in No- For every n' = i(n' 0 ) £ U (T i(V) we 
have that 


n N [Fo,Go\(n'o) = n N [F oi,Goi\(n' 0 ) 

= (n N ) n ' o (d„/(F'oj),d„/(Go ! )) 

= n n , (d n /F,d n iG) = n[F,G](i(n' 0 )), 

where we have used the definition (2.14) of Kn to obtain the last line. Since n' Q i-£ 
n[F,G](i(n' 0 )) is clearly a smooth/holomorphic function on V C No, it follows that 
7T/v is a (smooth/holomorphic) bivector field on Nq. The same computation, with 
three functions Fq,Go and Hq, defined on a neighborhood of no in No, yields 

n N [n N [Fo, Go] ,H 0 ] (n' 0 ) = n[n [F, G] ,H] (i(n ' 0 )), 

for all n' Q in a neighborhood V of no in No- It leads to the Jacobi identity for 7Tv, so 
that Kn is a Poisson structure on Nq. 

According to Proposition 1.19 ,1 is a Poisson map; it is clear that 7 In is the unique 
Poisson structure on Nq, such that / is a Poisson map. 

(ii) (iv). As in the first step of the proof, let (U,x) be a coordinate chart 
of M, adapted to N at n £ N. On U we can write n as 
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n = 




r).\j A dxj 


d d 

■X X 

i= l7=i+l 





where all the coefficients a,- ; are functions, defined on U, with O.j, = — CX/ j . If n„ € 
A 2 T n N , then OCij(n) = 0 for all i,j with 1 ^ i ^ d and s + 1 < d, which is 

equivalent to saying that every Hamiltonian vector field on U is tangent to N at n. 
This shows that (ii) and (iv) are equivalent. □ 


2.3 Real and Holomorphic Poisson Structures 

This section is devoted to three constructions which are intimately related to the real 
or holomorphic nature of Poisson structures. 


2.3.1 Real Poisson Structures Associated to Holomorphic Poisson 
Structures 

Our aim is to construct from a holomorphic Poisson structure on a complex mani¬ 
fold, real Poisson structures on the underlying real manifold. Let M be a complex 
manifold of (complex) dimension d £ N*, whose underlying real manifold will be 
denoted by Mr. We fix some notations for the different algebras of functions which 
will be considered on M or Mr: 

(a) JP(M) denotes the C-algebra of all holomorphic functions on M, 

(b) C°°(Mr,<C) denotes the C-algebra of all C-valued R-differentiable functions 
on Mr, 

(c) C“(Mr) denotes the R-algebra of all R-valued R-differentiable functions on 

Mr, 

(d) Jif(M) denotes the C-algebra of all anti-holomorphic functions on M, i.e. the 
functions of the form F, with F £ JP(M). 

We also use analogous notations for the functions defined on an open subset U of M 
(or I/r of Mr). We then have 

^{U) "—t C°°(H7r,C) ~ C°°(E/r) + \/—Tc“(I7r) , (2.16) 

where the latter isomorphism consists of writing a C-valued function as the sum 
of its real and its imaginary parts. It is clear that every coordinate chart (U,z) 
of M, with z= ( zi,...,Zd ) leads to a coordinate chart (Ur,Z) of Mr, with Z = 
(x\ ,...,Xd,y 1 , • • • ,yd), where xj., >+ £ C°°(I/r) are the real smooth functions obtained 
by writing Zk = M + >/— 1 yk under the decomposition (2.16). 

Let V be a holomorphic vector field on M. According to (B.8), in a coordinate 
chart (U,z). we can write 



2.3 Real and Holomorphic Poisson Structures 


53 


y=tnzk} 


k= 1 


d 

dzk 


\ X 




(2.17) 


Decomposing Y[zk] into its real and imaginary parts, leads to the definition of 
two derivations of C°°((/r), the real and imaginary parts of Y , denoted by ^K{Y) 
and 3(Y), by putting: 


W := \ X (^(r[ Zi ])^+3(r[ Z ,])^) , (2.18) 

3W:=i| | (3(r[ a ])i--9i(r[ a ])|-). ,2.19) 

These two derivations of the K-algebra C°°((/r) extend uniquely to the C-algebra 
C“(t/ K ,C) ~ C“(£/r) + V=TC“(I/r), by C-linearity; we will denote these ex¬ 
tensions still by 3i(Y) and 3(7 / ). Writing a holomorphic function F on U as 
F = G + y/—l H and using the Cauchy-Riemann equations 

dG dH dG dH 

dx k dy k ’ dy k dx k ’ 

one verifies by a direct computation that, for all F € 

9t(r)[F] = ^Y[F\, 9t(r)[F] = ^Y[F] . (2.20) 

These equations characterize 9I("F) since (2.18) can be derived from it. Similarly, 
the imaginary part 3 (Y) is characterized by the fact that 


3 (Y)[F) = -l— Y[F], 3 (Y)[F] = Y[F\ , 

for all F G These characterizations imply that 9 \(Y) and 3 (Y) are inde¬ 

pendent of the choice of the coordinates and therefore, define (smooth) vector fields 
on Mr. 

An analogous construction works in the case of bivector fields. Indeed, let P be a 
bivector field of M. According to (1.23), we can write P in a coordinate chart (U. z) 
as 


P = 


X P[z k ,ze}^- A 
Kk<e<d " Zk 


d 

dzt 


1 

4 


X p h,ze) 
l^k<e^d 


_d_ 

dx k 




As above, decomposing P[zk,Zi] into its real and imaginary parts, leads to the defi¬ 
nition of two skew-symmetric biderivations 91(F) and 3(F) of C°°(£/r), by putting, 
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*(P):=i X X(P[zk,zt])(£ 

+ * I 2(Pfo,zt])( 

* 1 <k<e<d V 


l^k<Kd 


dx k dxe dy k dye 


d d d d 
r- A -- A -=- 


dx k dye dy k dxe 


d d d d 

T - A -h -- A 


and similarly for 3 (P). By definition, 91 (P) and 3 (P) are skew-symmetric bideriva¬ 
tions of C°°(C/r) and they uniquely extend to skew-symmetric biderivations of 
C°°({/r,C), by C-linearity. Then, 91(P) is, as in (2.20), characterized by the fol¬ 
lowing properties: for all F,G€ Jf{U), 


91(P)[P,G] = l -P[F,G ] , 
91(P)[F,G] =0, 


(2.21) 


91(P)[F,G] = l -P[F,G\. 


There is an analogous characterization for the imaginary part 3 (P). Because of 
these characterizations, we can conclude, as in the case of vector fields, that 91 (P) 
and 3 (P) are well-defined bivector fields of Mr. We show in the next proposition 
that, if the bivector field P has the additional property of being a Poisson structure, 
then 91 (P) is also Poisson structure. One shows similarly that 3 (P) is a Poisson 
structure. 

Proposition 2.13. If (M, n) is a complex Poisson manifold of dimension d, then the 
bivector field 91 (tt) is a Poisson structure on Mr. In local coordinates, 91 (n) is given 
by: 



where z k =x k + sj — 1 y k and n k e := n(z k ,ze), for 1 ^ k, I ^ cl. 

Proof. According to the characterization of 91(7 t), given above, and since n is a 
holomorphic Poisson bracket, we have, for every coordinate chart (U ,z) and for all 


F,G,H 


^(Kmn)[F,G] : H]= l -{{F,G},H} , 

91(7r)[91(7r)[F,G],//]=0, 

91(7T)[9t(7r)[P,G],ff]=0, 


91(7T)[91(7r)[F,G],tf] = J{{F,G},//} , 
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where we have written {•, •} for n. Since n satisfies the Jacobi identity, these equa¬ 
tions imply that 3i(n) satisfies the Jacobi identity, when applied to arbitrary triples 
of holomorphic or anti-holomorphic functions on U. In particular, for every coordi¬ 
nate chart ([/r,Z), the Jacobi identity will be satisfied by 9t(7r) for the coordinate 
functions Xk and ye, because they can be written as C-linear combinations of the 
holomorphic and anti-holomorphic functions Zk and z,k■ Then, according to Proposi¬ 
tion 1.16, 3i(n) is a bivector field of Mr, satisfying the Jacobi identity, i.e., it is a 
Poisson structure on Mr. □ 


2.3.2 Holomorphic Poisson Structures on Smooth Affine Poisson 
Varieties 


Let N be an 5-dimensional complex affine variety, N C C d . It is the zero locus of a 
prime ideal JP of C[xi,... ,xf and the algebra of regular functions on N is related 
to JP by c?{N) = C[xi, ... ,xf\l (see Section 1.2.1). Let H \,... ,H t be a system of 
generators of JP. The set of points n of N where the rank of the Jacobian matrix 


dHi 

dXj 



1 

Hjid 


equals d — s is a (Zariski) open subset of N, called the smooth part of N, and de¬ 
noted N sm . The points of N sm are called smooth points of N. By the implicit function 
theorem, N admits in the neighborhood of every smooth point the structure of a com¬ 
plex manifold, which is the unique structure for which the functions x\\ N ,... ,Xd\ N 
are holomorphic. In particular, N sm is a complex manifold. For every point n in N sm 
we can choose s functions among x\\ N ,... -x t i\ N , which constitute local coordinates 
of IV in a neighborhood of n in N sm and the other functions xr N are then expressible 
as holomorphic functions in terms of these local coordinates. 


Suppose now that N comes equipped with a Poisson structure, i.e., (N, {■, ■}) is 
a (complex) affine Poisson variety, N C C d . Since {•,•} associates to two regular 
functions 1 oniVa regular function on N, we may choose, for every i,j, with 1 ^ 
i,j ^ d, a representative x, ; of the Poisson bracket |x ( | w ,x ; | w |, i.e., an element of 

C[xi,... ,Xd\ such that Xijy = j. Since all x (/ - are polynomials, the skew- 

symmetric biderivation 


X x ‘j 

1 <i<j<d 


— A — 
dxi dxj 


defines a holomorphic bivector field on C d . We use it to construct a holomorphic 
bivector field on /V s 1,1 . Let n be an arbitrary point of /V s 1,1 and let F, G be holomorphic 


1 Recall that a regular function on N is, by definition, the restriction to N of a polynomial function 
on C d . 
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functions, defined on a neighborhood W of n in /V s 111 . We extend F and G to functions 
F and <5, defined on a neighborhood U of n in M. For n' in a neighborhood of V in 
(V sm , contained in W D U, we define, 

{f, G }jff («') : = X x tj( n ')jr(. n ')jr( n ')- 

OX ‘ OX j 

It defines the unique bivector field on V such that |x,| A ,,x 7 | w | = onF, 

for all 1 i. j 0 d, hence it is a well-defined holomorphic bivector field on N sm . 
Since {•, •} satisfies the Jacobi identity for all triples ^|^,jc*|^^, with 1 ^ i < 
j < k ^ d, the same holds true for {•, •} which means that the Jacobi identity 
holds for since in a neighborhood of every point, a subset of x \.... ,x,i 

yields a system of local coordinates. This shows that {•, •} leads to a holomorphic 
Poisson structure {•, -}^ on /V sm . In particular, if /V is a smooth Poisson variety, so 
that N sm = N. the above construction yields a holomorphic Poisson structure on N, 
starting from the Poisson bracket on the algebra of regular functions on N. 


2.4 Other Constructions 

We finish this chapter with a few isolated constructions, which are of a different 
nature. 


2.4.1 Field Extension 

If srf is a commutative associative F-algebra and if F is a field extension of F (think 
of C, which is a field extension of R), then the tensor product F srf carries a 
natural structure of a commutative associative F-algebra, simply by putting, for all 
a, b £ F and for all F,G £ 


a(b®F) := (ab)®F , 
(a®F)(b®G) := ( ab )® (FG) . 


( 2 . 22 ) 


This very general algebraic procedure is known as “extension of scalars”. In fact, 
an F-Lie algebra structure [•, •] on .<// leads, in a similar way, to an F-Lie algebra 
structure on F (gij srf : simply replace the second line in (2.22) by 

[a®F,b®G\ := (ab) 0 [F, G] . (2.23) 

Combining (2.22) and (2.23) shows that every F-Poisson algebra (gf, •, {•, •}), leads 
in a natural way to an F-Poisson algebra (F(gif £/,-,{■, •}). For example, it allows 
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one to pass from a Poisson bracket on an F-algebra si to a Poisson bracket on 
F si, where F is the algebraic closure of F. 


2.4.2 Localization 


A classical construction in algebra and in algebraic geometry is to localize a commu¬ 
tative associative algebra si with respect to a multiplicative system S in si ( multi¬ 
plicative means that S, which is a subset of si \ {()}, is closed under multiplication). 
When si is without zero divisors, which we assume in the sequel of this section, 
the localization si/S may be defined as the smallest algebra which contains the el¬ 
ements of si and the inverses of elements of S. Formally this means that one forms 
the quotient of si x S by the equivalence relation ~, defined by 

(F,H) ~ ^ FH' = F'H . (2.24) 

The class of (F, H ) is denoted by F/H or by ' n and si/S is made into an algebra by 
defining the sum and product of such elements in the way one adds and multiplies 
fractions. We think of si as a subalgebra of si /.S' by using the inclusion F H> F/ \, 
where the latter element is also simply written as F. 

A derivation "f of si extends to a unique derivation % of si/S. To show this, we 
first prove that a derivation 4$ of si/S is entirely determined by its values 4 / s\F\ = 
"F[F\ on elements F = F/ 1 of si. For F € si and H € S, applying the derivation % 
to the equality F = jjIF we find the familiar formula from calculus, 

H"V\F] — F'V[H] 



showing that 'f's is indeed determined by its values on si. In order to show that every 
derivation Y of si extends to a derivation of si/S one takes (2.25) as a definition 
of 'Vs. One needs to check that (2.25) is well-defined: to do this, suppose that F\H 2 = 
Ft H |, with F t (?_ si and //, e S. First, notice that the equality /-) IF = FiII\ implies 
that 'V[F\ H 2 — F 2 H 1 ] = 0, which we write as 

v[Fi\ _TM = Firm-Firm 226) 

Hi H 2 H\H 2 ' ' ^ 

The definition (2.25) of F 5 , combined with (2.26) and with the equality F\H 2 = 
F 2 H \, yields 
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ys[F\/H\\ — ys[Fi/H2\ 

= -F x r\H x \lH\ + y[Fy]/H x + F 2 r[H 2 ]/H 2 _ - r[F 2 ]/H 2 
= -F x y[H l \/Hl+F 2 y[H 2 }/Hl+F 2 y[H l \/{H 1 H 2 )-F 1 y[H 2 ]/(H l H 2 ) 
= {F 2 H x -F l H 2 )'r[H x ]/{H 2 H 2 ) + {F 2 H l -F 1 // 2 )r[// 2 ]/(H 1 // 2 2 ) 

= 0 . 


This shows that f's is well-defined. It is easy to verify that (2.25) and the fact that 'V 
is a derivation, imply that, for all F,F’ £ &/ and //,//' £ S, one has that 


F F r 

F , 

F r 

F y 

F 


= — f s 


+ —% 


HFP 

H b 

If 

H’ 

H 


(2.27) 


which says that is a derivation of stf/S. 

In the same way, every skew-symmetric biderivation P of stf extends uniquely 
to a skew-symmetric biderivation P$ of ,'// /.S'. As above, one obtains that the basic 
formulas which allow one to compute P$, are given as follows: if F. G £ .ft//1 ~ ,v/ 
and H,K £ S, then Ps\F, G] = P[F, G], and 


— ,G 

= -Ps 

\g,~] 

H 

H 

1 1 

P[H,K} 

H' K 

" h 2 k 2 • 


P[H,G\ 
H 2 


(2.28) 


As above, it is easily checked that Ps is a skew-symmetric biderivation of ,o // S. If P 
is a Poisson bracket on .?■/, then Ps is a Poisson bracket on <// /.S’. That is the content 
of the following proposition. 

Proposition 2.14. Let (&/,-,{■, •}) be a Poisson algebra without zero divisors and 
let S be a multiplicative system of sF. The localization algebra srf/S carries a unique 
Poisson structure {•, -} s which makes the natural inclusion srf stf/S into a mor¬ 
phism of Poisson algebras. 

Proof. If a Poisson structure {•, - } 5 on A/S, for which /// r -£ <///S is a Poisson mor¬ 
phism, exists, then {•, -} s is the extension of {•, •} to .<///S, as constructed above. 
Therefore, we only need to prove the Jacobi identity for {•, -} 5 . Since ,o//.S’ is gen¬ 
erated by all elements F, where F £ .<// and l/H, where fI £ S, we only need to 
verify the Jacobi identity for triples consisting of such elements. Let us do this for a 
triple (F , 1 /H , 1 /K), where F £ ,</T and H,K £S. From (2.28) we compute, 


{{1 /H, 1 /K } s , F} s + {{ 1 /K, F} s , 1 /H} s + {{F, 1 /H } s , 1 /K} s 

= {{h,k}/(hk) 2 ,f} s -{{k,f}/k 2 ,i/h} s -{{f,h}/h\i/k} s 

= ,F}+ O (H,K,F))/(HK) 2 -2{K,H}{K,F}/(H 2 K 3 ) 

-2{H,K} {HK, F} /( HK) 3 - 2 {F,H} {H,K} /(H 3 K 2 ) 
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{{H,K},F} + 0(H,K,F) 

(.HK ) 2 

which is zero, in view of the Jacobi identity for {•,•}. □ 

In the case of an affine variety M there are two important cases of localization. The 
first one consists in taking for S the set S m of all functions F G &(M) which do not 
vanish at a given point m. Then the localization £F(M)/S m is the algebra of rational 
functions F/G. with F. G G J F(M) and G(m ) / 0. By the above, every Poisson 
structure n on M will induce a Poisson structure 7ls m on this algebra of functions. Of 
course, the algebra of all rational functions on M also inherits a Poisson structure 
from M, leading to a Poisson algebra which contains all ( M ) /S m , TCs m ) as Poisson 
subalgebras. 

The second special case of localization consists in taking a non-constant func¬ 
tion G G srf and considering for S the set So := {G” | n G N}. Then cF(M)/Sg is 
the algebra of rational functions F/G n , with F G &(M) and n G N. Picking an in¬ 
determinate t, we have an algebra isomorphism 

P : &W/Sg 

±F£ 

1=0 i— 0 

It follows that the localization & (M) /Sc is the algebra of regular functions on an 
affine variety, which we may think of as being obtained by removing the zero locus 
G = 0 from M. Such an open subset of M is sometimes called a principal open 
subset. By the above, every Poisson structure on M will lead to a Poisson structure 
on this open subset, making it into an affine Poisson variety. 


2.4.3 Germification 

Recall that a function germ at a point m of a manifold M is an equivalence class 
of functions, defined on a neighborhood of m, where the equivalence is defined by 
F ~ G if there exists an open neighborhood U of m in M, such that fL = Gi v . 
Recall also that we denote the germ of F at m by F m . Suppose that M (or at least a 
neighborhood of m in M) is equipped with a Poisson structure and let F m and G m 
be two germs at m, represented by functions F and G, which are both defined on 
a neighborhood U of in. For every open subset U' which is contained in U, the 
restriction of n[F, G] to U' depends on the restrictions of F and G to U only, hence 
the germ (n[F, G]) m of n[F, G] at m is well-defined. Thus, a Poisson structure n, 
defined on a neighborhood of m G M leads to a Poisson bracket n,„ on the algebra 
of germs of functions at m. We may now define an equivalence relation on the set 
of all Poisson structures, defined in a neighborhood of m by saying that n n' if 
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n m = n' m . It amounts to saying that if F and G are functions which are defined in 
a neighborhood of m in M, then n \F, G] and n' [F. G\ agree on some neighborhood 
of m in M. A germ of a Poisson structure at m is then an equivalence class of ~ m ; by 
a slight abuse of notation we denote the germ of n at m by n m . In bracket notation, 
the germ n m is given by 



where F and G are arbitrary representatives of F m and G m ; also x\..... x,i are local 
coordinates, in a neighborhood of m and Xy := {x,, xj }. Evaluating {F m ,G m } m at m 
yields a skew-symmetric bilinear map T*M x T*M -x F, which is precisely the 
pointwise biderivation at m, associated to the Poisson structure, which we denoted 
earlier by K m . Although we have used the same notation n m for the germ of the 
Poisson structure at m and for the Poisson bivector at m, one should not forget that 
the germ at m contains more information than the Poisson bivector at m. 


2.5 Exercises 

1. Determine the algebra of Casimirs of the Poisson tensor product of two Poisson 
algebras. 

2. Let /// and SB be two Poisson algebras and let p : s# -X SB 0 srf be a Poisson 
morphism, where the right-hand side is equipped with the product bracket. Prove 
that 

d a := {F G si | p(F) = 1 ®F} 
is a Poisson subalgebra of srf. 

3. Prove Proposition 2.14 in the case in which g/ may have zero divisors (in 
this case, the definition (2.24) of the equivalence relation ~ is replaced by («,.y) ~ 
(a',s') 3m g S such that u(as l 2 3 4 5 6 7 —a's) = 0). 

4. Reprove Proposition 2.14 by first showing that a biderivation of g//S vanishes, 
as soon as it vanishes on g/. 

5. Let (M\,n\) and (M?,^ 2 ) be two Poisson manifolds. Let *P : M\ — > M 2 be a 
Poisson map. Show that if 'F(Mi) is a submanifold of Mt, then it is a Poisson sub¬ 
manifold. 

6. Let (M, n) be a complex Poisson manifold. Show that every linear combination 
of the Poisson structures and 3(7r), defined in Section 2.3.1, is a Poisson 
structure on Mr. 

7. Let n be a Poisson structure on an open subset U of E ' 1 , where d Js 2, and let F 
be a smooth function on U. Show that if n has rank at most 2 at every point of U, 
then Fn is a Poisson structure on U. 
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8. We assume in this exercise that the reader is familiar with the notion of sym- 
plectic manifold (see Section 6.3). Let (M, ft)) be a symplectic manifold, and denote 
by n the canonical Poisson structure, associated to ft). Prove that the open subsets 
of M are the only Poisson submanifolds of (M, n). 

9. The purpose of this exercise is to establish the existence of non-trivial Poisson 
structures on every (smooth real) manifold of dimension at least 2. Throughout the 
exercise we consider M f/ with its algebra of smooth functions. 

a. Show that, if cl ^ 2, then there exists a Poisson structure on M. d which has 
constant rank 2 in a neighborhood of 0 and which has rank zero outside some 
compact subset of M c/ ; 

b. Show that, if d ^ 4, then there exists a Poisson structure on R' / which has 
constant rank 4 in a neighborhood of 0 and which has rank at most 2 outside 
some compact subset of Using Exercise 6, conclude that there exists such 
a Poisson structure, which vanishes outside some compact subset of W 1 ; 

c. Generalizing parts a. and b., show that for every s6 N, such that 2s R d, there 
exists a Poisson structure on W 1 which has constant rank 2s in a neighborhood 
of 0 and which vanishes outside some compact subset of R f/ ; 

d. Using a coordinate chart, conclude that every manifold of dimension d ^ 2, 
admits a non-trivial Poisson structure; it can be chosen such that its rank, at a 
given point, equals a given even integer 2s ^ d\ 

e. The following is an open problem: show that for every Poisson structure n on 
W l there exists a Poisson structure on M. d which coincides with n in a neigh¬ 
borhood of the origin of 0 and which vanishes outside some compact subset 
of 


2.6 Notes 

The constructions which were given in this chapter are so basic that it is difficult 
to give the original references. Most of the geometrical constructions are at least 
implicit in Lichnerowicz’s seminal paper [126], in which Poisson manifolds (of 
constant rank) were introduced. The algebraic formulation of these constructions 
follows easily. For the link between real and holomorphic Poisson structures, ex¬ 
plained in Section 2.3.1, see Laurent-Stienon-Xu [121]. 


Chapter 3 

Multi-Derivations and Kahler Forms 


The Jacobi identity, which is a key element in the definition of a Poisson bracket on 
an algebra g/ (or a Poisson structure on a manifold M), can be naturally formulated 
in terms of the Schouten bracket on the space X" (■<-/) of all skew-symmetric multi¬ 
derivations of gf (or on the space X* (M) of all multivector fields on M). In a sense, 
the Schouten bracket is dual to the differential on the space of Kahler forms ii' ( <//) 
(or on 12* (M), the space of differential forms on M ). See Table 3.1 for an overview 
of the algebraic structures which will be explained in detail in this chapter, with 
special emphasis on their connections with Poisson structures. 

Table 3.1 A summary of the operations which will be considered in this chapter. In the table, 
P 6 X p , where p> 0. 



X’(g/), X*(M) 

q•(*/). n m (M) 

Algebraic 

multi-derivation 

Kahler form 

Geometric 

multivector field 

differential form 

Wedge product 

A : X* x X* -> X* 

A : Q m x 12* — ► Q m 

Differential 

- 

d 

Schouten bracket 

[• i-]s : X* x X* —> X— 1 

- 

Lie derivative 

Xf P : X* -> X' + p-' 

X£ P : LI' £2 —P+ 1 

Internal product 

- 

i P : Q’ — » Q—P 


Since we are using mostly the algebraic properties of these operations, our con¬ 
structions will be mainly algebraic, but they will always be reformulated in geo¬ 
metrical terms. Multi-derivations are introduced in Section 3.1 and Kahler forms in 
Section 3.2. The Schouten bracket and the closely related notion of (generalized) 
Lie derivative will be introduced in Section 3.3. 

Unless otherwise stated, F stands throughout this chapter for an arbitrary field of 
characteristic zero. 


C. Laurent-Gengoux et al., Poisson Structures, 

Grundlehren der mathematischen Wissenschaften 347, 

DOI 10.1007/978-3-642-31090-4.3, © Springer-Verlag Berlin Heidelberg 2013 
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3.1 Multi-Derivations and Multivector Fields 

In this section, we generalize the notion of a derivation and of a skew-symmetric 
biderivation, defined in Section 1.1.1, to the notion of a skew-symmetric multi¬ 
derivation. We assemble all multi-derivations in one graded vector space, which 
becomes a graded algebra, upon introducing the wedge product. Multivector fields, 
which are the geometrical analogs of skew-symmetric multi-derivations, will be dis¬ 
cussed in Section 3.1.3. 


3.1.1 Multi-Derivations 

Let srf be a commutative associative F-algebra and let p ^ I. A skew-symmetric, 
p-linear map P G Homp(A p g/,g/) is called a skew-symmetric p-derivation of gf 
(with values in .<//), if P is a derivation in each of its arguments. By skew-symmetry, 
this is equivalent to demanding that P be a derivation in its first argument, i.e., 

P(FG,F 2 ,...,F p )=FP(G,F 2 ,...,F p )+GP{F,F 2 ,...,F p ), (3.1) 

for arbitrary elements F, G,F 2 ,... ,F P of gf. We keep using our convention, intro¬ 
duced in Chapter 1, to enclose the list of arguments of a skew-symmetric multi¬ 
derivation in square brackets; in this notation, (3.1) becomes 

P[FG, F 2 ,...,F p ]=FP[G,F 2 ,...,F p ]+GP[F,F 2 ,...,F p ]. (3.2) 

In view of the derivation property (3.2), two skew-symmetric /^-derivations of .<// are 
equal as soon as they are equal for all p-tuples, taken from a system of generators 
of g /; in particular, a p-derivation of /// vanishes as soon as it vanishes on all p- 
tuples, taken from a system of generators of g/ (a detailed argument of this fact was 
given in the case of derivations in the proof of Proposition 1.6). The vector space of 
all skew-symmetric /^-derivations of g/ is denoted by X p (g/) and we introduce the 
graded vector space 

X*(g/) := (J)X p (,c/) C (J)Homp(A p g/,g/) , 
peN peN 

whose elements are called skew-symmetric multi-derivations. By convention, the 
first term in this sum, X9(g/), is just g/, and X p (g/) := {0} for p < 0. Every X p (g/) 
has a natural ^/-module structure, where for F G <// and P G X p (g/), the product 
FP G X p (g/) is defined by setting 

(FP)[F h ...,F p ] :=FP[F l ,...,F p ], 

for all F \,..., F p G stf . Thus, X* (g/) is actually a graded g/ -module. 
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We often think of srf as being the algebra of regular functions on an affine vari¬ 
ety M; then P is an operator which associates to p regular functions on M a regular 
function on M. 


3.1.2 Basic Operations on Multi-Derivations 

There are two natural composition laws on the graded ^-module X m (,<//) of skew- 
symmetric multi-derivations of a commutative associative F-algebra srf. The first 
one, introduced here, is the wedge product. The second one is a graded Lie bracket, 
the Schouten bracket, which will be introduced in Section 3.3. 

We first recall the notion of a shuffle. For p,q £ N, a ( p,q)-shuffle is a permuta¬ 
tion cr of the set {1 ,... ,p + q}, such that a(l) < • • • < <7 (p) and o{p + 1 ) < • • • < 
c j(p + q). The set of all (p,g)-shuffles is denoted by S p ^ q . For a shuffle <7 £ S pi9 , 
we denote the signature of <7 (as a permutation) by sgn(< 7 ). It is also convenient to 
define S p ,_i := 0 and S-i , 9 := 0 , for p,q £ N. 

For P £ X p {srf) and Q £ X q (stf), their wedge product P A Q £ X p+q (£/) is the 
skew-symmetric {p + q) -derivation of #/, defined by 


(PAQ)[F 1 ,...,F p+q \ := 

s g n ( <7 ) ^[^crfl)) ■ • • >F(j(p)] Q\Fcs(p+\)i ■ ■ ■ i^c{p+q)\ > 

<J£Sp,q 


(3.3) 


for all F\ ,..., F p + q £ srf. Notice that, in particular, F AP = P AF = FP when F £ 
X°(£/) = &/. Stated briefly, the wedge product is the skew-symmetrization of the 
tensor product (of skew-symmetric multi-linear maps). A priori, we have only that 
P AQ £ Hom(A p+9 £/,£#), but the reader will easily check that indeed P A Q £ 
X p+q {srf), by showing that P A Q verifies the derivation property (3.2). The wedge 
product has the following properties. 

Proposition 3.1. Let £/ be a commutative associative algebra. The wedge product 

f\ : X*GO x X*K) -> 


makes X*{srf) into an associative graded si-algebra. Moreover, it is graded com¬ 
mutative: for P £ X p (srf) and Q £ X q (srf), one has 


PAQ = {-l) pq QAP. 


(3.4) 


Example 3.2. If Y and W are derivations, then Y A TP is the skew-symmetric 
biderivation, given by 


(Y A W) [F, G\ = Y[F] W\G\ - Y[G] W[F} , 
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for F,G £ ,v/. More generally, if F \,..., F k are derivations of srf and F k are 

elements of sF. then 


WA-A F k )[F h ...,F k ] 


Vi[Fi}--- Vi[F k \ 
%[Fi\- %[Fi\ 


Each element F of sF defines a graded ///-linear map 

i F \T{st) , 


of degree —1, by taking F as the first element on which the multi-derivation is 
evaluated: for P £ X p (;//), the skew-symmetric (p — l)-derivation i F P is defined by 

ifP[F 2 ,...,F p \:=P[F,F 2 ...,F p \, (3.5) 

for all F 2 ,...,F p € sF . For a derivation f el 1 {&?), this yields i f F = F[F]; for 
a function G (element of 30° (a/)), the above definition should be understood as 
ifG := 0, since X P (.<F) = {0} for p < 0. For every F £ .<//, the graded linear map 
i F is a graded derivation 1 of degree —1 of X*{sF), i.e., 

i f (PAQ) = i f PAQ + (-1 ) p PAi f Q. (3.6) 

This follows immediately from (3.3), upon using that for every shuffle <7 £ S p ^, one 
has that either ff(l) = 1 or o(p+ 1) = 1. Also, each derivation F £ X x {sF) defines 
a graded F-linear map of degree 0, 

JSfy :&(*/)->&(*/) , 

which is called the Lie derivative with respect to F . For P £ X p (sF), its Lie deriva¬ 
tive S£yP € X p {sF) is defined as follows: 

^yP[Fi ,...,F P ]:= F\P\F X ,...,F p ]]-f j P[F u ...,F[F i ],...,F p \, (3.7) 

i=i 

for all F \,..., F p £ &/. It is easy to check that indeed A£yP £ X p {sF) by showing that 
S£yP, as defined in (3.7), satisfies (3.2). Notice that, in particular, J£- f F = F[F], 
for F £ sF. and F£-y1F = [F ,W], for all F ,W £ X l {sF)\ for a skew-symmetric 
biderivation P, (3.7) is precisely (1.35). It follows at once from the definition that 
the Lie derivative is a graded derivation of degree 0 of X* (j/F ): 

if r (PAg) = ^ r PAQ + PA^ r Q, (3.8) 


for all P.Qg XFA). 


1 See Appendix A (in particular. Section A.5) for the basic definitions and properties of graded 
derivations and coderivations. 
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3.1.3 Multivector Fields 

We have already pointed out in Section B.2 that, in the context of manifolds, the 
analog of a derivation, respectively skew-symmetric biderivation, is a vector held, 
respectively a bivector held. Similarly, multivector helds are the geometrical analogs 
of skew-symmetric multi-derivations. Since the basic definitions and properties of 
multivector helds are a direct generalization of what we have seen for bivector helds 
in Section B.2, the explanations and justifications which are given in this section are 
kept to a minimum. 

Let M be a manifold (a real manifold when F = R, a complex manifold when 
F = C) and let p £ N* and m £ M. Generalizing Dehnition 1.13, we call a skew- 
symmetric p-linear map 



a skew-symmetric pointwise p-derivation at m. if for all functions F. G. II.... . K, 
dehned in a neighborhood of m in M, 



The vector space of all pointwise, skew-symmetric ^-derivations at m is denoted 
by A p T m M. since, in a coordinate chart (U,x) around m, a basis of this vector space 
is given by the pointwise /^-derivations, 



where 1 £A| < h < < ip ^ dimM; in this formula, the wedge product is the 

wedge product of (linear) maps, as in the previous section (see for example Eq. 3.3). 
A map, which assigns to every point m £ M an element P m of A p T m M is called a 
p-vector held on M if for every open subset U CM and for all functions F\ .... . F p £ 
&(U), one has that P[F \,..., F p \ £ &{U), where P[F \,..., F p \ is the function on U, 
dehned for all m £ U by P[F\.... ,F p \(m) := P m ((F \) m ,..., (F p ) m ), which we also 
write as P m [F\ 1 .. .,F P \. Thus, on every coordinate chart ((Ax), the p -vector held P 
becomes a skew-symmetric p-derivation of the algebra of functions &{U) and P 
admits the local coordinate expression 



(3.9) 


where d := dimM. It follows that a p-vector held is a tensorial object: for m £ M, 
the value of P[F \,..., F p \ (m) depends on the differentials d m F \, • • •, d m F p only. This 
is a useful fact for constructing multivector helds, since it implies that it is sufficient 
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to define a multivector field for all local functions, defined on open subsets which 
cover the manifold M. 

We denote the J^(M)-module of p -vector fields on M by X P (M) and we de¬ 
fine the graded &{M) -module X*(M) := ® pe ^X p (M), which is the geometrical 
analog of X*(^). The operations which we have introduced in Section 3.1.2 for 
skew-symmetric ^-derivations, namely the wedge product A, the contraction ip by 
a function F and the Lie derivative 2z?y, are introduced in the same way for p -vector 
fields, upon replacing the functions on which they act by local functions. Clearly, 
all properties of these operations can be repeated word-for-word, as they are purely 
algebraic. However, in a geometrical approach, the formula (3.7) for the Lie deriva¬ 
tive of a ^-vector field should be viewed as a property of the Lie derivative, not as its 
definition. To give the geometrical definition of the Lie derivative, let us first recall 
that if "V and W are vector fields on a manifold M, then their commutator \‘V. W\ is 
the vector field on M, whose value at m G M is given by 



where is the local flow of "V. Notice that the tangent map (t> t of the map 

(t> t at d>- t (m) sends tangent vectors at (here, the vector to tangent 

vectors at m, so taking the derivative in (3.10) amounts to differentiating a curve 
in T m M. More generally, for P a /7-vector field on a manifold M and "V a vector 
field on M, the Lie derivative of P with respect to 'V is defined as the /7-vector field, 
whose value at m G M is given by 



(3.11) 


One immediate consequence of this definition is that ,.Zp P = 0 if and only if P is pre¬ 
served by the local flow of the vector field y. The graded derivation property (3.8) 
of the Lie derivative, and hence also (3.7), follow easily from (3.11). 


3.2 Kahler Forms and Differential Forms 

In this section, we introduce the objects which are, in a sense, dual to skew- 
symmetric multi-derivations of a (commutative associative) algebra sZ : the Kahler 
forms of .&/. In the case of a manifold M, the dual objects to multivector fields are 
differential forms. The modules of Kahler forms and of differential forms will be 
described in this section, together with their algebraic structure. 
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3.2.1 Kahler Differentials 

Let si be a commutative associative F-algebra. The module of Kahler differentials 
of si (over F) is the si -module FI 1 {si), which is the free si -module generated by 
the set {d(F) | F £ si}, modulo the submodule, generated by all elements of either 
one of the following forms: 

d(F + G) — d{F) — d(G) , 
d(FG) —Fd(G) — Gd(F), 
d(a) , 

where a £ F and F, G £ si . We write d/-’ rather than d (F) and we consider d as a 
map si —► £2 1 (si) , defined by F i—>■ d F. The pair (Q 1 (si), d) satisfies the following 
universal property: for every derivation "V : si —> si , there exists a unique si -linear 
map y : LI 1 (si) — » si, such that "V o d = y. In other words, there exists a unique 
arrow y which makes the following diagram commutative: 

si ---> Q}(si) 


si 



In order to prove the universal property, notice that the commutativity of the diagram 
amounts to saying that f (d F) = F [F], for all F £ si.lt is then clear that 'f should 
be defined as the (unique) si -linear map, such that 

y(GdF) = Gy[F], (3.12) 

for all F,G £ si. It is indeed easily verified that 'V, given by (3.12), is well-defined; 
for example, if F,G £ si, then 

y(d(FG)~FdG-GdF) = y[FG\ — Fy\G\ — Gy[F] = 0 , 

since y is a derivation of si. Given an arbitrary si -linear map y : Q . 1 (si) —> si. it 
is also clear that y o d : si si is a derivation of si. This fact, combined with the 
universal property, implies the existence of a natural isomorphism (of si -modules) 

X 1 (si) ~ Hom^/(X2 1 (si), si ), (3.13) 

which allows us to think of derivations of si as si -linear maps on some si -module, 
intimately related to si. 
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3.2.2 Kiihler Forms 

In order to generalize (3.13) to skew-symmetric /^-derivations, we introduce, for 
p £ N, the si-module Q p (si) ■= A p Q l (si), where A is the wedge product over si ; 
for p = 0, this should be read as i2°(si) := si. Together, the ^-modules F2 p {si) 
form the graded si -module 


Q'{si)-=($QP(si). 
pe N 


The elements of L2 p (si), with p > 0, are called Kiihler p-forms, or simply Kiihler 
forms. As a vector space, respectively as an si-module, Q p (si) is generated by 
elements of the form Gd/q A • • • A d F p , respectively of the form dF) A • • • A d F p , where 
G, F\, ... ,Fp S si. Being, by definition, an exterior algebra, it is an associative, 
graded commutative si -algebra with product A. The F-linear map d: s/ —> Q 1 ( si) 
extends by functoriality of A to an F-linear map A*d : A * si —> Q m (si). Explicitly, 
it is given by 

A* d(Fi A • • • AF p ) := dF\ A • • • A dF p , (3.14) 

where £ si. It is clear that A*d is a homomorphism between the algebras 

( A*si ,/\) and (Q*(sri), A). For every skew-symmetric p-derivation P of si, there 
exists a unique ^/-linear map P : Q p (si) S si, such that the following triangle is 
commutative: 


A p si -—-> A p Q\si)=£2 p {si) 


The definition of P for arbitrary p is the natural generalization of the defini¬ 
tion (3.12) of Y, which corresponds to the case of p = 1. It is given by 

P(GdF\ A • • • AdFp) := GP[F\,. ..,F p \ , (3.15) 

for all G, F\ ,..., F„ £ si. It leads to a natural isomorphism (of si -modules): 

X p {si) ~ Horn ^(Q p {si),si) . (3.16) 

For some of the computations which we will do later, it is useful to view P as an 
si-linear map Q* (si) —> si, so we extend P, defined in (3.15), trivially to Kahler 
g-forms, with qf^p'. 



P(GdFi A • • • A dF q ) := 0, if qf= p , (3.17) 

for all G. /•)...., F q £ si. With this notation, the map / J i—> P yields a natural iso¬ 
morphism 
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3i*(si) —> (J)Hom ^(£2 p (si),si) . 


pe N 

Remark 3.3. For p £ N, the natural pairing 


*F : X p (si)^£2 p (si) -> si 


(3.18) 


P®co 


!->• (co,P) :=P(co) 


induces two si -linear maps 


'Pi : X p (si) —> Horn ^(£2 p (si),si) , 
P 2 :£2 p (si) -^Rom e/ (XP(si),si) . 


As we have seen in (3.16), f'l is an isomorphism. In general, % is neither injective 
nor surjective; however, if si is the algebra C°°(M) of smooth functions on a real 
manifold M, the map *F> is also an isomorphism (see Section 3.2.5). 


3.2.3 Algebra and Coalgebra Structure 

We now consider the algebra and coalgebra structures on £2*(si), which are closely 
related to the corresponding structures on A*si, where si is as before a commu¬ 
tative associative F-algebra. We assume that the reader is familiar with the facts, 
recalled in Appendix A (in particular, in Sections A.3 and A.4), that (A*si, A) is an 
associative, graded commutative F-algebra, and that (A ‘si,A) is a coassociative F- 
coalgebra. Since £2* (si) is an exterior algebra (over si), we have, as we mentioned 
in the previous section, a wedge product on £2*(si), also denoted by A, which 
makes (£2*(si),A) into an associative, graded commutative ^-algebra. Also, it 
leads to an si -linear coassociative coproduct 


A : £2*(si) £2'(si)<g>rf£2'(si) , 


which is defined in the same way as in the case of A * si (see (A. 17)). Namely, A pq 
is given, for p,q£N, and F\,..., F p+q £ si by 


A p , q (dFi A • • • A &F p+ q) 


(3.19) 


:= £ sgn(CT)(dF ff(1) A---AdF ffW )<g>(dF a(p+1 ) A---AdF ff(p+9) ) . 


G^Sp^q 

Recall that coassociativity means that 


® A) oA — (A ® lfl«(j/))oA . 


(3.20) 


It is clear, from its definition (3.14), that A*d is a homomorphism of the F-coalgebras 

(AW,A) and (£2*(si),A). 
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A useful application of the coproduct A of Q*(si), is that the wedge prod¬ 
uct (3.3) of two multi-derivations P, Q £ X* (si) can be expressed in terms of A, 
as follows: 

PAQ = Vo{P®Q)oA , (3.21) 

where v is the canonical isomorphism 


v : si G '(si) G m (si) 

F®co H> Fco . 


(3.22) 


We used v in (3.21) only for the case of co £ £2°(si) = si, but we will need its 
general form later on; in particular we will need the following properties of v: 


Pov = vo (1^(8 )P) , 

Aov = (v®l fi .(^))o(l^(8 )A ), 


(3.23) 


where P £ X* (si). The proof of these properties follows at once from the definition 
(3.22) of v. 


3.2.4 The de Rham Differential and Cohomology 

The differential d\ si —> G 1 (si) extends to a well-defined graded F-linear map 

d :G m (si)^G' +1 (si) , 

by putting 

d(GdFj A • • • A d F p ) := dG A dTj A • • • A d F p , (3.24) 

for all G, F \,... ,F p £ si, where p £ N. It is called the (algebraic) de Rham differ¬ 
ential. It is a graded derivation, of degree 1, of (Q'(s/),A), as 

d(t»A rj) = dcoA T) + (-l) p co Adr) , (3.25) 

for co £ Q p (si) and rj £ Q'(si), an easy consequence of (3.24). Since da = 0 for 
every a £ F, it follows from (3.24) that dod = 0, so that d is a coboundary operator 
and the sequence 

0 -> G°(s/) - d 4- Q 1 (si) —^ Q 2 (si) - d -> ••• 

is a complex, called the (algebraic) de Rham complex. A Kahler p-form co for which 
d co = 0 is called closed, while it is called exact if it is contained in the image of d. By 
the above, exact Kahler forms are closed, which leads, for p £ N, to the cohomology 
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space 2 


, = Ker(d 
iIr[ h Im(d 


where it is understood that H dR (si) := Ker(d : si —> £2 l (s/)) = F. The F-vector 
space H dR (si) is called the p-th de Rham cohomology space and the graded vector 
space 

pE N 


is called the (algebraic) de Rham cohomology of si. 

The derivation property (3.25) of d implies the following two facts: (1) the wedge 
product of two closed Kahler forms is closed; (2) the wedge product of an exact 
Kahler form with a closed Kahler form is exact. Combining these two properties 
shows that there is an induced product 


A:H' dR {si)xH' dR {si)^H' dR {si) 

(M,M) i—^ [<w a tj] 

where [to] denotes the de Rham cohomology class of a closed Kahler form (O. It fol¬ 
lows that (H' R (si), A) is, just like (C2'(si),/\), an associative, graded commutative 
F-algebra. 

To close this section, we wish to point out that LI' leads to a covariant functor 
from the category of commutative associative F-algebras to the category of graded 
F-vector spaces (associative, graded commutative F-algebras, if you wish). Namely, 
let <j) : si —> S3 be an algebra homomorphism, where si and 8@ are commutative 
associative algebras. For every p € N, the induced linear map L2 p ((j)) : Q p (si) —> 
Fl p {R8) is defined as follows: 

: Q p (si) -► QP{&) 

GdF\ A • • • AdFp h-> 0(G) d<j)(Fj) A • • • A d(j)(F p ) . 

From this definition, it is easily verified that LI' is indeed a covariant functor. Since 
L2'((/)) and d commute, L2' (0) induces a graded linear map of degree 0: 

It follows that H' r is also a (covariant) functor. 

2 Notice that it is only a vector space and not an si -module, as the differential d is only F-linear. 
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3.2.5 Differential Forms 

There are several equivalent ways of defining the notion of a differential form on a 
manifold. The most economical definition of a differential p-form on a real manifold 
is that it is an jF(M)-linear map from X p (M) to &(M). In other words, it is a skew- 
symmetric, J^(M)-p-linear map from X 1 (M) to , C X(M). This definition does not 
work in the case of a complex manifold since, as we have already said, the space of 
holomorphic functions on M may consist of constant functions only. To remedy this, 
one considers local functions and local vector fields. Namely, given a manifold M , a 
map which assigns to every m £ M an element ft),,, £ A P T,*M, is called a differential 
p-form if for every open subset U C M and for all vector fields ... ,ff p £ X 1 ({/), 
one has that ..., Yf) £ &{U), where (o{ffff p ) is the function on U , 

defined by 

■-o) m ((r l ) m ,...,(r p ) m '), 

for all m £ U. Thus, on every coordinate chart (U ,x), the differential p-form ft) 
becomes a skew-symmetric J^I/j-p-linear map from -IX (IJ) to itself. It follows 
that ft) admits the local coordinate expression 

(0= £ (3.26) 

lKh<-<ip<d \" X h " x ip / 

where d denotes the dimension of M. Just like a p-vector field, a differential p-form 
is a tensorial object: for m £ M. the value of ,..., fff)(m) depends only on the 
values at m of the vector fields ..... Fp , which is a useful fact for constructing 
differential p-forms. 

The &(M )-module of differential p-forms on M is denoted by LI l ’(M) and we 
define the graded &(M )-module 

pGN 


which is the geometrical analog of the ^/-module LI* (.<//), which was defined 
in Section 3.2.2. If U is the domain of a coordinate chart on M, then £2 P (U) = 
A p £2 l (U), just like in the case of Kahler differentials, although Q P (M) f A p £2 l (M), 
in general. The fact that, locally, Q P (M) is an exterior algebra, leads to a product, 
called the wedge product of differential forms. It makes Ll'(M) into an associative, 
graded commutative algebra. The differential of a function, which we introduced in 
Section 1.3.1, is naturally viewed as a linear map d : £2°(M) Q. X (M). It extends 

to a unique graded derivation of £2*(M) of degree 1, which means that 

d(ft)A rj) = dftM q + (—l) p ft> Adr] , (3.27) 

for ft) £ L2 P (M) and 7] £ Ll'(M), just like in (3.25). In a coordinate chart (U,x), it 
leads to the classical formula for the differential of a differential p-form, namely. 
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d E ®;i,d*ii A---Ack ip 

\l^il<"<i p ^d 

dco. 


E E — d‘ x ' ’ p d*/ A dr,'i A • • ■ A dx ip , 


7=1 


and d is called the de Rham differential. It has formally the same properties as the 
algebraic de Rham differential, in particular it leads to a complex, known as the de 
Rham complex, whose cohomology 


H' dR (M) : =0//^(M):=0 

peN peN 


Ker(d : QP(M) ->• QP +1 (M)) 
Im(d : QP^ 1 (M) —► QP(M)) 


is called the de Rham cohomology of M. In the manifold case, the properties of the 
de Rham differential are usually derived from the following explicit formula: dft) is 
given, for ft) G Q P (M), by 


i =0 


(3.28) 




0 <i<j<p 


where f p are arbitrary local vector fields on M. 


3.3 The Schouten Bracket 

In this section we introduce a few extra natural operations on the graded algebras 
of skew-symmetric multi-derivations and of Kahler forms on a commutative asso¬ 
ciative algebra srf. The first one is an action of on &’{$/), which gen¬ 

eralizes the natural pairing between multi-derivations and Kahler forms, which we 
encountered in Remark 3.3. The second operation is the Schouten bracket which ex¬ 
tends the classical commutator of derivations to the case of skew-symmetric multi¬ 
derivations. It will lead at the end of the section to the so-called Gerstenhaber al¬ 
gebra structure on X* (.{-/) and to two generalizations of the Lie derivative, acting 
in one case on the algebra of multi-derivations, in the other case on the algebra of 
Kahler forms, where the derivative is in both cases taken with respect to a multi¬ 
derivation. In the geometrical setting, this yields for every manifold M on the one 
hand an action of the graded algebra of multivector fields X* ( M ) on the graded al¬ 
gebra of differential forms and on the other hand a graded Lie bracket, the 

Schouten bracket, on X* (M). 
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3.3.1 Internal Products 

The universal property of the graded ,t/-module LI' {///) of Kahler differentials on a 
commutative associative algebra srf leads to a natural action of X*(V/) on LI'(;//), 
often referred to as the internal product. To introduce it, we associate to P G X p {///), 
the graded ///-linear map of degree —p, 

which is defined for ft) = d/q A • • • A dT( G Q k (.{i/), by 

i P (dFiA---AdF k ) \= £ sgn(o)P[F aW ,...,F a{p) ]dF a{p+l) A---AdF a ( k) 

&£Sp,k-p 

(3.29) 

when p, and otherwise ipCO := 0; for F G T (l (.ft/) = ,s/, (3.29) has to be under¬ 
stood as ip ft) := Fco. The reader may wish to write the definition of //> differently, 
using 

^[^< 7 ( 1 ) > • • • ’Fo(p)] = P (^ ct ( i ) A ■ ■ ■ A . 

With this notation, it is obvious that the restriction of ip to is just l\ which 

was defined in (3.15); the restriction to the spaces with q ^ p, is however 

different, since P acts trivially on them (see (3.17)). It also follows that ip can be 
written, for every P G in terms of the coproduct A, defined in (3.19), as 

i P = vo(P®t n .^)oA . (3.30) 

As a consequence, ip is the adjoint of taking the wedge product with P : for P G 
X p (£/) and Q G X q {stf) and co G Q p+q (^/), we have in terms of the notations 
in (3.18), 

(i P a>,Q) = (co,PAQ) . (3.31) 

Indeed, (3.30), (3.23) and (3.21) imply that, on Q p+q {srf), 

Qoip = govo(P®l Q . M )o4 

= Vo(l^®Q)o{P®t n .( j;/ ))oA 
= vo (P® Q) o A 
= PAQ, 

which yields (3.31), when applied to CO G Q p+q (s/). Equation (3.31) explains the 
notation ip\ as in the case of ip (F G ///), defined in (3.5), ip provides ft) with the 
/^-derivation P as its first p arguments. Yet, when considering ipG for F. G G ,v/ 
one should decide from the context whether G is interpreted as a 0-derivation or as 
a 0-form, since in the first case ipG = 0 (as defined in (3.5)), while in the second 
case ipG = FG (as defined in (3.29)). 

In the following proposition, we establish the main properties of /. 
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Proposition 3.4. Let /// be a commutative associative algebra. The following iden¬ 
tities hold, for P £ X p (&/) and Q £ X q (jt/): 

(1) ipoiQ = iQf\p; 

(2) [i P ,iQ} = i P oiQ-(-l)P q iQOi P = 0; 

(3) For every F £ srf and co £ 

ip(dF A co) = i( lf p)CO + (—1 ) p dF A ipco . (3.32) 

Proof. We give three different proofs of (1). The first one is a quick proof, but it 
is not valid for general algebras, because we assume that Horn,./ (X p (;//) .v/) ~ 
Q p (£/), for all p £ N (see Remark 3.3 at the end of Section 3.2.2). Applying (3.31) 
three times, we find for every co £ Ll k (s/) and for homogeneous elements P, Q and 
R of X*{&tf), whose degrees sum up to k, 

{iqapCO,R) = ( co,(Q/\P)AR) = (co,Q/\(PRR )) 

= ( i q co,PAR ) = { ip(i Q co),R ) . 

Under the above assumption, the fact that (3.33) is valid for all R, implies that 
iq/\pCO = ip(iQCo), for all co £ which leads to (1). Our second proof is 

based on the fact that A is coassociative. To simplify the notation, we will write 1 
for 1 using (3.30), the properties (3.23) of v, the coassociativity (3.20) of A 
and (3.21) (in that order), we find 

ipoig = vo(P®l)odovo(g®l)o4 

= Vo(P®l)o(v®l)o(l 6/ ®A)o(Q<g>l)oA 
= V o (v 1) o (laf ® P(g> 1) o(Q(g)l(g)l)o(l®/i)oA 
= Vo(v®l)o(2®P®l)o(4®l)o3 
= Vo((vo(j2®P)od)®l)od 

= Vo (q/\P® 

= l Q/\P ■ 

This terminates the second proof. For the third proof, we show by direct computation 
that 

( ip o iq ) (diq A • • • A d F k ) = i Q ^ P (diq A • • • A d F k ) (3.34) 

for all F\,... , Ff.. Since ip is ^/-linear for all P £ X p (£/), this will provide a third 
proof of (1). Since ipCO = 0 for co £ Ll q {s^) when q < p, where P £ X p (jtf), it 
suffices to prove (3.34) when k ^ p + q. On the one hand, 

ipoig(dFi A---Ad Fk) 

= X s g n (< y )Q[ F e(l),---i F <j(q)} dF a(q+l) A-'-AdF^t) 
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X s S n (T)< 2 [f’ T (l), • • • )^t(9)]^ > [^t(?+1)> • • • i^T{q+p)\ 

^^■^q.p.k q p 

^x(q+p+\) A • • • A dF x ^ , 

where S chP k-p~q is the set of all permutations a of the set {1,..., k} which are 
increasing on the intervals 1,..., q and q + 1,..., q + p and q + p + 1,..., k. On the 
other hand, (3.29) and (3.3) lead to 


iqap {dFi A • • • A dF A .) 

X s g n (P)(2Af , )[F p(1) ,...,^ p(9+p) ]dF p(?+p+1) A---Ad/=p W 

P^^q+p,k—q—p 

^ s § n (^)C[-^r(l) ? • • * '>^'x(q)\^ ) \^'x(q+\)'> * • * ^T(q-\-p)] 

T&Sq^p^k—q—p 

^x(q+p+l) A • • • A d, 

which yields the third proof. The point of this computation is that an element of 
Sq, p ,k-p-q can be uniquely obtained from a shuffle a G Sq,k-q’ followed by a shuffle 
of the set a (q+ 1),..., o(k), or from a shuffle p G S q+p ^- P -q- followed by a shuffle 
of the set p(l),... ,p(q + p). 

The proof of (2) is immediate from (1), since the graded commutator is given by 
[ip,iq\ = ip°i Q -(-l) pq iQoi P = iQ/\p - (-1 )■ Pq ip/\Q, and since P A Q = (-1 ) pcl Q A P 
(graded commutativity, see (3.4)). 

We now prove (3). Since, for every Q G £*(V/), the map iq is ^-linear and 
the wedge product is also s/ -bilinear, we can suppose that CO is of the form ft) = 
d/q A • • • A d Fp, with k G N*, k ^ p — 1 and F\ ,..., F^ G srf. In this case, 


ip(dF A dfi A • • • A d/q) 

X s § n ( ff ) p [^ /; 'cT(i) I ---^ C T(p--i)] d ^ff(p)A---AdT ff((fc) 

G^zSp— l,k—p+1 

+ X ( — ! ) P s g n (' r ) P[Fx(i )> ■ • ■)^r(p)] df A dF T(p+1) A • • • A dF x ^ , 

since every (p,k — p+ l)-shuffle of { 0 ,... ,k} has 0 as the first element in its first 
part or in its second part. The first sum is exactly i( lF p\ (d/q A • • • A diq.) = i(, F p)C0, 
while the second sum is given by (—l) p dF A )/>(d/q A • • • A dFq) = (—l) p dF A ipCO. 
This yields a proof of Eq. (3.32). □ 

For P G the operation ip : —> Q*~ p (srf) is closely related to the 

natural extension of P : A As/ -7 ,&/ to a coderivation 

P: AVaA- p+1 M 

of degree p— 1 of (AIt is defined by 
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P{F\ A---AF k ) := £ sgn(T)P[F T( 1 ) ,...,F T(p) ]AF T(p+ 1 ) A---AF TW , (3.35) 

p,k—p 


for k 7s p and P(Fi A • • • A A/.) := 0 otherwise (see Example A.4 in Appendix A). 
Comparing this formula with (3.29), it is clear that do i P and P correspond under 
the map A*d : A *si —> Q’(si), i.e., the following diagram is commutative: 


AV 


» A*“ p+ V 


-—-> Q-P +1 (£/) 



n- p (si) 


As before, the algebraic constructions in this section, in particular the internal 
product, can easily be transcribed for the case of a manifolds. For a manifold M, the 
internal product is an action of X*(M) on where we recall that X*(M) is 

the ^(M)-module of multivector fields on M and Q‘(M) is the &{M )-module of 
differential forms on M. This action is defined as in (3.29), the functions F\..... 
being now arbitrary local functions on M. The formulas in Proposition 3.4 remain 
valid, with P,Q& X m (M), with ft) G Q‘(M) and F G &(M). 


3.3.2 The Schouten Bracket 

We now introduce the Schouten bracket, which is a product of skew-symmetric 
multi-derivations, based on the operation of composition. It is a family of maps 

[•, -] s : X p {si) x X q {si) I^-V) , 

for p,q gN, which therefore only respects the grading up to a shift over 1, suggest¬ 
ing to shift the degree of all multi-derivations by 1. Namely, we define X p_1 (si) := 
X p (si), for p G N, and we call p := p — 1 the shifted degree of an element P of 
X p (si) = XP(si). Thus, elements of si have shifted degree —1, derivations of si 
have shifted degree 0, and so on. Notice that p + q — 1 = p + q, so that the Schouten 
bracket is a family of maps 

[•, -] s : X p (si) x X q (si) ->■ X p+q (^) , 

for p,q G NU {— 1}, hence respects the (new) grading. It is defined, for P G X p (si) 
and Q G X q (si), and for F\,... ,Fp + q + \ G si, by 
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[P,Q\s[Fl, ■ ■ ■ iFp+q+l] 

= X Wc{i), • • • • • • ’^( 9+P )] (3.36) 

G q,p 

_(_!)/"? £ sgn((7 )Q[P[F a{ i),-.-,F a{p) ],F a{p+l) ,...,F a{p+ g ) ] . 

(JGSp^q 

A priori, we have only that [P,Q]s £ Hom(j 2 /®( ?+?+1 ),j 2 /), but the reader will eas¬ 
ily check that indeed [P, <2]s £ X p+ ^ +x {sf) = X p+ ^{sf), by showing that [P,Q\s is 
skew-symmetric and verifies the derivation property (3.2). In the case of a manifold, 
the Schouten bracket of multivector fields is defined as in (3.36), but replacing the 
functions h) by local functions. 

The Schouten bracket can be seen as a generalization of many classical elemen¬ 
tary operations on functions, derivations and multi-derivations. First, let Q := F £ sf 
andP € X p {s^), then [P,F]s = ifP (see (3.5)). Second, let P := "V £ X 1 (&/) and Q £ 
X q (sf), then \V, Q]s = ffyQ, the Lie derivative of Q with respect to "V (see (3.7)). 
Third, the Schouten bracket of two skew-symmetric biderivations P,Q £ X 2 (fff) is 
given by 

[P,Q]s[FuF 2 ,F3] =P[Q[FhF 2 },F 3 ] + Q[P[F u F 2 ],F 3 }+0 (F U F 2 ,F 3 ) , (3.37) 

where Fi,p 2 ,P 3 £ sf. This leads to the following result. 

Proposition 3.5. Let .£/ be a commutative associative algebra. If P is a skew- 
symmetric biderivation of sf, i.e., P £ X 2 (sf), then P defines a Poisson bracket 
on sf if and only if [P,P]s = 0. 

Similarly, in the case of a manifold M, a bivector field P on M defines a Poisson 
structure on M if and only if [P. P]s = 0. 

We say that P 1 Q£ X 2 (,s/j are compatible if [P. Q]s = 0. It follows that two Pois¬ 
son brackets P and Q are compatible if and only if their sum (equivalently, an arbi¬ 
trary linear combination with non-zero coefficients) is a Poisson bracket. 

In the following proposition, we express the Schouten bracket in terms of the de 
Rham differential. 

Proposition 3.6. Let .<// be a commutative associative algebra. If P and Q are two 
skew-symmetric multi-derivations of then 

[[*/>, d], iq) = 1[p,q\ s • (3.38) 

This formula is called Cartan’s formula. 

Proof. We prove Cartan’s formula for elements P £ X p (///) and Q £ X q (.'// ) . Let 
us first show that the linear map [[;/>,d],ig] is -linear. We take F £ sf and (0 £ 
L2*(srf). Then, using (3.32), 


[tp,d](Foo) = ip(dF A co) +Fipda> — (— \) p d(Fip(o) 
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= i(, F p)CD + Fipdco — {—\) p Fdip(o 
= F[i P: d\(0 + i^ F p)(i >, 
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so that 


[[i P ,d],i Q ](F(o) 

= [i P , d] ( Fi Q (o ) - (-1 )™i Q [i P , d] (Fa) 

= F[ipA]{iQ(0) + i (lF p ) iQ(0-{-\)’ HI FiQ[ip 1 d](0-{-\) m iQi [lF p ) (0 

= F[[i P ,d),i Q ](0 , 

where we have used in the last step that [t(, F />). iq\ =0 (Proposition 3.4). This shows 
that 

[[ip, d},, Q }:Q-( £ /)^n-P^ +1 ( £ /) 

is ^/-linear. It follows that, in order to establish Cartan’s formula (3.38), we only 
need to show that 

ipdiQ(o— (— \) p dipiQ(o — (—ly^iQdipCO = 1 {pq] s (0 , (3.39) 

for ft) of the form ft) = dTi A • • • A dF*, where F\,... , Fp £ and where k € N. 

We do this by induction on k, starting with k = 0, so that we take ft) := 1 £ ///. 
Notice that both sides in (3.39) have degree k — p — q + 1, so that when k = 0, 
both sides of (3.39) are zero as soon as p + q > 1. If p + q = 1, we may suppose 
that p = 1 and q = 0 (the case p = 0 and q = 1 is obtained by symmetry): then 
P := 'F gl 1 (#/) and Q := F £ srf and the right-hand side of (3.39) (with ft) = 1) 
is given by i[r.p\ s 1 = iy\F] 1 — while the left-hand side is given by iydF + 

diyF — ipdi-y 1 = iydF = y[F], as iyF = 0 for degree reasons. If p + q = 0, then 
p = q = 0 so that P:=F and Q:=G, with F,GG £/. Then [F, G] s = 0, while the left- 
hand side of (3.39) reduces to if dG — d(FG) + icdF = FdG — d (FG) + GdF = 0. 
This shows that (3.39) holds for ft) of degree 0, for all P and Q. 

We now assume that (3.39) holds for ft) £ kl k (/+) and we show that it holds 
for dF A ft), where F £ srf is arbitrary. On the one hand, (3.32) and the induction 
hypothesis imply that 


'[A2] s ( dFA ®) 

= '(ifMW®- (- 1 ) P+9dFA *[A2] 5 ® 

= l (i F [P,Q] s ) a) ~ (—l) p+ ‘'dF A ([[i/>,d] Pq] CO) 

= (-l)VA2 ]s ft) + *[^2],ft)-(-l) P+9 d^A([[tp,d],t e ]ft)) , (3.40) 

where we have used 


IF [P, Q}s = (- 1) 5 [l F P, Q\s + [P, ifQIs 
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to obtain the last line, which is similar to (3.6), and is a direct consequence of the 
definition of [P, Q\s- Equation (3.40) has to be compared to [[)/>, d] ,iq\ (dp A ft)), i.e., 
to 

(ipdiQ - {-\) p di Q ^p - {-\yh Q dip){dF A (0) . (3.41) 

Using (3.32) twice and (3.25) once, we find 

ipdiQ(dF Aft)) = ipdi( lF Q)(0 — (— \) q ip(dF /\diQ(o) 

= ipdi( lF Q)(0- {~\y i i( lF p)diQ(o - {-\) p+q dF/\ipdi Q w . 

Similarly, we compute, using (3.32) and (3.6) 

diQAp{dF A ft)) = d((, F( g A /)))ft) + (—l) 9+p dP Adig^pCO 

= di^pQ^co + (— l) 9 dt(g A , F p)ft) + (— \) q+ ^dF /\diQ AP co . 

If we substitute these results in (3.41), then we find nine terms which can, by using 
the induction hypothesis twice, be written as follows: 

( l pdi(i F Q ) - {—\) p di(, F Qr\p) - (-l) pq i {lF Q)dip)co = i^q^co 
( - 1)^ { l (i F p)diQ + (-l) p di(gA<F/>) _ (-l)™ l Qdi( lF p))G> = ( _ 1)% f p, G ] s ® 
dFA(-(-l)P+«ipdi 0 + (-l)«di GA p-(-l)Mi G dip)fl) = 

_(_l)P+ 9d PA([[tp,d],t G ]ft)). 


This yields precisely the three terms in (3.40). □ 

Cartan’s formula leads to a simple proof of the main properties of the Schouten 
bracket, as given in the following proposition. 

Proposition 3.7. Let sf be a commutative associative algebra. The Schouten bracket 

[ v ]s:rMxfK)ArM, 

defines a graded Lie algebra structure on X m (&/), meaning that, for all homoge¬ 
neous elements P, Q and R in of respective shifted degree p, q and r, 

(1) lP,Q}s£XP+ q (*f); 

(2) [P, Q]g = —(— 1 ) pq [Q,P]s, (graded skew-symmetry); 

(3) (— 1 Y' [P. [Q, P].S’],S'+ 0 ( P,Q,R) = 0 (graded Jacobi identity). 

Moreover, the associative product A and the Lie bracket [■ , •]$ are compatible in the 
sense that [-,P] S is a graded derivation of(X*(s/), A) of degree p: 

[QRR,P}s={Q,P}sAR+(-iyP q QR[R,P}s, (3.42) 

(graded Leibniz identity ), 

with P, Q and R as above. In view of the graded skew-symmetry of [■, -Js, one also 
has, for such elements, 
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[P,Q^R]s = Q^[P,R)s + (-i) pr [P,Q]s^R- (3.43) 

Proof. (1) and (2) follow at once from the explicit formula for the Schouten bracket 
(Eq. (3.36)). Notice that the graded skew-symmetry also follows from Cartan’s for¬ 
mula (3.38). Indeed, the graded Jacobi identity for the graded commutator [•, ■], 

(-1 Y q [[*, d] , , fi ] + (- l)H[d, l Q ] , tp\ + (-1) 9 [[IQ, lp\, d] = 0 , 

leads, since [ig, ip\ = 0, to 

l [Q,p\ s = \{ 1 qAM = -(-f) ?5 [[*/>,d],t e ] = -(-l) pq i[p Q ] s , 

which proves that [Q, P] s = — (— 1 ) pq [P. Q] s , since P i P is injective. We next prove 
the graded Jacobi identity for [•, ■]$. Let P £ 3L p (,stf ) and Q £ We associate 

to these multi-derivations, the coderivations P (of degree p) and Q (of degree q) of 
the coalgebra (A m g/,A), as in (3.35). We claim that 

M = (3.44) 

Since both members are coderivations of A of degree p + q 2, it suffices to 
verify that they agree in degree k:= p + q— 1 (see Example A.4 in Appendix A). 
For F\,...,F k £ srf , we have that 


(PoQ)(F l ,...,F k ) 

= P £ sgn(o)Q[F a{l ),...,F a{q) }AF a{q+l) A---AF a{k) 

= X sgn(a)E[(2[E c7(1) ,...,F CT(9) ],F (T(9+1) ,...,F CTW ] , 

which leads, in view of (3.36), to 

[P,Q](F\,.. .,F k ) = [P, Q\s[F u . . .,F k \ = \P^\s(F h . . .,F k ) . 


This shows (3.44). As a consequence, for all skew-symmetric multi-derivations P. Q 
and R. 


([E,[G,/?] s ] s r= P,[Q,R]s 


[p> IM] 


and the graded Jacobi identity for the Schouten bracket follows from the graded 
Jacobi identity for the commutator of coderivations. 

The Leibniz property of the Schouten bracket follows easily from Cartan’s for¬ 
mula. Indeed, for P. Q and R as in (3.43), Cartan’s formula and (7) of Proposition 3.4 
imply that 


l [P,QAR] s = [[tp, d] Pqar] = [[«/>, d] ,iroiq) 




84 


3 Multi-Derivations and Kiihler Forms 


= [[ip, d], ir] O iq + (-1 ) rp i R o [[ip,d ], 1 Q \ 

— *2A[P,Pj 5 + ( — l) rPj [P,2 ] s AR > 

which yields (3.43), and hence also (3.42). We have used the formula 3 

[v^,01 o 02] = [v,0i] 0 02 + (-l) fl ' lf/ (/)io[i/r,(^ 2 ] , (3.45) 

which is valid for graded linear maps (j>i,(j >2 and t//, of respective degrees d \. ch 
and d. □ 

We have equipped X*(,s/) with two graded algebra structures: the wedge product A, 
which is associative and graded commutative, and the Schouten bracket [•, •]$, which 
is a graded Lie bracket (with respect to a different grading). Moreover, we have seen 
that these two products are, in a sense, compatible. Formalizing these properties 
leads to the notion of a Gerstenhaber algebra. 

Definition 3.8. Let V * = (BpeiXp be a graded F-vector space and denote by p := 
p— 1 the shifted degree of P G V p . Suppose that V is equipped with two multiplica¬ 
tions A and such that 

(1) (V*, A) is an associative, graded commutative algebra over F; 

(2) (V*, [-,-]) is a graded Lie algebra over F, with respect to the shifted grading; 

(3) The two algebra structures are compatible in the sense that 

[QAR,P] = [Q,P]AR + (-ir'QA[R 1 P], 

where P,Q and R are arbitrary homogeneous elements of V', of degree p. q 
and r. 

Then (V*, A, [■,■]) is called a Gerstenhaber algebra (over F). 

Comparing the three items in Definition 3.8 to the ones in Definition 1.1, one sees 
that the notion of a Gerstenhaber algebra is a natural graded analog of the notion of 
a Poisson algebra. 

Proposition 3.7 can be reformulated by saying that for every commutative asso¬ 
ciative F-algebra srf, the graded F-vector space X*(.e/), equipped with the wedge 
product and the Schouten bracket, is a Gerstenhaber algebra (over F). In the case of a 
manifold M, the graded F-vector space X* (M) of multivector fields on M, equipped 
with the wedge product and the Schouten bracket, is a Gerstenhaber algebra. 


3.3.3 The Algebraic Schouten Bracket 

For any Lie algebra (g, [•,•]) there is a graded Lie algebra structure on A*g, which is 
the natural extension of the Lie bracket [•, •] on g. It is very similar to the Schouten 


3 The formula is a graded version of the well-known matrix identity [x,yz] = [*,y]z + y[jc,z]; also, 
it is half of the Jacobi identity (A. 13). 
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bracket on multi-derivations, in particular it only becomes a graded Lie algebra 
structure when we shift the grading: for p G N*, we let A p_1 g := A p g and we let 
p := p — 1. The definition and main properties of the graded bracket on the graded 
vector space A*g ©j^A^g are given in the following proposition. 

Proposition 3.9. Let (g, [•,•]) be a Lie algebra and let [[•,-]] denote the bracket 
on A*g, defined for all pairs of monomials by 


1*1 A---Ax p ,yi A •••Ay,]] (3.46) 

p q 

■= (-!) P ' 7 S X( -1 ) ,+J [xi,yj] Axi A - ■ ■ AXi A - ■ ■ Ax p Ayi A - ■ ■ Ay) A - ■ ■ Ay q . 

i=tj=\ 

Then (A*g, A, [[•, •]]) is a Gerstenhaber algebra. The graded Lie bracket [[•, •]] on A*g 
is called the algebraic Schouten bracket. 

Proof. The proof of each one of the properties of (A*g, A, [[■ , •]]) is either immediate 
from the definitions or follows from a direct computation. Using the graded Leibniz 
identity 

[[YAZ,X]] = [[Y,X}]AZ+(-l)P q YA^Z,X]}, (3.47) 

valid for all X G A p g, Y G A (/ g and Z G A*g, the graded Jacobi identity can be 
proven easily by recursion, since for three elements of shifted degree zero, it is just 
the Jacobi identity in g, while if at least one element is a monomial of higher shifted 
degree, say X, it can be written as X = X 1 A x, with x G g and X' G A*g, of lower 
degree. For a quick proof of (3.47), one clearly only needs to check that the signs 
in the right-hand side of (3.47) are correct, which follows at once from the graded 
skew-symmetry of [[■, •]]. □ 


3.3.4 The (Generalized) Lie Derivative 

We have already encountered the Lie derivative of a multi-derivation with respect 
to a derivation in Section 3.1.2; it is the algebraic analog of the Lie derivative of a 
multivector field with respect to a vector field, as briefly discussed in Section 3.1.3. 
As we have shown in Section 3.3.2, the Lie derivative can be written in terms of the 
Schouten bracket, namely L£yQ = [P, Q] s , for Y G X 1 (sY) and QgX ? (xY) (as be¬ 
fore, sY is a commutative associative algebra). Since [•, ■],<, is a graded derivation of 
degree one in its first argument (see (3.42)), taking the Schouten bracket with a given 
p-derivation P, is a natural generalization of the Lie derivative, called generalized 
Lie derivative, or simply Lie derivative. Explicitly, for P G X 1 ’(.<//). the generalized 
Lie derivative X£p is given by the graded linear map (of degree p = p — 1) 


££ P : £*O0 X'+P{£/) 

Q ^iLQ\s- 


(3.48) 
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The properties of the Schouten bracket, given in Proposition 3.7, lead at once to the 
following properties for this generalized Lie derivative. 

Proposition 3.10. Let .&/ be a commutative associative algebra and let P. Q and R 
be homogeneous elements of %'(£/) of shifted degrees p,q and r. Then 

( 1 ) 2e ; 

(2) &p{Q A R) = Q A SfpR + (-1 )P r {J? P Q) A R ; 

(3) J?p[Q,R] s = lJ?pQ,R] s + (-l)P9[Q,J?pR] s . 

In the geometrical context, the generalized Lie derivative becomes a Lie deriva¬ 
tive with respect to an arbitrary p-vector field P\ it associates to a ^-vector field a 
(q + p — l)-vector field, i.e., it raises the degree of a multivector field by p = p — 1. 

Since the calculus of differential forms has been more popularized than the cal¬ 
culus of multivector fields, the notion of the Lie derivative of a differential form 
(rather than of a multivector field) with respect to a vector field is better known. 
We recall this definition and generalize it to the Lie derivative of a differential form 
with respect to a multivector field. We start from the geometrical definition, which 
is similar to the geometrical definition (3.1 1). Namely, let "P be a vector field on a 
manifold M and let ft) be a differential p-form on M. Then S£y ft) is the differential 
p-form on M, whose value at m £ M is given by 

(J£yCO) m — —~ (®^r(m)) > 

where 0 t is the local flow of £ and 0* the pull-back of ft) by 0, , so that 0* (ft)cj> f (,„)) 
is a differential p-form on T m M (depending on t). The classical 4 Cartan formula says 
that 

= iy od + doiy , (3.49) 

a formula which we can take as a definition of the Lie derivative in the alge¬ 
braic setting. Writing (3.49) as = [iy, d], where we recall that [•,■] denotes 
the graded commutator (see (A. 12)), leads to the following natural generalization 
of the Lie derivative to an action of a multivector field (or multi-derivation) on 
a differential form (Kahler form), namely we define the Lie derivative with re¬ 
spect to a skew-symmetric multi-derivation P £ X p (.'//) as the graded F-linear map 
£2'(&f) —> of degree — p, given by 


where we recall that ip was defined in (3.29). Explicitly, this means that for ft) £ 

^ P (0 :=ip(da>)-(-l) p d(i P (o) . (3.50) 

Comparing the Definitions (3.48) and (3.50) of the generalized Lie derivative, 
one notices that there is some ambiguity in the definition of the generalized Lie 

4 The classical Cartan formula should not be confused with Cartan’s formula (3.38), which relates 
the Schouten bracket to the de Rham differential. 
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derivative of a function with respect to a p-vector field, when p f 2. In fact, a func¬ 
tion F £ si can be viewed as an element of X°(si) or as an element of £2° (si). 
According to (3.48), JZpF = if{P) £ X p ^ 1 (si), which is a priori different from 
zero; however, according to (3.50), Jzfp(F) £ £2 1 ~ p (si) = {0}. Therefore, when 
applying the generalized Lie derivative to functions, one should decide from the 
context and/or from the problem at hand, whether Definition (3.48) is used, or Def¬ 
inition (3.50). 

The main properties of the Lie derivative ,'Z J p : £2* (si) —> £2* 11 (.s'/) are summa¬ 
rized in the following proposition. 

Proposition 3.11. Let si be a commutative associative algebra. For P £ X 1 ’(si) 
and Q £ X^(si), the following formulas hold: 

(1) [JZp,d\ = 0 ; 

(2) [JZp.iq] = i[p,Q\ s ; 

(3) Sf[p,Q] s = \L£ Pi L£q\ ; 

(4) L£p/\q = iqoJZ p + (— \) p JZqoip . 

Proof. Since dod = 0, we have that [Jz?p,d] = — (—l) p doi/>od + (—l) p do;/>od = 0, 
which leads to (1), while (2) is precisely Cartan’s formula (3.38). Combined with 
(1) and (2), the graded Jacobi identity for [•, •] yields 


\L£p,SZ(f\ = [jfp, [tg,d]] = [[J?p,iq\, d] = 


l m S ’ 




\m s > 


which proves (3). Finally, using ip/\Q = iq o ip (see Proposition 3.4) and (3.45), 


■Z’phQ = [iPAgjd] = [iQOlp, d] 

= iqo [ip,d] + (—l) p [iQ,d] oip 
= iq o JZp + (— 1 ) p LZq o Ip , 


which proves (4). □ 


3.4 Exercises 


1. Prove the explicit formula (3.28) for a Kahler A-form (0 on an arbitrary commu¬ 
tative associative algebra si ; the arguments are in this context arbitrary deriva¬ 
tions of si. 

2. Give an alternative proof of the graded Jacobi identity for the Schouten bracket 
by using Cartan’s formula (3.38). 

3. Let si be an arbitrary commutative associative algebra. Prove the following 
formulas, for F £ si and ft) £ £2*(si): 


Jf F P<o = FJZp(0 — (~l) p dFAipco , 

Jf P (Fa>) = F Jfpco + i(, F p)(o . 
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These formulas show that JCpCO is neither ,cY -linear in P nor in ft). 

4. Let szY be a commutative associative algebra and let 28 be an ^/-module. A 
linear map 0 : sY —> 28 is called a derivation of ■<// with values in 38 if for all 
Fi,F 2 G sY, one has <p(F\F 2 ) = Fi0(F 2 ) + /' 2 0(Fi). 

a. Interpret the Hamiltonian operator 32, associated to a Poisson bracket on sY 
(see Definition 1.3), as a derivation of srf with values in 

b. For ■'// = ■"¥(M) an algebra of functions on a variety or manifold, interpret 
pointwise derivations at a point m G M as derivations with values in F, where F 
is viewed as an gY -module, via F a := F(ni)a, for F G sY and a G_ F; 

c. Interpret the de Rham differential d as a derivation of sY with values in 21 1 (xY ). 

5. Suppose that sY is a commutative associative algebra, that {• ,•} is a Poisson 
bracket on sY and that 'Y is a derivation of sY. Show that {•, •} and the Lie derivative 
of {•, •} with respect to 'Y are compatible (see Section 3.3). 

6. Let sY := F[x,y]/(x 2 + y 2 ). Show that X 2 (xY) = 0 and that 21 2 (gY) ^ 0. 

7. The purpose of this exercise is to give an example of an algebra sY, which 
admits skew-symmetric biderivations which cannot be written as the sum of wedge 
products of derivations of sY. In formulas, this means that X 2 (xY) ^ A 2 X 1 (jY). 
Consider the quotient algebra 


( yx,yz,y 2 ) 

a. Show that P := y A induces a non-zero skew-symmetric biderivation P 

oy dz 

of sY ; 

b. Show that P does not belong to the exterior algebra A 2 X' {,<//). 

8. Let sY be a commutative associative algebra, and let P G X 2 {.<//) be a skew- 
symmetric biderivation of sY . Let sY\y\ denote the vector space of all polynomials 
in v with coefficients in sY. Consider on sY[v]/v 2 the product, defined for ele¬ 
ments F\ + vF 2 and G\ + vG 2 of sY[v\/v 2 by 

(Fi+vF 2 )*(Gi+vG 2 ) :=FiGi+v(FiG 2 +F 2 Gi+P[Fi,Gi]) . 

a. Show that * is F[v]-bilinear and associative; 

b. Show that, if * can be extended to an associative F[v] -bilinear product on 
i/[v]/v 3 , then P satisfies the Jacobi identity. 


3.5 Notes 

The calculus of differential forms on manifolds is explained in detail in all basic 
books on differential geometry, see for example Spivak [186, 187] or Warner [198]. 
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For the algebraic analog, which is the calculus of Kahler forms, we refer to 
Hartshorne [93]. 

Multivector fields are rarely explicitly treated in books on differential geome¬ 
try; even if those fields themselves are particular cases of tensor fields, everywhere 
treated in detail, their algebraic structure does not derive from the general tensor 
formalism. The calculus of multivector fields is presented in detail in Vaisman [194] 
and in Bhaskara-Viswanath [23], Cannas da Silva-Weinstein [34] concentrate on 
the structure of the space of multivector fields as a Gerstenhaber algebra, which 
they present as a particular case of the Gerstenhaber algebra of a Lie algebroid. 

The Schouten bracket, also called the Schouten-Nijenhuis bracket, was intro¬ 
duced by Schouten in [177, 178]; a generalization of the Schouten bracket, which 
also generalizes the Frohlicher-Nijenhuis bracket on vector valued differential 
forms, is given in Vinogradov [197]. 



Chapter 4 

Poisson (Co)Homology 


A Poisson bracket on a commutative associative algebra &/, or a Poisson structure 
on a manifold M, leads in a natural way to cohomology spaces, derived from the 
multi-derivations of .&/ (multivector fields on M), and to homology spaces, derived 
from the Kahler differentials of .<// (differential forms on M). These spaces give 
information on the derivations, normal forms, deformations and several invariants 
of the Poisson structure. In some specific, but important, cases they are related to 
classically known cohomology spaces, as de Rham cohomology or Lie algebra co¬ 
homology. In general, Poisson cohomology is finer, but is also more difficult to 
compute. See Table 4.1 for a concise overview of the spaces and the (co)boundary 
operations which will be introduced in this chapter. 


Table 4.1 A summary of the notations which we use for Lie and Poisson homology and cohomol¬ 
ogy. is an arbitrary Poisson algebra over F, and g is a Lie algebra with a representation 

space V. 



£-(co)chains 

(co)boundary 

(co)homology spaces 

Lie cohomology 

Hom(AVP) 

St 

ut(e;v) 

Poisson cohomology 

X k (*/) 

8* 

H k M) 

Lie homology 

V®A k g 

% 

HfoiV) 

Poisson homology 

Q k {. c/) 


HfW 


In Sections 4.1 and 4.2, we construct the various complexes which lead to the ho¬ 
mologies and cohomologies which we will consider. In Section 4.3 we describe a 
few natural operations in Poisson cohomology and homology and we show in Sec¬ 
tion 4.4 that the Poisson cohomology and homology spaces of a Poisson manifold 
are, under certain conditions, isomorphic to each other. 

Throughout this chapter, F is an arbitrary field of characteristic zero. 


C. Laurent-Gengoux et al., Poisson Structures, 

Grundlehren der mathematischen Wissenschaften 347, 
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4 Poisson (Co)Homology 


4.1 Lie Algebra and Poisson Cohomology 

Before constructing the Poisson cohomology complex, and deriving the cohomol¬ 
ogy spaces from it, we recall Lie algebra cohomology, which is formally very sim¬ 
ilar to Poisson cohomology, and more widely known (see [156]). The basic notions 
which we recall will also be useful when we compare Poisson and Lie algebra co¬ 
homology in the case of the canonical Poisson structure, defined on the dual of a 
Lie algebra (see Chapter 7). 


4.1.1 Lie Algebra Cohomology 


Let (g. [-,-]) be a Lie algebra over F. We recall that a representation of g is a Lie 
algebra homomorphism p : g —► End(V), where V is an F-vector space, called the 
representation space and the Lie algebra structure on End(V) is given by the com¬ 
mutator: (j) oxj/— y/o(j), for (j>, y/ £ End(L). The vector space V. together with the 
representation p, is called a Q-module. We write p x for p(x), where x £ g. We fix a 
representation (p, V) of g and we introduce, for k £ N, the F-vector space 

C*(g;V):=Hom(A*g,V) 

of skew-symmetric A'-1 inear maps from g to V. Elements of C k (g; V) are called V- 
valued k-cochains of g. The Lie coboundary map 8 k : C*(g;E) —> C* +1 (g;V) is 
given, for c £ C k (g;V) and.ro, G g, by 


8 k (c)(x 0 ,...,x k ) 


k 

,=0 (4.1) 

+ X (- i y +j c[\xi,Xj\,xo,...,Xi,...,Xj,...,x k ) , 
os:;< j^k v ' 


where the symbol ~ over an argument means that we omit that argument. Ele¬ 
ments of Ker 8j are called Lie k-cocycles, while elements in I m 8^ 1 are called Lie 
k-cobounclaries. The Jacobi identity for [•, •] and the fact that p is a Lie algebra ho¬ 
momorphism permits one to show that 8f o 8^ 1 = 0, for every k £ N*. In words: 
every coboundary is a cocycle. The converse is not true in general and the cohomol¬ 
ogy spaces precisely measure the obstruction. Namely, for k £ N*, we define 


H k L {Q-V):=Kzr8 k L /lm8 k L ~ l , 

and := Ker5^. Putting these spaces together, we obtain a graded F-vector 

space 

flZ(0;v):=®ff£(8;v), 

£eN 

which is called the V-valued Lie algebra cohomology of g. 
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For example, for k = 0, the coboundary operator is given by S°(v)(x) = p A v, for 
v G V ~ C°(g;F) and.r € g. It follows that H°(g;V) = Keris given by 

H°l(s-.V) = f| Kerp, , 

*60 

the subspace of all invariant elements in V, also denoted by V B . The following 
lemma is fundamental in Lie theory; we will use it several times to illustrate the 
phenomena which we encounter. For a proof, see [102]. 

Lemma 4.1 (Whitehead’s lemma). Let g be a semi-simple Lie algebra and let p : 
g —End(V) be a representation of g. IfV is finite-dimensional, then = 0 

and Hl(g;V) = 0. 

The following two examples of representations (p.V) are of particular interest 
and will be our main cases. 

Example 4.2. Let p ; g —> F be the trivial representation: p x = 0 for every x £ g. 
Then 

C A '(g;F) = Hom(A i g,F) 

and (4.1) becomes: 

8£(c)(x 0 ,...,x k ) = £ c(\xi,Xj],xo,...,Xi,...,Xj,...,x k ) . (4.2) 

o <;< j^k v 7 

In this case, the Lie algebra cohomology of g is called the trivial Lie algebra coho¬ 
mology of g and is simply denoted by //*(g). It follows from (4.2) that Im 5} 1 = {0} 
and that Ker 8[ = {c G g* | Vx,y G g, c([x,y]) = 0}, so that 

h l(9 ) - • 

For a semi-simple Lie algebra g, for example, it is well known that [g, g] = g (see 
[190, Ch. 20]). Therefore, = 0 when g is semi-simple, which is a special case 
of Whitehead’s lemma (Lemma 4.1). 

Example 4.3. Let p := ad, the adjoint representation of g on itself, which is given 
by p x = ad t := [x, ■], for x G g. Then 

C^(g;g) =Hom(A*g,g) 


and (4.1) becomes: 


k 

S l( c )( x 0 ) ■ ■ • 1 **) = [ x i’ c ( x 0 > ,Xk )] 

i=0 

+ X (~ i y +J c([Xi,Xj],X 0 ,...,Xi, 

0 <r< j^k 


(4.3) 

! x j, ■ ■ ■ ,x k ^ . 


In this case, the Lie algebra cohomology of g is called the Chevalley-Eilenberg 
cohomology of g. We denote it by H* e (q). Let us give an interpretation of 
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the space H EE (g). The 1-cocycles are the derivations of g, since 

8 t( c )( x >y) = [jc,c(y)] + [c(x),y]-c([x,y]) 

for x,y £ g and c £ Hom(g,g). Since S E (x) = — ad T , fori£g~ C°(g;g), the space 
of 1-coboundaries Im S E consists of all derivations of g of the form ad v , where .r £ g; 
these derivations are called inner derivations. It follows that H EE (g) is the quotient 
of the space of all derivations of g, by the space of all inner derivations of g. The 
elements of this quotient are called the exterior derivations of g. 

The spaces H EE {g) and H EE ( g) play an important role in the theory of formal 
deformations of Lie algebras. This fact is quite similar (by forgetting the multi¬ 
derivation aspect) to what happens in the case of Poisson algebras. Therefore, we 
will not make it explicit in the Lie algebra case, but in the Poisson algebra case, see 
Section 13.2. 


4.1.2 Poisson Cohomology 


We now define Poisson cohomology for a Poisson algebra (&/,■,{■, •}); the Poisson 
bracket on ■<// will also be denoted by n, so that it(F, G) = { F. G }, for F. G £ .£/. 
For k £ N, the space of k-cochains of the Poisson cohomology complex is by 
definition 3t k (gf), the F-vector space of skew-symmetric ^--derivations of (see 
Section 3.1.1). The Poisson coboundary operator is the Poisson analog of the 
Chevalley-Eilenberg coboundary operator (4.3), where Hom(A A g,g) has been re¬ 
placed by X k (srf), and where the Lie bracket [•,•] is the Poisson bracket {•,•}. 
Namely, the graded F-linear map (of degree 1) S K : —> X* +1 (#/) is defined, 

for Q £ where q £ N, by 


52(Q)[F 0 ,...,F q l := £ l (-l) i {F i ,Q[Fo,...,F i ,...,F q ]} 

i =0 k J 


+ I (-i)'^e 

0 <i<j<q 


{Fi,Fj},Fo,...,F h 


(4.4) 


> Fj, ■ ■ ■ ,Fq 


for all F ()..... F q £ . In order to establish that S^(Q) is indeed a skew-symmetric 

multi-derivation of st and that 8% +l o 8% = 0, for q £ N, we relate the coboundary 
operator to the Schouten bracket. In fact, the explicit formula (3.36) for the Schouten 
bracket [■, •]$, implies that 

$%(Q) = -[Q,n]s, (4.5) 

for Q £ X q (,v2). Thus, 8^(Q) is the Schouten bracket of two skew-symmetric multi¬ 
derivations, so it is itself a skew-symmetric multi-derivation. In order to see that 
St'oS* = 0, we write down the graded Jacobi identity of the Schouten bracket 
(Proposition 3.7) for the triple ( Q, n, n). 
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(-l) 9 1 [CM*. + (-*)* 1 [*,[*, e] s ] s = 0, (4.6) 

where we have used that the shifted degree q of a ^-derivation is q — 1, in particular 
the shifted degree of n is 1. Since [n. n\ s = 0 (because n is a Poisson bracket) and 
since [ Q , n\ s = —(— 1)? [n. <2] 5 (graded skew-symmetry of [•, •]$), the identity (4.6) 
reduces to [ n, [n , Q] s ] s = 0, f° r every Q £ X q (£/), showing that <5^ +1 o 8% = 0, for 
all q £ N. Thus, we have a complex, the Poisson cohomology complex of .«/, 

••• -> X q ~ l {srf) > X q (^) X q+l (*/) — -k ••• 

The elements of Ker 8% are called Poisson q-cocycles, while the elements of Im 8 q 1 
are called Poisson q-coboundaries. Elements of the q-th Poisson cohomology space 
are Poisson (/-cocycles modulo Poisson c/-coboundaries, 

p[%(£/) := KerSl/ImS^” 1 , 

for q £ N* and H®(£/) := Ker 8%. The graded vector space 

?6N 


is called the Poisson cohomology of s/. 

In the case of a Poisson manifold (M, ri), one replaces in the above construction 
the multi-derivations of /// by the multivector fields on M, leading to the following 
complex, 

••• -> X q ~ l {M) X q (M) X q+1 (M) — -> ••• 

where the coboundary operator (5 K is defined by (4.5), for Q £ X q (M) (a (/-vector 
field on M). This complex is called the Poisson cohomology complex of M. The 
(/-th Poisson cohomology space of (M, ri), respectively the Poisson cohomology of 
(M, ri), is denoted by H%(M) respectively 

Remark 4.4. Let (£/,-,{■,■}) be a Poisson algebra over F. Forgetting the asso¬ 
ciative product, (stf, {-,•}) is simply a Lie algebra and it makes sense to con¬ 
sider C* with the Chevalley-Eilenberg coboundary operator (4.3). This 

yields precisely (4.4), so that the Poisson coboundary operator of (#/,is 
the Chevalley-Eilenberg coboundary operator, restricted to the multi-derivations 
of {*/,■). 

For small q, the Poisson coboundary operator 8^ has a natural interpretation, which 
yields a natural interpretation for the Poisson cohomology space ll^{,v/). One easily 
reads off from (4.4) that for F £ X?{sf) = £? and for Y £ X 1 {srf), 

8%[F) = X f , 8 l n {V) = -X r n, 


(4.7) 
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where we recall that 3F f is the Hamiltonian derivation associated to F £ <// (see 
Definition 1.3), and Jzfy denotes the Lie derivative with respect to "V (see (3.7)). 
Also, for Q £ X 2 (s/) and F,G,H £ s/, 

8 2 (Q)[F,G,H\ = {F,Q[G,H\} + Q[F,{G,H}] + O (F,G,H) . 


It follows from (4.7) that Poisson 0-cocycles are Casimirs, 

H°O0 = Cas(s /), 


Poisson 1-cocycles are Poisson derivations and Poisson 1-coboundaries are Hamil¬ 
tonian derivations. Denoting the space of all Poisson derivations of s/ by .G 5 (.&/), it 
follows that 


Hi 


Ham (.c/) 


Poisson 2-cocycles Q £ X 2 (si) are skew-symmetric biderivations which satisfy 
[71, Q\ s = 0, i.e., they are the ones which are compatible with {•,•}, see Section 3.3.2; 
Poisson 2-coboundaries are biderivations, obtained as a Lie derivative of the Poisson 
structure. It follows that 


H &.O 


skew-symmetric biderivations compatible with {•, •} 
Lie derivatives of {•, •} 


As we will see in Section 13.2, FI 2 (si) and 11 2 (si) show up naturally in deforma¬ 
tion theory. 

There is a natural morphism from de Rham cohomology to Poisson cohomology, 
which we explain here in the algebraic context; this morphism is defined in the same 
way in the case of a smooth manifold. We first construct an si -linear map 


: Q 1 (s/) —> X l (s /) 
GdF ^ G3 F f . 


(4.8) 


It is clear that this map is well-defined; for example, we have for all F,G £ si that 

n # (d(FG) - FdG - GdF) = SC FG -F3F G - G3F P = 0 , 

where we used (3) of Proposition 1.4 in the last step. The map K : extends naturally 
to an si -linear map 


A-TC# : SI'(si) -> A*X l (si) X'(sf) , 
which is explicitly given by 

A% # (FdGi A • • • A d G q ) = F3F Gl A • • • A SS Gq , 
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for all F, G\,..., G q £ si. It leads to a natural morphism between the de Rham 
cohomology and the Poisson cohomology of {si, n). 

Proposition 4.5. Let {si, •.{•,■}) be a Poisson algebra. The maps A' 1 n : : L2 q {si) —> 
X q {si) define a chain map from {Li* {si), d) to (X* {si),8 K ), i.e., for every q £ N, 
the following diagram is commutative: 


L2‘<{si) —-—> L2 q+l {si) 


A q J$ 


A » +1 7C# 


X q {si) ———> X q+l {si) 


It leads for every q £ N to an F -linear map Hffsi) -4 H%{si). 

Proof. Let (0 := GdFi A • • • A d F q £ Ll q {si). On the one hand, 

A q+x n\d(o) = A q+x n\dG A dF\ A ■ ■ ■ A dF q ) = SC G A 3F Fl A ■ ■ ■ A 3t~ Fq . 

On the other hand, (4.5) and (3.42) imply that 

8 q {A q n i {co)) = 8 q {Gff Fl A ■ ■ ■ A & Fq ) = - [G3T Fl A • • • A 3f Fq , it\ s 

= - [G, n\ s A JT Fl A • • • A 3F Fq = 3F G A 3£ Fl A ■ ■ ■ A & Fq , 

where we also used that each Hamiltonian vector held 3f Fi is a Poisson 1-cocycle, 
\3f Fi ,n\ s = 0. This leads to the commutativity of the above diagram. It follows that 
A q n'- sends c/-cocycles to r/-cocycles and sends c/-coboundaries to g-coboundaries. 
Thus, it induces a map in cohomology. □ 

Remark 4.6. Contrary to what we will see for Poisson homology in Section 4.2, 
Poisson cohomology is not a functor: a homomorphism <p : si -A SH between two 
Poisson algebras does not lead in general to a homomorphism between the spaces 
of all multi-derivations of si and SB, not even between their corresponding Poisson 
cohomology spaces. In the case of manifolds, for example, it is well known that 
vector fields cannot be transferred, in either direction, by a smooth map, which is 
not a diffeomorphism. 


4.2 Lie Algebra and Poisson Homology 

A Poisson bracket on a commutative associative algebra si also leads to homology 
spaces. In special cases they are isomorphic to the Poisson cohomology spaces, but 
in general they define new invariants for a Poisson algebra. The Poisson homology 
spaces have fewer immediate applications than the Poisson cohomology spaces, but 
have the advantage of being sometimes easier to compute and have better functorial 
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properties, as we will see. As in the previous section, we start with the Lie algebra 
case. 


4.2.1 Lie Algebra Homology 

The basic setup of Lie algebra homology is the same as in the case of Lie algebra 
cohomology: (g, [•,•]) is a Lie algebra and (p,V) is a representation of g. For k e N, 
we define 

Q(g;V _ ) := V 0 A k Q , 

whose elements are called V-valued k-chains of g. Note that Co(g,F) — V, since 
A°g = F. The Lie boundary operator dh : Q(g;L) —?> Q-_i (g;L) is the linear map 
given, for all v e V and xi,... ,x k e g, by: 

# (v®(*i A---A**)) 

= ^(-l)'p.v,v® (xiA---Ax}A---Ax k ) 
i=i v ' 

+ ^ (— l )'"*"- 7 v0 f [xi,xj\ Ax\ A ■ ■ ■ AXi A • • • Axj A ■ ■ ■ Ax k j 

and := 0. We have that d' k t o dj: = 0 as a consequence of the Jacobi identity 
for [•,•] and the Lie homomorphism property for p. The operators d k lead to a 
homology, called the V-valued Lie algebra homology of g. Namely, the k-\h V- 
valued Lie algebra homology space of g is denoted and defined by: 

Hl{ g;L) —Ker^/Tmd/;, . 

We denote by //^( g; V ) the graded vector space 

tff(fl;V):=®/#(g;V). 

itGN 


For v G V and x £ g, we have that 

d[(v®x) = —p x v. 

Therefore, the subspace Im d[ of V is denoted by gV and //,^(g: V) = V /gV, since 
dg = 0. When V = g and p = ad, as in Example 4.3, the boundary operator takes 
the following form 
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dk (xq <8> (*i A • • • A Xk)) 



i =1 


(4.9) 



1 <i<j^k 


In this case, gP = [g,g], so that Hq E (q) := Hq (g;g) = g/[g,g]. This space also 
appears when one computes //^(g;F), where p : g —> F is the trivial representation, 
as in Example 4.2. Indeed, in this case, 


Kerdf = Ci(g;F) = {a®x | a € F and x € g} — g 
\md E = {a® [x,y\ \ a G F and x,y 6g}~ [g,g] . 


This leads to//f(g) := H[ (g;F) ~ g/[g,g]. 

4.2.2 Poisson Homology 

A Poisson bracket ! = {■,■} on a commutative associative algebra leads to 
a homology, called its Poisson homology. The k-chains which define the Pois¬ 
son homology complex are the Kahler differentials on .<// (the differential forms 
when /// = (M). the algebra of smooth functions on a manifold M). In analogy 

with (4.9), the Poisson boundary operator d K : -A is given by 

^(FodfiA-AdF*) 


k 


£(-l) 1 ' {Fi,F 0 } dFi A • • • A dF t A • • • A dF k 


+ X {-l) i+j F 0 d{Fi,Fj}AdFiA---AdF i A---AdF j A---AdF kt 


t<i <j<k 


where To...., G stf. For k = 0, this formula should be read as d { f(Fo) := 0. The 
main properties of d 71 follow from the fact that d n = //’ n = [i n , d], the Lie derivative 
with respect to n, as stated in the following proposition. 

Proposition 4.7. Let (.<//. ■. it) be a Poisson algebra. Then the linear map d n , de¬ 
fined above, is given by the Lie derivative 


d K = ££ k = [i^d] = i K od—dioi K . 


It commutes (in the graded sense) with d and with i K 


\d n ,d] = ^ jr od + do^ 7r = 0, 

[d n Pn] = d n oi n -i n od K = 0 , 


(4.10) 

(4.11) 


and satisfies d K o d K = 0 ( i.e., it is a boundary operator). 
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Proof. For the biderivation 7T = {•, •}, the internal product i n is, according to (3.29), 
explicitly given by 


i k (F 0 AFi A--- /\&F k ) 

= X (- 1 )‘ +j+] F 0 {Fi,Fj\dF\ A • • • A df) ■ ■ ■ dFj A • • • A dF k . 


where Fq, ..., £ s £, so that 


i K o d(FodF’i A • • • A dF).) 


= X (-l) i+J+l {Fi,Fj}dFoA---AdF i ...dF j A---AdF k , 

0 </'< j<k 


and 


d°i n (FodFi A---AdF k ) 

= X ( — 1) !+ ' 7+1 dfo A • • • A dfj.. .dF/ A • • • AdF)., 

+ X (“ 1) ' +i+ ' F 0 d { /y-, F/} A dF, A • • • A df)... d7;y A • • • A d^ . 

1 <i< 

Taking the difference of these two formulas leads at once to d n = [%,d] = The 
properties of the Lie derivative (Proposition 3.11) imply that <9 71 o d + d o ri 71 = 0, 
and that 

[<? j l n\ = 1 k) — l [n,n]s = 0 > 

where we used in the last equality that n is a Poisson structure. This yields (4.10) 
and (4.1 1). Similarly, since J£ K has degree —1, 


2S£ n oS£ n = [jSf w ,j2f w ] = = 0 , 

which shows that d n = P£ n is a boundary operator. □ 

According to the proposition, we have a complex 

dE, z* 

£2 i+1 (^) -4 Q k (n/) - 


Q k ~ x (s£) — 


whose homology is called the Poisson homology of (&/,-,n). Namely, we define the 
k-th Poisson homology space 

H k(-s£) : = Ker dy / Im djf + , , 

and we call elements of Kcrdf Poisson k-cycles and elements of \mr)f { Poisson 
k-boundaries. Putting the Poisson homology spaces together leads to the graded 
vector space P[*(s£) := (BkenHjf (&/). In the case of a Poisson manifold (M,n), 
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Poisson homology is defined similarly, using the differential forms on M, rather 
than the Kahler forms on ///. It is denoted by H*(M). 

For example, Hq (///) is the abelianization of ,e/: since Kero^ = .<// while 
hnd™ = n{g/,£/) = we have that 


»oV) 




For the higher Poisson homology spaces, no simple interpretation is known. 


Remark 4.8. Unlike Poisson cohomology, Poisson homology is a (covariant) func¬ 
tor. Indeed, every algebra homomorphism cp : (&?,■) —> {38,-) extends to a degree 
zero map £2’((p) : —> 32’ {38), which commutes with d. For k £ N, it is given 

by Q k {(p){FodF\ A • • • AdF*) = (p(Fo)d(p(Fi) A • • • A d (p(F k ), where Fq, ■ ■. ,F k G sF. 
If and 38 are equipped with Poisson brackets n& and itgg, and <p is a mor¬ 
phism of Poisson algebras, then 32’(q>) o i n / = i K o£2’(<p), so that 32’(<p) od Ks/ = 
d K @ o 32’{(p). Thus, there is an induced map H?(<p) : H?{£f) —> H?{38), which is 
a homomorphism of graded vector spaces. Clearly, H K has all properties which are 
required for a (covariant) functor. 


4.3 Operations in Homology and Cohomology 

We have introduced on the graded vector space X3{s/) (where sF is a commutative 
associative algebra) two multiplications, the wedge product A, which is associative, 
graded commutative and the Schouten bracket [•, ■]$, which is a graded Lie bracket 
(with a grading, shifted by 1). As we discussed in Section 3.3.2, these two prod¬ 
ucts make (£’{s3), A, [•, •]$) into a Gerstenhaber algebra. Moreover, we have two 
natural operations i (the internal product) and 3£ (the Lie derivative) of X* (///) on 
the module of Kahler differentials 32’ {srf). We will show in this section that these 
four operations induce similar operations, with the same algebraic properties, in 
(co)homology. The reader will have no difficulty in transcribing these operations 
(and their properties) for the case of (real or complex) manifolds. 

We first define the wedge product and the Schouten bracket in cohomology. The 
graded Leibniz identity and the graded Jacobi identity for the Schouten bracket, 

[Q A R, P] s = [Q,P] s A R + (-1 )P“Q A [R. P] s , 

(-ir[p,[G,j?] 5 ] 5 +(-i)®[Q,^,p] s ] s +(-ir§[ J R,[p,(2] s ]5=o, 

become, for P = n,Q £ £ q {srf) and R € X r {s3), with 8 n = — [•, jt] s , 


Sn(QAR) = S n {Q)FR + {-iyQ/\8 n (R), 
8 k(IQ,R}s) = [GA(*)] S +(-1)^(2),% . 
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First, it follows from these formulas that if Q and R are Poisson cocycles, then Q A R 
and [Q, R] s are Poisson cocycles. This means that both operations can be restricted to 
cocycles. Second, it follows from the same formulas that either product of a Poisson 
cocycle with a Poisson coboundary is a Poisson coboundary. This means that, for 
Poisson cocycles Q and R, the cohomology class of Q A R and the cohomology 
class of [Q. R] s are independent of the representatives Q and R of their cohomology 
classes. Thus, we have two well-defined products in Poisson cohomology, which we 
also denote by A and [•, ■]$. Obviously, their algebraic properties are the same as on 
X*(g/) and we obtain: 

Proposition 4.9. For every Poisson algebra (■'£,■■ n), (/■/*(,&/), A, [■, •].$■) is a Ger- 
stenhaber algebra. 

We now consider the action of Poisson cohomology on Poisson homology, which 
comes from the internal product and from the Lie derivative. Remembering that 
the Poisson boundary operator d K is the Lie derivative , f £ K , we take from Proposi¬ 
tion 3.11 the formulas which compute the graded commutator of a Lie derivative 
with an internal product, or with another Lie derivative, namely, 

[■Z’pPq] = Hr.Q\ s and [&p,£?q\ = -&[p,q] s , 

which can be written, for P = n and ft) G L2 *(///), as 


(-1 ) q d n {i Q (o) = i Q d K {(0)-i 5n[Q) (0 , 

(-1 fd*{& Q (») = & Q {d*((o))+&^ Q) to . 

It follows from these formulas, as above, that i and 2z? induce indeed actions of the 
Poisson cohomology of /// on the Poisson homology of.(/. 


4.4 The Modular Class of a Poisson Manifold 

The modular class of a Poisson manifold M is a Poisson cohomology class (element 
of which is canonically associated to the Poisson structure. We will not 

give the description in the most general case and restrict ourselves to the case of 
an orientable (real) Poisson manifold. The definitions and arguments remain valid 
in the case of C d , equipped with its algebra of holomorphic functions, but some 
minor adaptations are needed for the affine space F c/ , equipped with its algebra 
of polynomial functions: see Remark 4.13 below. Our exposition is based on the 
following: 

Question: “Let M be a Poisson manifold. Does there exist a volume form A on M, 
preserved by all Hamiltonian flows?” 

We call a Poisson manifold, which admits such a volume form, a unimodular Pois¬ 
son manifold', the Poisson structure is then called a unimodular Poisson structure. 
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For a symplectic 1 manifold (M, ft)), the answer to the above question is yes. In¬ 
deed, since the symplectic structure ft) is preserved by all Hamiltonian flows, the 
same is true for the Liouville form (O d on M, where dimM = 2d. Thus, every sym¬ 
plectic manifold is a unimodular Poisson manifold. Many properties of symplectic 
manifolds generalize to the case of unimodular Poisson manifolds. For example, for 
unimodular Poisson manifolds the Poisson cohomology and the Poisson homology 
spaces are isomorphic to each other (Theorem 4.18). 


4.4.1 The Modular Vector Field 

We first list a few basic facts about volume forms on a real orientable manifold 
M. Suppose that A is an arbitrary volume form on M. Recall that this means that 
A is a differential rf-form on M, where d := dimM, vanishing at no point of M, 
and that such a form exists on a manifold if and only if the manifold is orientable; 
moreover, two such forms differ only by a factor, which is a nowhere vanishing 
smooth function on M. We have that dA = 0 and that dF A A =0, for every F G 
&(M). Combined with (3.32), this yields 

i ( ifP) X = -(-\)p&FAi p X, (4.12) 

for all P G X P (M). In particular, 

Y[F]X =dF AiyA, , (4.13) 

for every vector field V G X 1 (M). Also, if n is a Poisson structure on M, then (4.12) 
specializes to 

IjT f A =&FAi n X . (4.14) 

The Lie derivative of A with respect to some vector field is again a top form, hence it 
is a multiple of A. For (M), let us denote by XT £ & (M) the smooth function 

on M defined by «Xfjr F A = XT A. We show that the map F i—>■ XT is a derivation. 
Indeed, for all F, G G &(M), we have that 

^FGk = 4£sC FG h = -^GSFf+FXc^ 

= G^ f A + {G, F} A + FJgfsfe A + {F, G} A 
= (GXT+FXT) A , 

where the identity 

JzftfrA = H££ r A + t[H] A (4.15) 

for all H G & ( M ) , Y G X 1 (M) has been used (to prove (4.15), write =iy o d + 

do iy and use (4.13)). Since XT F i—) X?/.- is a derivation of J^(M), it corresponds to 
a vector field. 

1 See Section 6.3. 
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Definition 4.10. Let (M, n) be a real Poisson manifold, equipped with a volume 
form A. The vector field 0/ , defined by 

J? S : F X = ® X [F] A, (4.16) 

for all F £ &(M), is called the modular vector field of n with respect to A. 

When the chosen volume form is clear from the context, we simply write 0 for 0). 
Notice that the modular vector field <J> can also be defined as the unique vector field 
on M, satisfying 

J^A = i®A . (4.17) 

This is seen by writing 0[F]X in two different ways. On the one hand, (4.13) tells 
us that 0\F\ A = dF A (<j>A, for all F £ FF(M). On the other hand, (4.16), (4.14) and 
the formula = i n o d — d o i n imply that 

0[F]X = A = d(t^A) = d(dF Ai^A) = —dF Adi K X = dFA Jzf^A , 

for all F £ fF(M). It follows that dF A i&X = dF A for every F £ 3F(M), which 

leads to (4.17). 

In view of Definition 4.10, the question which we posed at the beginning of this 
section now becomes: 

Question: “Let M be a Poisson manifold. Does there exist a volume form A on M, 
with respect to which the modular vector field 0 is zero?” 

By giving a cohomological interpretation of the modular vector field, we will be 
able to answer the question in the next section. 


4.4.2 The Modular Class 

The modular vector field which we constructed in the previous section depends on 
the choice of volume form on M. We will now show that when the volume form is 
changed, the modular vector field will be modified by a Hamiltonian vector field. 
We also show that the modular vector field is a Poisson vector field, so that it defines 
a Poisson cohomology class which, by the above, is independent of the choice of 
volume form. 

Proposition 4.11. Let (M, {-,•}) be a real Poisson manifold, which is orientable. 
For A a volume form on M, the modular vector field <L> has the following properties: 

(1) 0 is a Poisson vector field, i.e., it is a Poisson \-cocycle; 

(2) The Poisson cohomology class of & is independent of the chosen volume 
form A; 

(3) If 0 is a Hamiltonian vector field, i.e., if the Poisson cohomology class of 0 
is zero, then there exists a volume form X', with respect to which the modular 
vector field is zero (and therefore A / is preserved by all the Hamiltonian flows). 
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Proof. In order to prove (1) we need to verify that 0 [ {F, G} ] = { 0\P] . G\ + 
{F, <5[G]}, for all F, G £ J W(M). The basic properties of the Poisson bracket and 
the Lie derivative yield: 

0 [{F,G}] A = Se X{m X = = \2x g ,2x f \ A 

= X Xg {0[F]1)-^ f {0[G)1) 

= ({0[F],G} + {F,0[G]})X , 

where we have used in the last step that 

0[F\^ sta l = 0[F]0[G}f = 0[G\Sfx F k . 

This proves (1). Let us consider now another volume form p on M and let us denote 
by 0 A and <P ( , the modular class of {•,•} with respect to A, respectively p . There 
exists a nowhere vanishing function p £ &(M) such that p = p A. Using that A and 
p are both top forms and (4.13), we compute, for an arbitrary F € 

J?r F (pA) = JT F [p]A +p^ar F A = - JT p [F]A +pO x [F]X , 

to conclude that 

0^[F]=0 x [F}- l -fF p [F], 
for all F e and hence that 

^n=^x-^3Fp = ^x-^\n\p\ ■ 

This shows that the vector fields 0 A and 0 L , differ by a Hamiltonian vector field, 
i.e., a Poisson 1-coboundary. The cohomology class of the modular form is therefore 
independent of the chosen volume form, which proves (2). The previous calculation 
shows that if this cohomology class is trivial, i.e., 0 = ,'A/.- for some F G ■ ( P (M), 
then p := exp(F)A is a volume form whose modular vector field is zero. □ 

Summarizing, we have a complete answer to our question: 

Answer: “The Poisson manifold (M, n) admits a volume form, preserved by all 
Hamiltonian flows if and only if its modular class is zero.” 

It leads to the following definition. 

Definition 4.12. Let (M, {• , •}) be a real Poisson manifold, which is assumed ori- 
entable. The cohomology class of the modular vector field (with respect to an ar¬ 
bitrary volume form on M) is called the modular class of the Poisson manifold. If 
this cohomology class is trivial, then we say that (M, {■, •}) is a unimodular Poisson 
manifold. A volume form on M, whose modular vector field is zero, is called an 
invariant density. 
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Notice that if one multiplies an invariant density by a nowhere vanishing Casimir 
function, then one obtains another invariant density; up to this ambiguity, the invari¬ 
ant density on a unimodular Poisson manifold is unique. 


Remark 4.13. In the case of a finite-dimensional vector space V, a natural volume 
form is given, in terms of linear coordinates jq ,... .Xj on V, by Ao := ck| A • • • A Ax,i, 
and every top form on V is of the form F Ao, where F is an arbitrary function on V. 
Up to a non-zero constant, Ao is the only translation invariant volume form on V. If 
F is assumed to be algebraically closed, then Ao is, again up to a non-zero constant, 
the unique volume form on V, because every non-constant polynomial F has a non¬ 
empty zero locus, on which the top form F Ao fails to be a volume form. Notice that, 
since the modular vector field does not change when the volume form is multiplied 
by a constant, the modular vector field of a Poisson structure is independent of 
the chosen volume form, when only translation invariant volume forms on V are 
considered. 


We show in the following proposition that the obstruction to the existence of an 
invariant density is intimately related to the existence of points where the rank of 
the Poisson structure drops: in the neighborhood of each regular point, the modular 
vector field is Hamiltonian, hence an invariant density exists on this neighborhood. 

Proposition 4.14. Let (M, {•,•}) be a real orientable Poisson manifold and let A be 
a volume form on M. 

(1) The modular vector field <J> is a Hamiltonian vector field in a neighborhood 
of every point at which the rank is locally constant. In particular, it is tangent 
to all symplectic leaves of maximal dimension; 

(2) The modular class is preserved under Poisson dijfeomorphisms M -A M. 

Proof. Let m € M be a point where the rank of {•, •} is locally constant. According 
to the Darboux theorem (Theorem 1.26), there exist splitting coordinates qi,...,q r , 
pi,...,p r ,Zi,---,Zs on a neighborhood U of m, such that 




i d d 

1=1 Vtfi 0Pi 


on U, where Rk,„ {•, ■} = 2r. We take on U as volume form 


r 


s 


A := f\ (dq, A dp,) f\ d zj , 

i— 1 j= 1 


and we denote 

At := /\(dqt A dpi) f\ d zj , 
i^k j= 1 

for k = 1__r. For such k and for f S# (. M ) we have 
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■^SK- F {dq k Adp k ) 


d q k ) A d p k + d q k A ( ^ F dp k ) 



A d p k — d qic A d 



Therefore, for all k = 1,..., r, 


h A (d q k A dpk) = A 


<9 2 F 

dq k dpk 


d 2 F \ 

dpkdqk) 


= 0 , 


from which it follows that A = 0, i.e., the modular vector field <f> is zero on U. 
Then (2) of Proposition 4.11 implies that all modular vector fields are Hamiltonian 
on U , hence they are tangent on U to all symplectic leaves. The second property is 
obvious, since the modular class depends on {•, •} only. □ 


Example 4.15. If m is a point where the rank of the Poisson structure is not locally 
constant, then it may happen that there does not exist a neighborhood of m on which 
the modular vector field is Hamiltonian. In fact, the modular vector field may be 
non-vanishing at a point where the rank of the Poisson structure vanishes. Consider 
for example the Poisson structure {•, •} =x A on R 2 , equipped with the volume 

form cbc A dy. The rank at the origin is zero, while . In particular, the modular 

class of this Poisson structure is not zero. 


4.4.3 The Divergence of the Poisson Bracket 

We now show that the modular vector field is (up to a sign) the divergence of the 
Poisson structure (with respect to A). The divergence operator (with respect to A) is 
the graded F-linear map (of degree — 1), 

Div : \M ), 

which makes the following diagram commute 

X*(M) ---> a d -(M) 

d (4.18) 

> Q d — +l (M) 

where d := dimM. The diagram involves the star operator *, which is the family of 
&(M)- linear isomorphisms * : X k (M) Q d ~ k (M), defined for Q £ X k (M) by 


Div 


* Q ■= *qA . 


( 4 . 19 ) 
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Since A is a top form, we have for every vector field "V on M that 


Jz? r A = di r A =d*y = *Div(r) =Div(^)A . (4.20) 


For example, taking the standard volume form on i.e., A = dvi A ••• A 
the star of a vector field 'V = Xf=i p i /dxj, respectively of a bivector field P = 
Pijd /dxj A d/dxj is given by 

d 

= ^(— 1 1 dxi A • • • A dr,- A • • • AcLy,/ , 

i=i 

*P = ^ (— \) l+ i~ l Pijdx\ A---AdXiA---AdXjA---Adxd , 

I <i< j^ t d 


so that Div(lF) is given by the classical formula 


d 


Div(r) = X 

i= 1 


dxi 


(4.21) 


and Div(P) is given by 


Div(P) 


I 


( - 
\ dxj dxj 


dP U d \ 

dxi dxj J 


(4.22) 


In general, the divergence of a bivector field, written in terms of vector fields, can 
be computed using the following proposition. 

Proposition 4.16. Let A be a volume form on an orientable manifold M and let 'V 
and W be two vector fields on M. The divergence of V !\ W with respect to A is 
given by 

Div(r a w) = Div(r)r - Div(r) w - [r, w\ . (4.23) 

Proof. According to the definition of the (generalized) Lie derivative (3.50) and its 
properties (4) and (2) in Proposition 3.11, we have that 


dly^-yX — — L£y^yyX = Lfy/lyX — lyrfi£yX = lyfi£y/X — ly/L£yX — l^yyy^X . 

According to the definition of the divergence, this leads to 

Div(Y l\W) = k^diy^y/X 

= * ^lyfi£yyX —★ ^ly/L£yX—-k ^lyypy ]A 
= Div(w)y--Div(v)w-[r,w} , 

where we used in the last step that iy££y/X = iy( Div(W)X) = i-owtyy^yX = 
k(Div(fP)f / ) and that k\fV = lyyyy}X. □ 

We now show that the modular vector field is, up to a sign, the divergence of the 
Poisson structure. 
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Proposition 4.17. Let (M, n) be a real Poisson manifold, which is assumed ori- 
entable. For every volume form A on M, 

<5 = -Div(7r) . (4.24) 


In particular, the divergence of the modular vector field of n is zero. 

Proof. Let A be an arbitrary volume form on M and let F £ (M). The definitions 

of 0 and of *, combined with (4.17), imply that 

*Div(7r) = d*7r = d(;^A) = —L£ n X = —i &A = — . (4.25) 

Since * is an isomorphism, this shows that the modular vector field is minus the 
divergence of n. Since DivoDiv = * 1 o d o d o * = 0, the modular vector field is 
divergence-free. □ 

According to (4.25), the modular vector field can also be defined by the formula 


d*7T = — * 0 ; 


forgetting the stars, the modular vector field is the differential of the Poisson bracket. 
The string (4.25) also contains the identity Jz^A = ★ 0 , which amounts to 

d*(X)=+0. (4.26) 

Thus, is always a Poisson 1-boundary, while 0 is a Poisson 1-coboundary if 
and only if the underlying Poisson manifold is unimodular. 


4.4.4 Unimodular Poisson Manifolds 

We now prove that, for unimodular Poisson manifolds, the Poisson homology and 
cohomology spaces are isomorphic. Let (M, n) be a ^-dimensional Poisson mani¬ 
fold. We first show how the Poisson boundary and coboundary operators are related 
via the modular vector field 0. To do this, we specialize Cartan’s formula (3.38) 

[[*/>. d] ,i Q ] = i[ P Q] s , 

valid for P £ X P (M) and Q £ X q (M), to the case P = n. giving 

d K °iq- {-ly'iQod 71 = . (4.27) 

If we apply (4.27) to A and use (4.26), then we find 

d K {*Q) - (-1)«i g o,*A = (-l)^ 1 * 8 k (Q) , 

which we also write, using iq o i p = ip/ Q, valid for P,Q £ X*(M) (see Proposi¬ 
tion 3.4), as follows, 
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*(0AQ)= *8 n (Q) + (-1 fd*(*Q) . (4.28) 

The latter formula says that the modular vector field 0 measures the non-commuta- 
tivity of the following diagram 


X*(M) -*-> Q d -(M) 


X* +1 (M) ---> Q d_1 “*(M) 


(4.29) 


The reader is invited to compare the diagrams (4.29) and (4.18), keeping in mind 
that both depend on the volume form A, but only the second one depends on the 
Poisson structure n. Equation (4.28) leads at once to the following duality theorem. 


Proposition 4.18. For every unimodular Poisson manifold (M, {•,•}) of dimension 
d, the Poisson cohomology spaces and Poisson homology spaces are isomorphic: 

H*(M) ~H%_ k (M), O^k^d. (4.30) 

Proof. Let A be an invariant density on M. so that 0 = 0. Then (4.28) implies that 
the isomorphism *: X* (M) —> il d * (M) is a bijection between the Poisson cocycles 
(respectively coboundaries) of M and the Poisson cycles (respectively boundaries) 
of M. It follows that * induces isomorphisms, as indicated in (4.30). □ 

Notice that the isomorphism in (4.30) is not canonical, since there is no canonical 
invariant density (in general; symplectic manifolds form an important exception). 

Remark 4.19. The proposition is also valid for F rf , equipped with a Poisson struc¬ 
ture, in case it is a unimodular Poisson variety (see Remark 4.13). 


4.5 Exercises 

1. Show that A does not induce a product in Poisson homology (Hint: compute 
d K (dF A dG) for F, G € £/). 

2. Show that the Poisson cohomology spaces are modules over the algebra of 
Casimirs. 

3. Find a formula for the Poisson cohomology of the tensor product of two Poisson 
algebras. 

4. Prove property (2) of Proposition 4.11 by using the star operator (4.19). 

5. Suppose that g is a Lie algebra, equipped with a symmetric bilinear form (• | •) 
which is ad-invariant, i.e., ([jc,y] | z) = (jc| [y,z]) for all x, y, z G g. Consider the ele- 






4.6 Notes 


111 


ment C £ Hom(A 3 g,F), defined by C(x,y,z) '■= ([x,y] | z) ■ Show that C is a 3-cocycle 
in the trivial Lie algebra cohomology. 

6. Consider the Poisson structure n on F 2 given by 

d d 

n :=x^~ A . 
ox dy 

a. Show that the modular class of n is not trivial; 

b. Compute the Poisson homology and the Poisson cohomology of n; 

c. Conclude from part b. that the conclusion of Proposition 4.18 does not hold for 
the Poisson manifold (F 2 , n), i.e., that the vector spaces H*( F 2 ) and H*_ k ( F 2 ) 
are not isomorphic, for k = 0,1,2. 


7. Let (s<t,-,{-, •}) be a Poisson algebra. 

a. Show that the skew-symmetric biderivation {•, •} is a Poisson 2-cocycle for the 
Poisson cohomology of sit ; 

b. Assume that sit is a polynomial algebra, sit = F[;q ,... ,Xd], and that the poly¬ 
nomials {x,,JCj} , for i,j = 1 are all homogeneous of the same degree k. 

Show that if k / 2, then the skew-symmetric biderivation {■, •} is a coboundary 
(Hint: compute 8^{S) where $ := Xf=i x ij^y, 

c. Assume now that st := C[x,y,z], and that 


, d 

n:=x~^- A 
dy 


d 

dz 



d 

dx 



d 

dy ' 


Show that n is a Poisson bracket on s/J := C[v,y, z] which is not a coboundary 
(Hint: show first that if there exists a derivation "V = Pi + F 2 j- + F$ ^ £ 
X 1 (,e/) satisfying 8l{Y) = n, then there exists such a derivation where F\. F 2 
and Fj are linear functions). 


4.6 Notes 

Poisson cohomology was first introduced in Lichnerowicz’s paper [127], where it 
was shown that the Poisson cohomology of a symplectic manifold is canonically 
isomorphic to its de Rham cohomology. See Bhaskara-Viswanath [23] and Hueb- 
schmann [96] for the algebraic cohomology of a general Poisson algebra. The re¬ 
lation between Poisson cohomology and singularities is studied by Monnier [152] 
and Roger-Vanhaecke [174] in the two-dimensional case and by Pichereau [166] 
in the three-dimensional case. The definition of Poisson homology goes back to 
Gelfand-Dorfman [81], Koszul [118] and Brylinski [28]. The modular vector field 
of a Poisson manifold was first introduced by Koszul [118]. It was studied for gen¬ 
eral Poisson manifolds and extended to Lie algebroids by Weinstein [201], Evans- 
Lu-Weinstein [71] and Kosmann-Weinstein [116]. See Fernandes-Crainic [51, 52] 
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for applications of Poisson cohomology to the linearization and stability of Pois¬ 
son structures; for applications of Poisson cohomology to deformation theory, see 
Chapter 13 below. 



Chapter 5 

Reduction 


In Chapter 2, we have given a few basic constructions which allow one to build 
new Poisson structures from given ones. In the present chapter, we explain a few 
more advanced constructions, which all fall under the general concept of reduc¬ 
tion. Roughly speaking, reduction means that the object under study (here a Poisson 
structure), is replaced by an object of the same type, but on a manifold of smaller 
dimension, in classical terms “with fewer degrees of freedom”. These constructions 
are based on geometrical considerations, yet their algebraic formulation highlights 
some key elements of the reduction mechanism. We therefore present all construc¬ 
tions in both algebraic and geometrical terms. 

We present two constructions for reducing Poisson structures. Geometrically 
speaking, the first one, called Poisson reduction, deals with Poisson structures on 
quotients of Poisson manifolds, or, more generally on quotients of (coisotropic) sub¬ 
manifolds of Poisson manifolds. Poisson reduction is presented in Section 5.2. The 
second construction, called Poisson-Dirac reduction, concerns Poisson structures 
on submanifolds, which are not necessarily Poisson submanifolds; a typical exam¬ 
ple is a submanifold which is transverse to a symplectic leaf, leading to the notion 
of transverse Poisson structure. Poisson-Dirac reduction is discussed in Section 5.3. 

As an application of these constructions, we consider in Section 5.4 Poisson va¬ 
rieties and Poisson manifolds on which a group acts; we show how a Poisson struc¬ 
ture is inherited on the quotient space, the subspace of fixed points of the action, and 
on the reduced space of the so-called momentum map. For the convenience of the 
reader, and in order to fix both our notations and conventions, the basic facts on Lie 
groups, and their relation with Lie algebras are recalled in the first section of this 
chapter. 

As in the previous chapters, all Poisson algebras are defined over an arbitrary 
field F of characteristic zero, all Poisson varieties are affine varieties over F and the 
Poisson manifolds are real or complex manifolds. 


C. Laurent-Gengoux et al., Poisson Structures, 

Grundlehren der mathematischen Wissenschaften 347, 

DOI 10.1007/978-3-642-31090-4.5, © Springer-Verlag Berlin Heidelberg 2013 
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5.1 Lie Groups and (Their) Lie Algebras 

We recall in this section the natural correspondence between Lie groups and Lie al¬ 
gebras, we give the basic definitions and properties of group actions and we explain 
construction of invariant (multi-)vector fields on a Lie group. 


5.1.1 Lie Groups and Lie Algebras 

A Lie group is a set G endowed with two structures, a group structure and a manifold 
structure, which are required to be compatible, in the sense that the product map (the 
group structure) 

/i:GxG-)G:(j,/i)4jIi 

is assumed to be smooth (or holomorphic). Then the inverse map 

inv : G —> G : g i-X g ~ 1 

is also smooth (or holomorphic). The product of two elements g,h of G is denoted 
by p(g,h) or simply by gh, and the unit of G is denoted by e; as a manifold, G 
may be either real or complex. The identity map on G is denoted by 1 q. Given two 

Lie groups G and H, a Lie group morphism from G to H is a group homomorphism 

O: G —x H, which is a smooth (or holomorphic) map. If G is contained in H and the 
inclusion map is a Lie group morphism, then G is said to be a Lie subgroup of H. 
The multiplication in G leads to three, a priori different, sets of diffeomorphisms 
of G: given g £ G, we define left translation , right translation and conjugation by 
jgG respectively as follows: 

Lg : G — y G : h ■— y gh , 

Rg : G — y G : h ■— y hg , 

C g : G —y G : h h y ghg ~ 1 . 

The tangent maps of p and inv can be expressed in terms of these diffeomorphisms: 
since p(g,h) = L g (h) = R/,(g) for all g,h £ G, the tangent map of p at (g,h) is given 
by 

T ( g ,h)H (v, w) = T g R h (v) + T h L g (w) (5.1) 

for all (v, w) £ T( g: h) (GxG)~ T g G x 7) ; G. Differentiating the identities L g oL g -i = 
1g at e and /i(g,inv(g)) = e at g £ G, leads, upon using (5.1), to the following 
expression for the tangent map of inv at g £ G, 


T g inv = ~T e Lg-\ o T g R g -\ . 


(5.2) 
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Notice that, in particular, T e inv = — lr e G- Similarly, one computes from C g = L g o 
R - 1 , valid for g £ G, that the tangent map of the conjugation map C g is given, at 
the unit e. by 

T e C g = T g -iL g oT e R g -i . (5.3) 

Since for a fixed ggG, left translation by g is a diffeomorphism of G, which 
sends e to g, we can identify the tangent spaces T e G and T g G by using the linear 
map T e L g . For a fixed x £ T e G, this allows us to define a vector field If on G by 
setting, for all g £ G: 

** g := T e L g (x) . 

The same can be done using right translation by g, yielding a vector field on G, 
defined for all g £ G by 

g •= T e R g (x) . 

It is clear that the vector fields If and it are determined by their value, x, at e. 
This fact is closely related to an invariance property which we now define. A vector 
field y on G is said to be left-invariant (respectively rig lit-invariant) if T^LglfVf) = 
y g h, for all g,h £ G (respectively, TgR/ffig) = Y g h, for all g,h £ G). Each one of the 
vector fields If, where x £ T e G, is left-invariant, since 

ThL g ( < Xh) = T h L g (T e L h {x )) = T e (L g oL h )(x) = T e L gh (x) = < x g h, 

for all g,h £ G. Similarly, each of the vector fields it is right-invariant. It fol¬ 
lows that there is a natural identification between T e G and the vector space of all 
left-invariant vector fields on G (or the vector space of all right-invariant vector 
fields on G). Since the commutator of two left-invariant vector fields on G is a left- 
invariant vector field on G, the tangent space T e G at the unit of a Lie group G has a 
natural Lie algebra structure. It leads to the following basic correspondence between 
Lie groups and Lie algebras (for a proof, see [ 66 ]). 

Theorem 5.1 (Lie’s theorem). Let G and H be Lie groups, whose units are denoted 
by e and e' respectively, and let 0 : G —> H be a Lie group homomorphism. 

(1) The tangent space T e G is equipped with a natural Lie bracket [•, •]; 

(2) The linear map T e 0 : T e G —> TpH is a morphism of Lie algebras. 

The Lie algebra (T e G. [-,-]) is called the Lie algebra of G and is denoted by ( 0 , [•,•]) 
(or g, for short). Denoting f) := Tp H, the linear map T e <P : 0 —> is called the Lie 
algebra homomorphism associated to &. 

Conversely, let 0 and b be finite-dimensional Lie algebras and let (j) : 0 —> f) be a 
Lie algebra homomorphism. 

(3) There exists a connected and simply connected Lie group, whose Lie algebra 
is isomorphic to 0 ; up to isomorphism, such a Lie group is unique; 

(4) Let G be a connected and simply connected Lie group with Lie algebra 0 , 
and let H be a Lie group with Lie algebra 1). There exists a unique Lie group 
homomorphism 0 : G -£ H, such that (j) is the Lie algebra homomorphism 
associated to 0; 
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(5) Let G be a connected and simply connected Lie group with Lie algebra g, and 
let f) be a Lie subalgebra of g. There exists a unique connected Lie subgroup H 
of G with Lie algebra ft. 

In a different vein, a Lie group and its Lie algebra are related as follows: there exists 
a diffeomorphism exp between a neighborhood of the origin o in g and a neighbor¬ 
hood of the unit e in G, having the fundamental property that for every x £ g, the 
integral curve of which starts from o is given (for small f|) by 1 1 —> exp(fjt). In 
fact, one possible construction of the diffeomorphism exp is by integrating, for x in 
a neighborhood of o in g, the left-invariant vector fields x. We refer to exp as the 
exponential map. 

We end this section with a few comments on algebraic groups, which for us will 
always be complex (defined over C). By definition, a (complex) algebraic group is 
an algebraic variety with a group structure, such that the product map and the inverse 
map are morphisms (of algebraic varieties). Much of what we discussed in this 
section carries over to algebraic groups, for example there is canonically associated 
to every algebraic group G a Lie algebra, whose underlying vector space g is the 
(Zariski) tangent space to G at the unit e of G. However, there is in general no 
algebraic analog of the exponential map and parts (3) and (4) of Lie’s theorem do 
not hold in general. When dealing with quotients of algebraic varieties by algebraic 
group actions, we will often assume that the algebraic group is reductive , which 
means that all its finite-dimensional representations are completely reducible; as we 
will explain at the end of Section 5.1.2, such quotients are rather well-behaved. 


5.1.2 Lie Group Actions 

Given a Lie group G and a manifold M, a group action % :GxM->Mis called 
a Lie group action, if x is smooth (or holomorphic); since the only actions of Lie 
groups on manifolds which are considered here are Lie group actions, we will sim¬ 
ply call them group actions. When the action is clear, we write gm for x(gim), 
where (g, m) £ G x M. Clearly, a group action of G on M induces a group action 
of G on the algebra of smooth (or holomorphic) functions on M. by defining 

for g £ G and F £ J F(M) 


(g-F)(m) :=F(g x m ), (5.4) 

for all m £ M. The virtue of the latter group action is that it is a representation 
of G (on a representation of a Lie group G on a vector space V is a group 

action ^:Gxf->V with the property that for every g £ G the map Xg : V —> V, 
defined for all x £ g by Xg( x ) := X(§t x )’ i s a linear map (an endomorphism of V). 
The action of an algebraic group on an algebraic variety is defined in an analogous 
way, demanding now that the map ^ is a morphism of algebraic varieties. 

The main group actions which we will consider in this chapter are the group 
actions of G on itself, given by 
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L:GxG->G:(j,Ii)4 gh , 
fi:GxG->G:(^/i)i-> hg 1 , 

C : G x G —> G : (g,h) >—»■ g/tg -1 . 

These actions are called left translation, right translation and conjugation (in that 
order). Notice that taking the inverse of g in the definition of R is essential to make 
it into an action (otherwise it would be a so-called right action ); we stress that it 
amounts to R(g, h) = R - i (h) for all g, h £ G. 

For a fixed group action % of G on a manifold M, the fundamental vector field 
associated to x £ T e G, denoted x, is the vector field on M, whose value at m £ M is 
given by 

Xm[ F \-=jr f . F{x(exp(-tx),m)), (5.5) 

df |r=o 

for all functions F, defined on a neighborhood of m in M. Writing g = exp(fx), 
one sees that Eq. (5.5) is the infinitesimal version of (5.4). Applied to the case of 
right translation (recall that R(g,h) = R g ih = hg 1 ), this yields for all functions F, 
defined in a neighborhood of g in G, 

x g [fl = ^ F(R{sxp(-tx),g)) = ^ F(gexp(tx)) 
ar |r=o ar |r=o 

= j t=0 (( FoL g)eM tx ))= x [ FoL g] 

= T e L g (x)[F} = <x g [F], 

We conclude that x„ = x g , for all g £ G. i.e., x = If. In words: the /e/r-invariant 
vector field on G, whose value at e is x, is the fundamental vector field of right 
translation, corresponding to x. Similarly, the fundamental vector field of left trans¬ 
lation on G, corresponding to x £ g, is given by —it. Also, since C g = R g ~ i oL ? , 
the fundamental vector field of conjugation on G, corresponding to x £ g, is given 
by If — it. The identity 

inv oR g = L - 1 o inv 

implies that a vector field Y on G is right-invariant if and only if the vector field 
on G, defined 1 by inv*lF, is left-invariant. It follows, using T t , inv = —lr e G, that 
inv* ‘‘x = —it, for every x £ g. 

Given a group action of a Lie group G on a manifold M, the map g -A- X 1 (M), 
which associates, as above, to x £ g the fundamental vector field x on M, admits 
as a natural generalization a map A*g —> X* (M), which associates to a multivector 
X of g a multivector field X on M. For X £ A p g of the form X = x\ A • • • Ax p , the 
p-vector field X is defined as 

1 Recall that for a diffeomorphism 0 : M —» N between manifolds and for Y a vector field on M, 
we denote by 0,y the vector field on N, which is defined by (<E>« := T m 0{y m ), for all 

m 6 M, and similarly for multivector fields on M. 
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X := X\ A • • • Ax p 

and is called the fundamental p-vector field, corresponding to X. In the case of right 
and left translations on a Lie group G, we write X , respectively (—1 ) p lt for the 
fundamental multivector field, associated to X £ A p q. Equivalently, for X £ A p g, the 
vector fields *X and it can be defined by ‘Tg := A p (T e L g )X and X g := A p (T e R g )X, 
for all g £ G. As above, it follows from this definition that X is a left-invariant 
multivector field and that it is a right-invariant multivector field. 

We show in the following proposition that the map, which sends X £ A*g to X, 
is a homomorphism of Gerstenhaber algebras. 2 

Proposition 5.2. Let G be a Lie group with Lie algebra g. For all X .Y £ A*g, we 
have 

= ([X,F]]= ["x,t] s , (5.6) 

so the map X H > *X presents the wedge product and the Schouten bracket. Up to a 
sign, the same is true for the map X H > X : for all X,Y £ A*g, we have 

X7lf = ltA t, = • (5.7) 

Moreover, 

[^,t] s = 0, (5.8) 

forallX,Y £ A*g. 

Proof. Since every element of A*g is a sum of elements of the form x\ A ■ ■ ■ Ax p , 
where 1 ^ p ^ dimg, andxi,... ,x p £ g, it suffices to prove (5.6)—(5.8) for X and Y of 
this form. Then the first equation in (5.6) follows from the associativity of A on A*g 
and on X*(G). The second equation in (5.6) clearly holds when X and Y belong 
to g; upon using the graded Leibniz identities (3.42) and (3.47) of the Schouten 
brackets [[•,•]] on A*g and [•,■]$ on X*(G), it follows that this formula holds for 
generally £ A*g*. Since mv* Xc = —it, for allx £ g, we have inv* *X = (—1 ) p lt, 
for all X £ A p g: therefore, applying inv* to both equations in (5.6), we find the 
equations in (5.7). We now prove (5.8). In view of the graded Leibniz rule for the 
Schouten bracket, it suffices to prove (5.8) when X and Y are elements of g, which 
we write as x and y. The vector fields 1 x and are the fundamental vector fields 
of the actions of right, respectively left, translation of G on itself. These actions 
commute, hence the flows of tST and T 2 also commute. The commutator [xL 3^] is 
therefore zero. □ 

For algebraic groups there is, in general, no exponential map, but for linear ac¬ 
tions on vector spaces (representations), such as the actions which we will con¬ 
sider in the next section, taking the differential of the action, viewed as a map 
X : G —> End(V), yields a linear vector field on V, which is the analog (up to a 
sign) of the fundamental vector field, defined in (5.5). 


2 Recall that (A*g, A, [[•, •]) is a Gerstenhaber algebra, just like (X*(M), A, [■ ,■]$), where M is an 
arbitrary manifold (see Proposition 3.9). 







5.1 Lie Groups and (Their) Lie Algebras 


119 


To finish this section, we recall some rather general conditions under which the 
quotient space M/G of a group action G x M —> M is of the same type as M, i.e., is 
an affine variety or a manifold. 

(1) Suppose that M is an affine variety on which a reductive algebraic group G acts. 
Then the algebra of G-invariant functions i^(M) G is finitely generated, hence is the 
algebra of regular functions on an affine variety, which can be identified with the 
orbit space M/G. Since, in particular, every finite group G is reductive, the quotient 
of an affine variety by a finite group is an affine variety. 

(2) Suppose that M is a manifold and that G is a Lie group, which acts properly 
and locally freely on M. Then the orbit space M/G has a unique manifold structure 
for which the canonical map p : M —> M/G is smooth. Interesting particular cases 
include free actions of a finite group and locally free actions of a compact group on 
a manifold. We recall that an action % : G x M —> M is called a proper action, if 
the map 


X x pi : G xMaMxM 

(g,m) (gm,m) 


(5.9) 


is a proper map, i.e., the inverse image of every compact subset of M x M is a 
compact subset of G x M. Also, X is called a locally free action if, for every m £ M, 
there exists a neighborhood U of the identity in G such that the restriction to U of 
the map g K > gm is injective. 


5.1.3 Adjoint and Coadjoint Action 


We next consider the adjoint action of a Lie group G on its Lie algebra g, and more 
generally on the space A*g; we will also consider its infinitesimal version, which is 
a Lie algebra action of g on itself, and more generally on A*g. Dually, we will also 
consider the corresponding group action of G and the corresponding Lie algebra 
action of g on its dual vector space g* and on A*g*. The formulas are most naturally 
written in terms on the natural pairing (•, •} between A p g* and A p g, given for all 
4i , ■ ■ ■, £p G g* and for all x \,... ,x p £ g by 


(^l A ■ ■ ■ A ^p,xi,... ,Xp) :— 


$i[*t] 

Z>pV i ] 


4i M 


[ x p\ 


(5.10) 


For g £ G, the conjugation map C g : G —► G is a Lie group automorphism of G. 
According to Theorem 5.1, the tangent map to C g at e is a Lie algebra automorphism 
of g. It is customary to denote this map by Ad,,. Thus, Ad„ := T e C g : g —>• g and 


Ad s ([*,?]) = [AdgX, Ad^y] , 
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for all x,y G g. For g, h G G, we have that 

Ad gh = T e C g h = T e (C g oCi,) = (T e C g ) o (T e C h ) = Ad^oAd/, , 

so that the assignment (g,x) H > Ad ? x dehnes a group action of G on g. It is called 
the adjoint action of G on g, denoted Ad. Since the maps Ad g are linear maps. Ad is 
actually a representation of G, the adjoint representation of G on g. The transpose 
map of Ad„-i is denoted by Ad*: for all c, G g* and for all x G g, 

(Ad *S,,x) = ^,Ad g -ix^ . 

The resulting map (g,%) K > Ad* q is a group action of G on g*, called the coad- 
joint action of G on g*, denoted Ad*. As in the case of the adjoint action. Ad* is a 
representation of G, the coadjoint representation of G on g. 

These adjoint and coadjoint actions extend to group actions of G on A*g and 
on A*g*, also denoted by Ad and Ad*, upon setting 


Ad g (xi A • • - A x p ) := Ad 4 ,xi A • • • A AdgX p , (5.11) 

Ad*(<i;i A • • • A E,p) := Ad* A • • • A Ad* B, p , (5.12) 

for all g G G, all p G N*, all xi,... ,x p G g and all £,\,..., tj p G g*. It follows from 
these definitions that 

(Ad;fl,X) = ^fl,Ad <r -iX^ , 

for all g G G, all Q G A p g* and all X G A p g. 

The tangent map of Ad : G —> End(g) at e is the linear map 

ad := T e Ad : g —y End(g) , 

called the adjoint representation of g. Writing ad A - for the image of x G g by ad, 
it is a fundamental fact that the endomorphism ad A is given by ad A (y) = [x,y], 

for all y G g. It follows that ad is indeed a Lie algebra representation: ad t > ,j = 

ad A o ad v — ad v o ad x , for all x,y G g. More generally, taking the tangent map of 
Ad : G —> End(A*g) at e we obtain the adjoint representation of g on A*g, still 
denoted by ad. Equation (5.11) implies that 

p 

ad A (xi A • • - A x p ) = Y xi A • • • A [x,x,] A • • • Ax p , 

i—1 

for all xi,... ,x p G g hence that ad A X = [[x, A|], for all X G A*g. In view of the graded 
Jacobi identity for the algebraic Schouten bracket [[•, •]], we have for all x,y G g and 
for all X G A*g that 


ad M z = ll x >y\ > x 1 = h x M - Dj> = ad v (ad v A) - ad v (ad. v X) , 
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so that ad[ v y ] = ad v o ad v — ad v o ad v , which shows that ad is indeed a Lie algebra rep¬ 
resentation of g (on A*g). Similarly, we obtain the coadjoint representation by taking 
the tangent map of Ad* : G — > End(A*g*) at e, which yields ad* : g — > End(A*g*). 
As above, ad* is for all r£ga derivation of A*g* and ad* is related to ad A by 

(ad*G,Z) = -(G,ad,X) = -(X2,[[x,Z]]) , (5.13) 

for all £2 G A p g* and all X G A p g. 

To finish this section, we shortly discuss invariant multivectors. An element X G 
A*g is said to be Ad-invariant (respectively ad-invariant) if Ad g X = X, for all g G G 
(respectively ad A X = 0, for all x G g). The following lemma relates Ad and ad- 
invariance and gives a useful characterization in terms of the associated infinitesimal 
multivector fields. 

Proposition 5.3. Let G be a Lie group with Lie algebra g, and let X G A*g. 

(1) IfX is Ad-invariant, then X is ad -invariant; 

(2) IfG is connected, then X is Ad-invariant if and only ifX is ad-invariant; 

(3) X is Ad-invariant if and only if*X = it. 

Proof. Let X G A*g. If X is Ad-invariant, then the map G —>■ A*g, defined for 
g G G by g AdgX is a constant map, hence its tangent map is zero, ad A X = 
T e Ad(x)(X) = 0, for all x G g. Conversely, the latter map is locally a constant map 
on G when ad A X = 0 for all x G g; if G is connected, this implies that g i-A Ad„ X is 
a constant map, hence that X is Ad-invariant. This proves (1) and (2). For X G A* g, 
say X G A p g, and for g G G, the equality ^X g = lt g , which can also be written as 

A p {T e L g )X = A p (T e R g )X , 

is equivalent to A p Ad^, X = X, because 


A p Ad^ = A p (T e C g ) = A p (T g R g -i)oA p (T e L g ) = A p (T e R g )~ l o A p (T e L g ) . 

Therefore, 'x g = X g for all y G G if and only if X is Ad-invariant, which is the 
content of (3). □ 


5.1.4 Invariant Bilinear Forms and Invariant Functions 

Let G be a Lie group and let g be its Lie algebra. A bilinear form (• | •) on g is called 
Ad -invariant, if for all g G G and for all x,y G g, 

<Ad^,x| Ad g y) = {x\y) . 


If (• | •) is Ad-invariant, then 


(M]|:y> + (*|[z,.v]> = o, 
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for all x,y,z £ g; a bilinear form on g satisfying the latter condition is called ad- 
invariant. When G is connected, every bilinear form which is ad-invariant is Ad- 
invariant, so the two notions of invariance need not be distinguished. 

We often use a non-degenerate symmetric bilinear form to identify g with its dual 
vector space g*. Non-degeneracy of a bilinear form (• | •) means that the linear map 
X '■ g — ► g*, which sends x £ g to the linear form {x | •): y h-> (x | y) , is an isomorphism. 
Its inverse will be denoted by t//. Explicitly, % is given by 

(x{x),y) = (x\y) = ix{y),x ), 


for all x,y £ g. If (• | •} is moreover Ad-invariant, then for every g £ G and for all 
x,y £ g it follows from the definitions that 

(Ad*(*(*)),}>) = (zM,Ad g -i Ad g - iy ^ 

= (Ad g x|y) = (x(Ad g x),y) , 

so that the following diagram is commutative: 


-> 0 


Ad P 


Ad: 


-+ 0 


(5.14) 


A Lie algebra g, equipped with a non-degenerate symmetric bilinear form (•!•}, 
which is ad-invariant is called a quadratic Lie algebra. 

A function F on g is called Ad-invariant if it is invariant for the adjoint action 
of G on g, i.e., if F(Ad g x) = F(x) for all g £ G and x £ g. Similarly, a function F 
on g* is called Ad *-invariant if it is invariant for the coadjoint action of G on g*. 
The Ad*-invariance of a function F on g* is characterized infinitesimally by 


addtF <3=0, (5.15) 

for all ^ £ g*. Indeed, for z £ g and t, £ g*, 

(ad^ ^ z) = (§ , [z, d^F] ) = - (d^F, ad^ ) = 0 , 

where we used in the last step that g^ =0 F(Ad* xpf , : if;) = 0, itself a direct conse¬ 
quence of the Ad*-invariance of F. If F : g* — > F is an Ad*-invariant function and 
if the bilinear form (• | •} is Ad-invariant, then the commutativity of (5.14) leads for 
every g £ G to 

F ox o Ad^ =F o Ad* ox = F ox , 

so that Fox is Ad-invariant. Similarly, (•!•} is Ad-invariant and F is Ad- 
invariant, then F is Ad*-invariant. Thus, % establishes a one-to-one correspondence 
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between Ad*-invariant functions on g* and Ad-invariant functions on g. For a func¬ 
tion F : g —> F, the Ad-invariance of (• | •) also leads to 



(5.16) 


where W X F := \j/(d x F), for x £ g. It follows that a function F on g is Ad-invariant if 
and only if [V A F,jt] = 0 for all r€g. The proof of (5.16) follows at once from the 
definitions of t//. ad, V and the ad-invariance of (• | •}. 


5.2 Poisson Reduction 

In many geometrical situations of interest, one deals with a quotient of a subman¬ 
ifold of a Poisson manifold, and while the submanifold itself does not inherit a 
Poisson structure from its ambient space (i.e., it is not a Poisson submanifold, as 
in Section 2.2), the quotient does inherit a Poisson structure. The construction of 
such a Poisson structure is called Poisson reduction , while the Poisson structure 
itself is called a reduced Poisson structure. We give in this section necessary and 
sufficient conditions for Poisson reduction: we formulate them first algebraically 
(Section 5.2.1) and then for manifolds (Section 5.2.2). The geometrical picture to 
keep in mind, reading this section, consists of the following manifolds and maps: 


ACM 


(5.17) 


p 


P 


where M = (M, n) is a Poisson manifold, A is a submanifold of M and p is a sub¬ 
mersion. The example to keep in mind is that of a Poisson manifold on which a 
group G acts, a submanifold A which is G-invariant and the quotient P = A/G. We 
will come back to this example in Section 5.4.2. 


5.2.1 Algebraic Poisson Reduction 

We first describe Poisson reduction in purely algebraic terms. Dualizing the dia¬ 
gram (5.17), we consider a Poisson algebra (si, ■, {•, •}), an ideal of (si, •), the 
canonical map K : si —>■ si / and a subalgebra S& of si j JF , as in the following 
diagram: 
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K 

88 £Ls8 jJ 


(5.18) 


We would like to have a Poisson structure {■. • on 88, such that {F. G},^ = 
K ({E,G}) , for every F,G £ 88, where F and G are arbitrary representatives in ,t8 
of F and G. 

Definition 5.4. Let (&/,-, {■, •}) be a Poisson algebra, let 88 be an ideal of (gf,-) 
and let 88 be a subalgebra of s8 / 8?. We say that the triple (s8 ,J8,88) is Poisson 
reducible if there exists a Poisson bracket {•, • } ^ on 88, such that 

{F,G} m = K({F,G}) , (5.19) 


for all F,G £ 88, where F,G are arbitrary representatives of F and G in s8. The 
Poisson bracket {•, - } ^ on 88 is called the reduced Poisson bracket. 

We give in the following proposition a necessary and sufficient condition for a 
triple (s8,J8,88) to be Poisson reducible. For the ideal .8 of (///, •) we denote its 
normalize)- in [s8, {•,•}) by 


^f(/) = {Fe^|{/,F}c/}. (5.20) 

Clearly, ^V(Y) is a Poisson subalgebra of : since {•, •} is a biderivation, jf{Y) 
is a subalgebra of , •), while the Jacobi identity for {•, •} implies that (Y) is 
a Lie subalgebra of (s8, {•, •}). 

Proposition 5.5. Let (sY, ■, {•, •}) be a Poisson algebra, let .8 be an ideal of (V/, •) 
and let 88 be a subalgebra of s8IY. Then (sY, Y ,88) is Poisson reducible if and 
only if the following conditions are satisfied: 

(1) k- 1 {88)C.Y{Y); 

(2) k~ 1 (88) is a Lie subalgebra of [sY ,{• ,•}). 

For F,G £ 88, their reduced Poisson bracket { F, G\ is then given by 

{F,G} sg = K{{F,G}) , (5.21) 

where F and G are arbitrary representatives in sY of F and G. 


Proof. Suppose first that conditions (1) and (2) are satisfied. We wish to define a 
Poisson bracket on 88 by using Eq. (5.21). Let F,G £ 88 and let F, G be representa¬ 
tives in sY of F and G; both F and G are determined uniquely up to an element of .8. 
According to condition (1), F and G belong to ,/V (Y), so their bracket { F, G } is, 
modulo .8, independent of the chosen representatives F and G for F and G. Con¬ 
dition (2) implies that {F,G} £ k^ 1 (88), so that k({/\G}) £ 88. It follows that 
(5.21) defines a map {•, -}^ ■ 88 x 88 —> 88. Since K is an algebra homomorphism. 
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the fact that {•,•} is a skew-symmetric biderivation of s/ implies that {•. ■ },^ is 
a skew-symmetric biderivation of P/. For the Jacobi identity, observe that, for all 
F,G,H £ P/S, (5.21) yields that 

{{F,G} 3S ,H}^ = k({{F,G},H}) 


where F, G and H are arbitrary representatives of F. G and //. The Jacobi identity for 
{■,■}& therefore follows from the Jacobi identity for the bracket {•,•}. We conclude 
that (si, J/, P/P) is Poisson reducible, in particular the reduced Poisson bracket on 
P/S is given by (5.21). 

Suppose now that (///,./ .f/P) is Poisson reducible, so that P/> admits a Pois¬ 
son bracket {•, •}@ which satisfies (5.19). Since F and G are arbitrary elements of 
K~ 1 (P/) , the latter formula implies that K ({ K ~ 1 (PPS) , K~ 1 (P/S) }) C P/, which yields 
condition (2). For arbitrary elements F £ K~ l (PS§) and G £ JP we have from (5.19), 
since K(G) = 0, that ic({F,G}) = 0, so that {k^ 1 (PS§),JP} C JP, which yields 
condition (7). □ 


Notice that since K~ l (SS) is a subalgebra of (■(/,•) and ^V(jP) is a Poisson 
subalgebra of (£/,-,{■ ,•}), the two conditions (1) and (2) in Proposition 5.5 can be 
summarized in the single condition: 

jc _ 1 (^) is a Poisson subalgebra of <s/(jP) . 

Moreover, viewing the canonical map K as a map K : K ] (■'/) —> P/, the for¬ 
mula (5.21) for the reduced Poisson bracket can be simply stated as K being a 
morphism of Poisson algebras, where K ^(P/), which is a Poisson subalgebra 
of. Y(■/), and hence of.(/, is equipped with the Poisson bracket which it inherits 
from s/. 


We next consider Poisson reduction in the setting of affine varieties. We do this 
by replacing each of the algebras in (5.18) by an affine variety, keeping in mind that 
under the basic correspondence between algebras of finite type and affine varieties, 
surjective algebra homomorphisms are replaced by injective maps between varieties 
(with the direction of the arrow being reversed) while injective algebra homomor¬ 
phisms are replaced by dominant maps between varieties, i.e., maps whose image 
is (Zariski) dense in the target variety. We are thus led to consider the following 
diagram, 

N C M 


(5.22) 


P 


where M,N and P are affine varieties and p is a dominant map. 

Definition 5.6. Let N be a subvariety of an affine Poisson variety (M, {•,•}) and let 
p : N —>■ P be a dominant map, where P is also an affine variety. We say that the 
triple ( M,N,P ) is Poisson reducible if there exists a Poisson structure {• ,-} f on P, 
such that, for every n £ N, 
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IF,G} P (p(n)) = {F : G } (n), 

for all F,G £ FF(P) and for all extensions F, G £ FF (M) of Fop and Go p. The 
Poisson structure {•, •} p is called a reduced Poisson structure. 

It is clear from the definitions that a triple of affine varieties (M,N,P) is Poisson 
reducible if and only if the triple of algebras := (M), ^ (P)) is 

Poisson reducible, where ^ denotes the ideal of N. The geometric interpretation 
of the normalizer ,<¥(J?n) of J'n, defined in (5.20), is that 

<yC( J^y) = {Fe^ (M) | 3£f is tangent to N at every point of TV} . (5.23) 

Also, k~ 1 (J?) = k~ 1 (J^ (P)) consists of all functions on M, whose restriction to N 
is of the form //op, for some function H £ .¥(P). It follows that Proposition 5.5 
leads for affine varieties to the following result. 

Proposition 5.7. Let (M, {-,-}) be an affine Poisson variety, let N be a subvariety 
of M and let P be an affine variety. Suppose that p : N —>• P is a dominant map, as 
in diagram (5.22). Then (M,N,P) is Poisson reducible if and only if the following 
conditions are satisfied: 

(1) All Hamiltonian vector fields, which are associated to functions, whose re¬ 
striction to N is of the form Ho p, for some function H £ &{P), are tangent 
to N; 

(2) For every two functions F,G £ FF (P) and for all extensions F,G £ F¥ (M) of 
Fop and Go p to M, there exists a function H £ FP (P), such that | F, G} (n) = 
H{p{n)), for every n £ N. 

In this case, the Poisson bracket of F, G £ &{P) at p{n), where n £ N, is given by 
{F,G} P (p(n)) = {F,G} (n), 

where F and G are arbitrary extensions to M, ofFop and Gap. 

There are two extreme cases of Proposition 5.7. The first one occurs when N = P. 
Comparing Definitions 2.9 and 5.6, one has that ( M,N,N) is defined to be Poisson 
reducible if and only if A is a Poisson subvariety of M\ Proposition 5.7 says that this 
is the case precisely when all Hamiltonian vector fields are tangent to N. Thus the 
equivalence (i) ££ (iii) in Proposition 2.10 is a particular case of Proposition 5.7. 
For the second extreme case of Proposition 5.7, suppose now that N = M. Then 
Proposition 5.7 says that (M,M,P) is Poisson reducible if and only if the Poisson 
bracket of every pair of functions which are of the form Hop, with H £ (P), is 

also of that form. We will see an important particular case of this in Section 5.4, 
where these functions are the invariant functions for some group action. Another 
particular case of Proposition 5.7 is given in the following corollary. 

Corollary 5.8. Let (M, {•,•}) be an affine Poisson variety, let N be a subvariety 
of M and let P be an affine variety. Suppose that p : N —» P is a dominant map and 
that for a function F £ FF(M) the following conditions are equivalent: 
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(i) The restriction ofF to N is of the form Ho p, for some H £ &(P); 

(ii) The Hamiltonian vector field SFp is tangent to N. 

Then (M,N,P) is Poisson reducible. 

Proof. If (i) and (ii) are equivalent, then condition (1) in Proposition 5.7 is clearly 
satisfied. For condition (2), let F,G £ ■ ( P(P) and let F. G £ (M) be extensions of 

Fop and Gop. According to (i) =>- (ii), 3Cp [J?n\ C J?n and fFg [J?n\ C where, 
as before, we denote the ideal of all functions on M which vanish on N by JT N . Using 
the Jacobi identity for {•, •} in the form of Proposition 1.4 (5), it follows that 

^{f,g} C ftp [{G,S n }] + &Q [{F,o/jv}] C ftfp [M + ffg [J? n \ C J?n , 

which implies, in view of (ii) => (i), that the restriction of {U,G} to N is of the 
form Hop, for some H £ &(P). □ 

The sufficient condition for Poisson reducibility, given in Corollary 5.8, is not a 
necessary one. For example, let P and Q be affine Poisson varieties and consider the 
triple (P x qp* Q,P), where P x Q is equipped with the product Poisson structure. 
If Q is of positive dimension (i.e., is not a point), then conditions (i) and (ii) in the 
corollary are not equivalent. However, the triple is reducible, since condition (1) in 
Proposition 5.7 is trivially satisfied, while condition (2) is a consequence of the fact 
that the projection map p 2 : P x Q —> Q is a Poisson map (see Proposition 2.2). 


5.2.2 Poisson Reduction for Poisson Manifolds 


We now turn to the case of Poisson manifolds. The basic setup and the basic defi¬ 
nition are very similar to the case of affine Poisson varieties (Section 5.2.1). First, 
recall that, by definition, a map p:N -A P between manifolds is a submersion if the 
tangent map T n p : T„N —> T p j l ,J > is surjective for every n £ N; in particular, every 
submersion is an open map (it maps open subsets of N to open subsets of P). 


Definition 5.9. Let (. M , {-,-}) be a Poisson manifold, N an (immersed or embedded) 
submanifold of M, P a manifold and p : N —> P a surjective submersion, as in the 
following diagram: 

N C M 


(5.24) 


P 


We say that the triple (M,N,P) is Poisson reducible if there exists a Poisson struc¬ 
ture Up = {•,•}/> on P, such that for all open subsets V C N and U C M, with 
V C U n /V, and for all functions F,G £ .IP (p(V)), one has 

{F,G} P (p(n)) = {F,G}(n), 


(5.25) 
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at all points n of V, where F,G £ J^( U ) are arbitrary extensions of F o p< and 
Gop\ y . The Poisson structure np on P is called the reduced Poisson structure. 

Remark 5.10. Recall from Section 2.2.2 that an immersed submanifold comes with 
its own topology and differential structure, so the open subset V of IV need not be 
of the form U fl N for some open subset U of M. However, when N is an embedded 
submanifold of M, it carries the induced topology from M and the condition in the 
above definition simplifies to: for every open subset U C M and for all functions 
F,G £ p(U nTV)), one has (5.25), for all n £ U fl N, where F,G £ U) are 
arbitrary extensions of F°P\ unN and Gop\ UVN - 

Proposition 5.11. Let (M,{- ,■}) be a Poisson manifold, let N be an (immersed or 
embedded) submanifold of M and let p : N —> P be a surjective submersion onto a 
manifold P. Then (M,N,P) is Poisson reducible if and only if for all open subsets 
V C N and U C M, with V C U C\N, the following conditions are satisfied: 

(1) For every function F £ 5F(U), whose restriction to V is constant on the fibers 

of p, the Hamiltonian vector field is tangent to N at every point ofV; 

(2) For every pair of functions F ,G £ 5P(U) whose restrictions to V are constant 
on the fibers of p, their Poisson bracket {F, G}, restricted to V, is constant on 
the fibers of p. 

In this case, for every open subset V C N and for all n £ V, the Poisson bracket of 
F,G £ fP(p(V)) at p(n) £ P is given by 

{F,G} P (p(n)) = {F,G}(n), (5.26) 

where F and G are arbitrary extensions to a neighborhood of n in M, of F o p\ y 
and Go p i . In particular, the Hamiltonian vector field associated to F is given, 
at p(n), by 

m p(n) =d n p(&p) n . (5.27) 

Proof. We first point out that for an open subset V C N and a function F £ ■ e F(V) 
the following conditions are equivalent: 

(i) F is of the form Hop for some function H £ p(v)); 

(ii) F is constant on all the fibers of p. 

The only thing which is not obvious in this equivalence is the fact that the func¬ 
tion H, constructed in (ii) => (i), is smooth/holomorphic; it is a consequence of the 
implicit function theorem, applied to the surjective submersion p. 

Suppose that (M,N,P) is Poisson reducible. Let V C N and U £M be open sub¬ 
sets, with V C U (IN, and suppose that F £ .'¥(U) is constant on the fibers of p, 
when restricted to V. Then Fi v =Fo p> for some function F £ ■ ( F(p(V)). For an 
arbitrary n £ V and an arbitrary function G, defined on a neighborhood U' of n 
in M, and vanishing on some neighborhood of n in N, we have in view of (5.25) that 
{F,G} (n) = {F,G} P (p(n)) = 0, since G = 0, in a neighborhood of p(n). There¬ 
fore, 5t>p is tangent to N at n, leading to condition (1). Condition (2) follows also 
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from (5.25), because the left-hand side of (5.25) depends only on p{n), i.e., on the 
fiber which contains n, rather than on n itself. 

Suppose now that conditions (1) and (2) hold. For every w G P, we define a skew- 
symmetric biderivation (np) w at w by: for all germs F w , G w at w, 

(n P ) w [F w ,G w ] := n n [F n ,G„) = {P,G} (n) , (5.28) 

where n is an arbitrary point of A for which pin) = w and F n ,G n are germs at n 
of arbitrary functions F,G, defined on a neighborhood of n in M, and satisfying 
F\ v = F o p\ y and G| y = Go p^ s for some neighborhood V of n in A. The right-hand 
side in (5.28) is independent of the choice of n (with pin) = w) because, according 
to (2), the value of |p,G} at points n of V depends on pin) only. Similarly, it 
is independent of the chosen F and G because, according to (7), if G is such that 
G| v = 0 and F is such that pj v = F o p\ y , then {p,G} (n) = 0. Thus np is well- 
defined at every point w G P and it inherits from n the biderivation property at 
each point. We need to show that the bivector field np, defined on P by w K > ( Kp) w 
is smooth/holomorphic. Let w G P, let n G p '(w) and let V be a neighborhood 
of n in N, having the property that every function in ■'¥(V) extends to a function 
in &(U), where U is a neighborhood of V in M. Such neighborhoods V and U exist 
because N is an immersed submanifold of M. For every pair of functions P, G G 
J?(p(V)), we then have, using the equivalence (i)<G>(ii), given at the beginning of 
the proof, that 

{F,G} p op = {F,G} w =Hop, 

for some function H G &(p(V)), in particular {F, G} P G &(p(V)). This shows that 
Kp is a smooth/holomorphic bivector field in a neighborhood of w; since w was 
arbitrary, np is a smooth/holomorphic bivector field on P. In the bracket notation, it 
is given by (5.26), for arbitrary points p(n) in P and for arbitrary functions F and G, 
defined in a neighborhood of p{n) in P. Notice that (5.26) implies that 

{{F,G} P ,H} p {p(n)) = {{P,G} ,77} (n) , (5.29) 

for arbitrary functions F,G,H, defined in a neighborhood of pin), and F. G. H ex¬ 
tensions as before. It follows from (5.29) that the Jacobi identity for {•,•} implies 
the Jacobi identity for {•, •Also, (5.27) is an immediate consequence of (5.26). 
□ 

According to (7) in Proposition 5.11, if ( M,N,P ) is Poisson reducible and F is 
a function, defined on an open subset of M, whose restriction to an open sub¬ 
set V of TV vanishes, then the Hamiltonian vector field is tangent to N at every 
point of V. This motivates the following definition, from which it follows that if 
(M,N,P) is Poisson reducible, then A is a coisotropic submanifold of the Poisson 
manifold ( M,n ). 

Definition 5.12. A submanifold A of a Poisson manifold (M, n) is said to be a 
coisotropic submanifold of M if for every open subset V of A and for every func- 
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tion F, defined on a neighborhood of V in M, and such that F\ Nrv = 0, the Hamilto¬ 
nian vector field Stfp is tangent to N, at every point of V. 

The notion of a coisotropic submanifold generalizes the notion of a Poisson sub¬ 
manifold, since the Hamiltonian vector fields, associated to (local) functions which 
vanish on a Poisson submanifold, are not only tangent to the Poisson submanifold, 
but they actually vanish on it. 

The condition that a submanifold N of a Poisson manifold is coisotropic can be 
stated pointwise. To do this, we introduce, for every m £ M, the linear map nf„ : 
T* n M —> T m M , which corresponds 3 to the bivector n m £ A 2 T„,M, and for n £ N, the 
subspace T„N of T*M, which consists of the annihilator of T n N in T*M, 

TttN := £ T n *M | Vv € T n N, | (v) = 0} . 

By the implicit function theorem, every element of T„N can be realized as the 
differential at n of some function F, defined on a neighborhood of n in M, and whose 
restriction to N vanishes. It leads to the following two pointwise characterizations 
of a coisotropic submanifold. 

Lemma 5.13. Let N be a submanifold of a Poisson manifold (M,n). The following 
conditions on N are equivalent. 

(i) N is a coisotropic submanifold; 

(ii) For every n £ N, K n (TfN. T^N) = {0}/ 

(iii) For every n £ N, nf,(T^N) C T n N. 

Similarly, the stronger condition that all Hamiltonian vector fields 3fp are tangent to 
the fibers p n := p~ l {p{n)) of the surjective map p : N —y P can be stated as follows: 
for every n £ N, 

n l( T n N ) C T nPn . 

In the following proposition we show that for a triple ( M,N,P) as above, if all the 
tangent spaces T„p n are spanned by Hamiltonian vector fields which come from 
functions which vanish on N, then (M. N. P) is Poisson reducible. 

Proposition 5.14. Let (M, n) be a Poisson manifold , N an (immersed or embedded) 
submanifold of M and let p : N -A P be a surjective submersion with connected 
fibers. If 

4 (Tj-N) = T nPn (5.30) 

for every n £ N, then N is a coisotropic submanifold of M and (M,N,P) is Poisson 
reducible. 


3 Our sign convention is that n} n (d m H)[F\ = n m [H m ,F,„\ = {H,F} (m), for all functions F and Ft, 
defined on a neighborhood of m. 
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Proof. Notice first that in view of (iii) => (i) in Lemma 5.13, /V is a coisotropic 
submanifold of M. To show that (M, N. P) is Poisson reducible, we verify both con¬ 
ditions (1) and (2) in Proposition 5.11. 

(1) The skew-symmetry of n n , combined with (5.30), yields that nl(T t ^-p n ) C T n N , 
for every n £ N. It implies that the Hamiltonian vector field of every function, de¬ 
fined on a neighborhood of n in M, whose restriction to N is constant on the fibers 
of p, is tangent to N , which is condition (1). 

(2) Let U C M and V C N be non-empty open subsets, with V C UC\N. Let F.G £ 
&(U) be two functions whose restrictions to V are constant on the fibers of p. We 
show that the restriction of {F,G} to V is constant on the fibers of p. Let n £ V 
and v £ T n p n be arbitrary. Then v can be extended, on a neighborhood of n in M, 
to a Hamiltonian vector field, which is tangent to the fibers of p. Indeed, by (5.30), 
there exists a function H on a neighborhood U' C U of n in M, whose restriction 
to V' := V (T U' is zero, with {3Fp) n = — n^(d„H) = v. Since H is zero on V', its 
Hamiltonian vector field 3fp is indeed, again by (5.30), tangent to the fibers of p at 
every point of V'. It follows that the function S£g[F] is zero on V', because FL is 
constant on the fibers of p. By (5.30), {.Ftp [F ]. G } vanishes on N (recall that G is 
also constant on the fibers of p). Similarly, { JB/j [G], F} (n) = 0. Using the Jacobi 
identity, it follows that 

v[{F,G}] = afp [{F,G}] (n) = {& a [F],G} (n) + {F, ^[G]} («) = 0 . 

Since n £ N and v £ T n p n are arbitrary, the restriction of { F. G } to each connected 
component of p n (T V is constant. Notice that, since p„ D V i s not necessarily con¬ 
nected, we cannot conclude from it that the restriction of {F, G} to every fiber of p 
is constant. However, there is a function FI on p 1 (/?(!/)), which agrees with {F, G} 
at every point of V and which has the same property of being constant, when re¬ 
stricted to each fiber p n , where n £ V; since each fiber p„ is connected, we can 
conclude that {F, G} is constant, when restricted to the fibers of p. In order to con¬ 
struct //, let n be an arbitrary point of p Hp(V)). Since F is constant on the fibers 
of p, its restriction to V is of the form Fop* for some function F. On a small neigh¬ 
borhood U" of n in M we can construct an extension Fq of F o p\ where V" is a 
neighborhood of n in N, with V" C U" D N. Similarly, we construct Go from G. It 
follows from (5.30) that // := {/'!). Gq } is at points of V" independent of the chosen 
extensions, hence leads to a well-defined function on p _1 (p(L)), which coincides 
with {F, G} on V. Moreover, it follows as earlier in this proof that H is constant on 
the fibers of p. This proves the existence of //, with the announced properties, hence 
achieves the proof. □ 

Remark 5.15. Let N be a coisotropic submanifold of a Poisson manifold (M. n). 
Assume that the dimension of nl{T^N) is independent of n £ N. According to 
Lemma 5.13, a distribution is defined on N by assigning to every n £ N the sub¬ 
space Kn{T^~N) of T n M. This distribution is differentiable, because it is locally de¬ 
fined by the Hamiltonian vector fields which correspond to local functions on M 
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which vanish on N. For functions F. G, defined on an open subset U of M, and 
vanishing on N , their commutator XX-c] = .'SC r.o\ i s the Hamiltonian vector 
field of the function { F, G}, which vanishes on N; indeed, {/•’. G} = 3Fg [ F] vanishes 
on N because F is constant on N (in fact, it vanishes on N ) and SFq is tangent to N 
(since N is coisotropic). Thus, XFg\ belongs to the distribution and the latter is 
integrable in the sense of Frobenius. If the space P of leaves of this distribution is a 
manifold, then the conditions of Proposition 5.14 hold, so that (M,N,P) is Poisson 
reducible and P inherits a Poisson structure from (M, n). 

Remark 5.16. It is instructive to write down the conditions of Poisson reducibility 
in terms of a well-chosen system of local coordinates for the ambient manifold. It 
leads to an expression for the Poisson matrix of the reduced Poisson structure in 
terms of the Poisson matrix of the initial Poisson structure. 

Let (M,1V,P) be three manifolds with N CM a submanifold of M, and p : /V —> P 
a surjective submersion. For simplicity, we assume that N is an embedded subman¬ 
ifold. We define s,t and u by 

s:=dimP, s + t := dimiV, s + t + u := dimM . 

Let n be an arbitrary point of N and let (xj .... ,x v ) be an arbitrary coordinate system, 

defined on a neighborhood of p(n) in P. For i = 1......y, choose an extension Jr, 

of x, op to a neighborhood of n in M. Then there exist on a neighborhood of n 
in M functions yi,. ,.,y t and zi,---,z u , such that (xi,... ,x s ,yi,... ,y t ,zi, ■ ■ ■ ,z u ) is a 
coordinate system for M in a neighborhood U of n, and such that N(1 U is given by 
the equations z\ = • • • = z u = 0. 

Let n be a Poisson structure on M. The Poisson matrix X of n with respect to the 
coordinates x \,... ,x s ,yi,... ,yt,Zi, ■ ■ ■ ,z u (in that order) is given by the block matrix 

(A B C\ 

X = -B r D E 
\-C T —E J F ) 

where A, D and F are square matrices of size s, t and u respectively. Each of the 
blocks A, B. C,... is a matrix-valued function on U, whose restriction to U fl N 
is denoted by Ai^, Bi n , C\ N .... We summarize the conditions related to Poisson 
reducibility, expressed in terms of the Poisson matrix X, in Table 5.1. 

The proof of each one of the lines of the table is a direct consequence of the 
definitions. To start with, IVfl U is coisotropic in U C M if and only if every Hamil¬ 
tonian vector field 3Fg, with G a function on U which vanishes on N n U, is tangent 
to N at every point of /V n U. Since /V n II is the zero locus of the local coordinates 
Zi,...,z s , this happens if and only if the Hamiltonian vector fields SC Zl are tangent 
to IV D U at every point of N(1 U for all i = u, i.e. if and only if 3F Zi [zj] (V) = 0 
for all i,j= 1 ,...,s and n’ C NC\U. This is equivalent to saying that = 0. 

Let us explain the second line in the table. Condition (1) in Proposition 5.11 
demands that the Hamiltonian vector field SFq is tangent to N for every function 
G whose restriction to N is of the form Go p for some function G defined in a 
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Table 5.1 A summary of the conditions related to Poisson reducibility, expressed in terms of the 
Poisson matrix X. 


Condition 

Poisson matrix 

A is a coisotropic submanifold 

^=° 

Condition(l)inProposition5.11 

C\ N =p\ N = o 

Condition (2) in Proposition 5.11 

A| w depends only on x \,... ,x s 

(M,N,P) is Poisson reducible 

C\ n =F\ n = o 

Am depends only on Jci,... ,x s 

Condition (5.30) in Proposition 5.14 

C\ n =F\ n = 0 

Rk(£ (j n')) = t for every n' 6 N fi U 


neighborhood of p(n) in P. It implies that the Hamiltonian vector fields associated 
to the functions x \,... ,x s , zi, ■ ■ ■, z u are tangent to N, hence that Cm = CL = 0. The 
inverse implication follows from the fact that if the restriction of a function G to N 
is constant on the fibers of p, then this restriction is independent of the coordinates 

yt 

For the third line, condition (2) in Proposition 5.11 is tantamount to saying that 
the functions {x,-,Xj}, restricted to U Cl/V depend on the functions xi,...,x s only; 
in terms of the Poisson matrix X, this condition amounts to saying that Am depends 
only on Jti,... ,x s . 

The fourth line follows from the second and third lines, because (. M,N,P ) being 
Poisson reducible means precisely that conditions (1) and (2) in Proposition 5.11 
are satisfied. 

For the last line in the table, condition (5.30) in Proposition 5.14, which states 
that 7fJ (T» = T n p n for every n£N, implies that condition (1) in Proposition 5.11 
is satisfied, so that Ci N = Fi n = 0. It also implies that, at every point n! € IV fl U, the 
u columns of the matrix E, which represent the Hamiltonian vector fields of the 
functions zi,...,z«, generate a space of dimension f, namely the tangent space of 
the fiber of p through n!. 

When ( M,N,P) is Poisson reducible, Am depends only on the variables xi, ...,x s , 
so that there exists a matrix-valued function A, such that A op = A^. In view of 
(5.26), the Poisson matrix of the reduced Poisson structure on P, expressed in terms 
of the local coordinates x \,... ,x s , is precisely the matrix A. 
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5.3 Poisson-Dirac Reduction 

We saw in Section 2.2 that if {si , -, {•, •}) is a Poisson algebra and y is a Poisson 
ideal of {si , •), then si I J 1 inherits a Poisson algebra structure from si . As we will 
show in this section, si I J 1 may inherit a Poisson structure from si under weaker 
conditions; we then say that the Poisson structure on si I J? is obtained by Poisson- 
Dirac reduction. For Poisson manifolds it amounts to obtaining a Poisson structure 
on a submanifold, which is not a Poisson submanifold. 


5.3.1 Algebraic Poisson-Dirac Reduction 

Let {si,-,{- , •}) be a Poisson algebra and let -P be an ideal of (si. ■). Consider the 
composition of algebra homomorphisms 

/(/) c -> si -— (5.31) 

y 

where we recall from Section 5.2.1 that sY{y) is the normalizer of y, 

JP{y) :={F £ si \ {F,y} C y} , 

which is a Poisson subalgebra of si. The kernel of the composite map in (5.31) is the 
Poisson ideal sV(y) ny of AP{y). It follows that jV( y)/{sV{y) <iy) is itself 
a Poisson algebra. Notice that it is isomorphic to a subalgebra of si/ J ?, although 
the latter is not a Poisson algebra, in general. It leads to the following definition. 

Definition 5.17. Let {si, -, {•, •}) be a Poisson algebra. An ideal y of {si,-) is said 
to be a Poisson-Dirac ideal if one of the following equivalent conditions holds: 

(i) The natural inclusion of algebras JV{JP) / {AP{y) IT J?) si/ J? is an iso¬ 

morphism; 

(ii) The composition of algebra homomorphisms jP{ J>) ’-y si si j y is sur¬ 
jective; 

(iii) i + sV{J ! )=si. 

The three conditions in the definition are clearly equivalent. Condition (i) implies 
that si I i is a Poisson algebra, isomorphic to ,/L {J?) / {^{ji) IT y), as stated in 
the following proposition. 

Proposition 5.18. Let J? be a Poisson-Dirac ideal of a Poisson algebra {si, •,{•,•}). 
Then si j JP has a unique Poisson bracket which makes the surjective morphism 
sV{y) si —>• si/into a morphism of Poisson algebras. This bracket is said 
to be obtained by Poisson-Dirac reduction. 

When y is a Poisson-Dirac ideal, the different Poisson algebras which appear in 
Poisson-Dirac reduction can be summarized in the following commutative diagram, 
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(y) C - > £/ 



(5.32) 


where all maps are morphisms of Poisson algebras, except (in general) for the 
canonical projection K : sF —» srf / J?. 

We now consider Poisson-Dirac reduction for affine Poisson varieties. Suppose 
that N C M is a subvariety of an affine Poisson variety (M, {•, •}). We denote the 
ideal of N (in y(M)) by Recall from (5.23) that ,rV (.^v) consists of all func¬ 
tions on M whose Hamiltonian vector field is tangent to N. Translating (ii) of Defi¬ 
nition 5.17 into geometrical terms, leads to the following definition. 

Definition 5.19. Let (M, {•, •}) be an affine Poisson variety. A subvariety /V CM is 
said to be a Poisson-Dirac subvariety if every function on N is the restriction of a 
function on M whose Hamiltonian vector field is tangent to N. 

Thus, a subvariety N is, by definition, a Poisson-Dirac subvariety if and only if its 
ideal is a Poisson-Dirac ideal. In view of Definition 5.17 this leads to other, al¬ 
gebraic, characterizations of Poisson-Dirac subvarieties and Proposition 5.18 shows 
that a Poisson-Dirac subvariety inherits a Poisson structure from its ambient Pois¬ 
son variety. That is the content of the following proposition. 

Proposition 5.20. Let N be a Poisson-Dirac subvariety of an affine Poisson variety 
(M, {•, •}). There exists a unique Poisson structure {•,-} N on N such that, for every 
F,G € y (N), their Poisson bracket is given by 

{F,G} W = {F,G}| W (5.33) 

where F ,G are arbitrary extensions ofF,G to M, whose Hamiltonian vector fields 
and SFq are tangent to N at all points of N. In particular, every Hamiltonian 
vector field on {N,{- ,-} N ) is the restriction, to N, of a Hamiltonian vector field 
on (M, {■ , •}). The Poisson structure {•, ■ } iV is called a reduced Poisson structure. 

Remark 5.21. Suppose that A is a Poisson-Dirac subvariety of an affine Poisson 
variety (. M , {-,•}). Then the subalgebra of &(M) may not be finitely gen¬ 

erated, and therefore may not be the algebra of functions on some affine variety. 
However, when jFf J^v) is finitely generated, then the commutative diagram (5.32) 
leads to the following commutative diagram of affine varieties 
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£ N «- M 



A 


where J2n, respectively is the affine variety, whose algebra of regular functions 
is respectively D J'n)- All maps in this diagram are 

Poisson maps, except (in general) for the inclusion A ^4 M. 

We have seen in Section 2.2 that if A is a Poisson subvariety of a Poisson variety 
(M, {•, •}), then for every function F on M, which vanishes on A, the Hamiltonian 
vector field S£f vanishes at every point of A. For Poisson-Dirac subvarieties a sim¬ 
ilar, but weaker, property holds. 

Proposition 5.22. Let (M, {•, •}) be an affine Poisson variety and let N be a Poisson- 
Dirac subvariety, whose ideal is denoted by J^v. Let If the Hamiltonian 

vector field A tangent to N at some point n £ N, then it vanishes at that 
point, {3fp) n = 0. In other words, Ham„(j4) FI T n N = {0 } for every n £ N, where 
Ham„(j4) = ) n I F £ J4} is the vector space of Hamiltonian vectors at n, 
which come from elements of J<V 

Proof. Let F £ and let n £ N. Suppose that Sfip is tangent to N at n, which 
means that .3F/.-[G\ (n) = 0, for every G £ J^n- We wish to show that = 0. If 

H £ then H can be written as H\ 4- IF with H\ £ ,jF v and H 2 £ ,/L (■JL N ), 

since J^y is a Poisson-Dirac ideal (condition (iii) in Definition 5.17). By the above, 
3b'F[H\\(n) = 0, while [Hjfn) = {H 2 ,F} (n) = 0, since H 2 belongs to the nor- 
malizer of . Therefore, Iff- \H]{n) = 0 for every H £ J F(M), which means that 

(3fp)n = 0 . □ 

To finish this section, we write a Poisson matrix for the reduced Poisson structures, 
obtained by Poisson-Dirac reduction. Assume that A is a Poisson-Dirac subvari¬ 
ety of an affine Poisson variety (M, {•,•}). As before, the ideal of N is denoted 
by and its normalizer by -yY There exist generators F\ .... . F s ,G \...., G, 
of M) with every F t belonging to and every G,- belonging to to 

construct such generators one can for example start from generators H 1 ,..., H s for 
&{M) = ^F(jL N ) + J? N and decompose every //, as Fj + G,-, with Ff £ 
and G, £ . In terms of the generators F\.... .F^.G \, G,, the Poisson matrix of 

(M, {-,-}) is a 2 x 2 block matrix 



where 


Aij = {Fj,Fj} , B ik = {Fi,Gk} , Dy : = {G k ,G(}, 


for 1 ^ i,j ^ 5 and I k.t f t. Since A is a Poisson-Dirac subvariety, the functions 
F\,..., F s , restricted to A, generate J^(A). Also, the Poisson matrix of (A, {•,-} N ), 
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in terms of these generators, is given by the matrix A, with entries ,4,- ; = { /•), Fj } ^, 
where 1 i, j f ,y; indeed, the Hamiltonian vector fields of F\..... /•’ are tangent 
to N at every point of N, hence we can use these functions in (5.33) to compute 
the Poisson brackets |/y| w , Fj^ j . Note also that all entries of B belong to 

hence vanish on N\ see Proposition 5.25 below for a converse in the differential- 
geometrical context. 


5.3.2 Poisson-Dirac Reduction for Poisson Manifolds 

Let N be an (immersed or embedded) submanifold of a manifold M. Given a point 
n in N and a function F. defined on a neighborhood W of n in N, a local extension 
of F at n is a triple (F, U,V) where 

(1) U C M is a neighborhood of n in M; 

(2) V C (W fl U) C IV is a neighborhood of n in N ; 

(3) F G &(U) is a function such that F\ v = F\ y . 

The relation between the different subsets and maps is represented in the following 
diagram: 



Every function F, defined on an open subset of N, admits a local extension at every 
point of its domain of definition. 

Definition 5.23. Let (M, {•, •}) be a Poisson manifold and let N be an (immersed or 
embedded) submanifold of M. We say that /V is a Poisson-Dirac submanifold of M, 
if for every n G N, every function F. defined in a neighborhood of n in N. admits a 
local extension ( F,U,V) at n, such that ffp is tangent to N at every point of V. 

Note that, in particular, a Poisson submanifold TV of a Poisson manifold (M, {•,•}) is 
a Poisson-Dirac submanifold, since all Hamiltonian vector fields are tangent to N. 

We show in the following proposition that every Poisson-Dirac submanifold in¬ 
herits a Poisson structure from its ambient Poisson manifold. 

Proposition 5.24. Let (M, {•,•}) be a Poisson manifold and let N be a Poisson- 
Dirac submanifold of M. There exists on N a unique Poisson structure {■,-} N such 
that, for all open subsets V G N and U C M with V C U, for every function F,G G 
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&(U) whose Hamiltonian vector fields are tangent to N at every point ofV, and for 
every n £ V, we have 

{F,G} N (n) = {F,G}(n), (5.34) 

where F,G £ ^(V) are the restrictions of F,G to V. In particular, locally, every 
Hamiltonian vector field on N is the restriction to N of a Hamiltonian vector field 
on M. 

Proof. For every n £ N, we define a skew-symmetric pointwise biderivation 
by its values on germs F n ,G n at n, 

(n N ) n (F n ,G n ):={F,G}(n), (5.35) 

where the right-hand side is constructed as follows: 

• Choose functions F and G, defined in a neighborhood of n in N, with germs 
Fn ■ Gf\ at n , 

• Choose local extensions ( F,U,V) and (G, U,V) of F and G at n, such that the 
Hamiltonian vector fields 3Fp and SFq are tangent to N, at every point of V. 

We have to check that this definition makes sense: a priori, the right-hand side 
of (5.35) depends on the choice of representatives F and G of the germs F„ and G„, 
and on the choice of local extensions (F,U,V) and (G, U ,V). The Hamiltonian vec¬ 
tor field ,'Z'q is tangent to N at every point of the subset V of N, so that ■':iFg\F](n) 
depends only on the restriction of F to V, and therefore depends only on the germ F n 
of F at n. Hence 

{F,G} («) = 3f G [F}{n) = -3f P [G\{n) 

depends only on the germs F n and G„, as was to be checked. 

We may now define a bivector field 7pv = {•, -} N on N by its value on every pair 
of functions F, G, defined on an open subset V of N, setting 

{F.G} n [n) := {7t N ) n {F n ,G n ) = {F,G} (n), (5.36) 

for every n £ V. To check that the bivector field is smooth/holomorphic, notice that 
the above extensions (F,U,V) and (G.U.V) are local extensions of F and G at 
every r! £ V, with Hamiltonian vector fields tangent to N at every point of V, so 
that (5.36) is not only valid for n, but for every n' £ V. Since the right-hand side of 
(5.36) is a smooth or holomorphic function of n, and since F and G are arbitrary 
functions, we can conclude that the bivector field Kn is also smooth or holomorphic 
(on V, hence on N). 

Let, as above, F,G,H be three functions, defined on an open subset U of M, 
assume that their Hamiltonian vector fields are tangent to N at every point of an open 
subset V of N, and let F, G. H denote their restrictions to V. The Hamiltonian vector 
field of {F, G} is tangent to N, at every point of V, since ff^p = — [SFp, 3F(f\ 

(item (5) in Proposition 1.4). As a consequence, ({.F,G} ,G,y) is a local extension 
of {F, G} v at n, whose Hamiltonian vector field is tangent to N at every point of V, 
hence 
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{{F,G} w ,ff} w (n) = {{F,G}, £}(«), 


(5.37) 


for every n £ V , so that the Jacobi identity for the bracket {•, ■} v follows from the 
Jacobi identity for {•, •}. □ 

In order to give a geometrical characterization of Poisson-Dirac submanifolds 
(Proposition 5.25 below), we express the Poisson bivector on a Poisson manifold 
in terms of local coordinates which are adapted to the Poisson-Dirac submanifold. 
To do this, let (V be a Poisson-Dirac submanifold of a Poisson manifold (M, n). and 
let n £ N. We denote the dimension of M by d and the dimension of N by ,v. There ex¬ 
ists a coordinate chart (U .x) of M, adapted to N, and centered at n, such that the vec¬ 
tor fields 3£ x j,..., 3tf Xs are tangent to /V, at every point of an open subset V of U n N, 
which contains n. In order to construct such local coordinates, one may start from an 
arbitrary coordinate chart (U,y) of M, adapted to N at n, and centered at n; since N is 
a Poisson-Dirac submanifold, each of the functions yi^, • • ■ ,y s \ N can be extended in 
a neighborhood of n, to produce the above functions x \,... ,x s , with the stated prop¬ 
erty, and supplemented with the remaining functions x s +i := y s+ i .... ,x,j := y^ they 
form the required coordinate chart, after possibly shrinking the neighborhoods U 
and V of n. 

Since the vector fields 3£ x x 3£ Xs are tangent to N, at every point of V, all the 
functions {x L ,Xj} = n[xj,Xj] = —3>xi\xj] vanish on V, for 1 ^ i ^ s < j ^ cl. For 
every point n! £ V, the Poisson structure n, at n!, is therefore given by: 



where Xij{n!) := { x,,Xj } («'), for 1 ^ i < j ^ d, and where the first sum is the re¬ 
duced Poisson structure at n. Equation (5.38) implies that, in well-chosen local co¬ 
ordinates, the Poisson matrix of n at points of N takes a block-diagonal form. We 
show in the following proposition that this fact characterizes Poisson-Dirac sub¬ 
manifolds. 

Proposition 5.25. Let (M. k) be a Poisson manifold of dimension d and let N be a 
submanifold ofM. Then N is a Poisson-Dirac submanifold ofM if and only if there 
exists for each n £ N a coordinate chart (U,x) of M. adapted at N, and centered 
at n with the following property: if the Poisson matrix X := ({ jc/ , JCy }) of tt in 

terms of these coordinates is written in block form 



where A has size s := dim A', then there exists a neighborhood V of n in U C\N, 
such that B(n') = 0 for every n' £ V. Moreover, when these equivalent conditions 
are satisfied, then the Poisson matrix of the reduced Poisson structure Kn on N is 
given, in terms of the above coordinates x\\ y ,... ,x s \ v , on a neighborhood ofn in N, 
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Proof. We start with the stated characterization of a Poisson-Dirac submanifold. By 
the above, every Poisson-Dirac submanifold admits indeed such an adapted coordi¬ 
nate chart, for each n £ A. For the inverse implication, let n £ A and assume that a 
coordinate chart (U,x) of M is given, adapted at A, and centered at n. Let V denote 
the corresponding open subset of A which contains n, and on which xu v ,... ,x s \ v 
are local coordinates for A. Suppose that the Poisson matrix of {•, •} in terms of 
the coordinate chart (U,x) takes a block-diagonal form at every point n' in a neigh¬ 
borhood of n in A, as in (5.38). Let F be a function, defined in a neighborhood 
of n in A and let F := Fop, where p : U —> V is the projection map, associated 
to (U,x). Then (F, U, V) is an extension of F at n. Since the coordinate expression 
of F on (77, xj depends on the first s variables xi,...,x s only, the Hamiltonian vector 
field 3£p, associated to F, takes at points n! in a neighborhood of n in A the form 



so it is tangent to A at n'. According to Definition 5.23, this shows that A is a 
Poisson-Dirac submanifold. 

We can use these coordinate charts to compute the Poisson matrix of the re¬ 
duced Poisson structure on A. Indeed, on a neighborhood V of n in A, the functions 



xi\ v ,...,x s \ v are local coordinates on A and their Poisson brackets 


can, according to Proposition 5.24, be computed as {x,-,Xy}| y . It follows that, in 
terms of these coordinates, the Poisson matrix of the reduced Poisson structure is 
the matrix A, restricted to V. □ 

We give in the following proposition a description of the symplectic leaves of a 
Poisson-Dirac submanifold. 

Proposition 5.26. Let (A, 7r,y) be a Poisson-Dirac submanifold of a Poisson mani¬ 
fold (M, n) and let n £ N. Denoting by y n (N), respectively the symplectic 

leaf of (N,71 n), respectively of(M,n). which contains n, the symplectic leaf S^ n (N) 
is the connected component ofN D 5P n ( M ) which contains n. 

Proof Let n £ A and let n' £ 7?),(A). By the definition of the symplectic leaf , r / n (N), 
passing through n, this means that there exists a piecewise Hamiltonian path y for 71,y 
with endpoints n and n! (recall from Section 1.3.4 that a Hamiltonian path is by 
definition an integral curve of a Hamiltonian vector field). Since A is a Poisson- 
Dirac submanifold of M, every function F on A admits at every point n' in its domain 
of definition a local extension (F,U,V), whose Hamiltonian vector field 3Ep is equal 
to 3s'f on V. Since the image of y is compact, it can be covered by finitely many such 
local extensions, and y is therefore a piecewise Hamiltonian path for n. It follows 
that 


y„(A)cy„(M)nA. 


(5.39) 


Let be the connected component of ..T), (/VT) fiA containing n £ A. Since .'/ n (N) is 
a connected set, (5.39) implies the stronger inclusion ■l/' n (N) C 77 We need to prove 
that y n (N) = 
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To do this, let (U,x) be local coordinates in a neighborhood of n £ A, which 
are adapted to the Poisson-Dirac submanifold, as in (5.38). For every function 
F £ J P(U), the Hamiltonian vector field ffp of F, with respect to {•,•}, and 
the Hamiltonian vector field 37f of its restriction F = ff £ &(V), with respect 
to {•, -} N , are related at n! £ V by 



In particular, the tangent vector in T n /M belongs to T n /N if and only if it is 

equal to (,2i/.j n /. Since, by Theorem 1.30, the tangent space of a symplectic leaf at 
a given point n' is the space of all Hamiltonian vectors (,3(/.')„/ at n!, an element in 
T n ,y n {M) belongs to 7’,,/A if and only if it belongs to T n ij7 n (N). In short, we have, 
for all ri £ y n {N), 

T n ,y„(N) = T n ,y n (M) n T n ,N . (5.40) 

In general geometrical terms, (5.39) and (5.40) say that we have three submanifolds 
M 0 , M\ and Mi of M, such that 


MoCMiflM 2 and T mo M 0 = T mo M\ n T mo M 2 , 


for all mo £ Mq. According to the implicit function theorem, there exist in this case 
neighborhoods Uq,Ui and U 2 of mo in Mq, M\ and Mi respectively such that Uq = 
U\ fl U 2 . In particular, there is a neighborhood of mo in M\ DM 2 , which is contained 
in Mq. Applied to (5.39) and (5.40), this means that S? n {N) is an open subset in . 
Let us show that SP n (A) is also a closed subset of c to. Let n' be a point in the closure 
of -7 J n ( N ) in 7. There is, for the above reasons, an open subset IT of contained in 
5 fi n i(N). Since W has a non-empty intersection with y n (N), the symplectic leaves 
5 ( N ) and 5 fi n i ( N ) coincide, so that in particular n' £ (JV), i.e., J7 n (A) is a closed 

subset of 7?. In conclusion, <!7 n (N) is, for every n £ N, an open and closed subset 
of 'if, the connected component of ,7 n (M) UN, which contains n. □ 


We now explain how to compute the Poisson matrix of a Poisson structure obtained 
by Poisson-Dirac reduction out of the Poisson matrix of the Poisson structure on the 
ambient space. According to (5.34), if xi,...,x s are functions whose Hamiltonian 
vector fields are tangent to A, at every point in a neighborhood V of n in A, and 
such that their restrictions xi,... ,x s to V are local coordinates for A, then the matrix 




is the Poisson matrix of {• ,-} N with respect to the coordinates 


xi,...,x s . We show in the following proposition how to construct such functions and 
we derive from it an explicit formula for the latter Poisson structure. 


Proposition 5.27. Let (M, n) be a Poisson manifold and let A be an s-dimensional 
submanifold of M. Suppose that (U,x) is a coordinate chart of M, adapted to A 
and centered at some point n £ A. Let V denote an open subset ofN, containing n, 
having the property that (a'i^, ... ,Xj| v ) is a system of local coordinates on V. LetX 
denote the Poisson matrix 1<; . . <d of n with respect to these coordinates. 
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We write X in the block form 


X = 



B 

D 


where A and D are square matrices, of size s, respectively d — s, while B has size 
s x {d — s). If the matrix D(ni) is invertible for every m £ U, then 

(1) V is a Poisson-Dirac submanifold of {M, n); 

(2) The Poisson matrix X^ of the reduced Poisson structure on V is given, at 
n' £ V, by 

X N (ri) =A{n')+B{n')D{n!)- l B(n') T . 

Proof. We write the above coordinates xi ,.... xj as x\,..., x s , y \,y t , where t := 
d — s, and we consider on U alternative coordinates (V,/) = (x[,... ,x' s ,/j,... ,yj), 
defined by 



where C is a matrix which we will determine. These alternative coordinates are 
also adapted to N, since x! t — x, vanishes on V, for i — I.... ..y. We determine C by 
demanding that the .v Hamiltonian vector fields are tangent to N at every point 

of V. This means that (d n iyj, j ^ = 0 for all 1 ^ i ^ s, 1 ^ j ^ t and n' £ V, 

where (•, •) stands for the canonical pairing between T*,M and T n /M. Using the fact 
that, for all F,G £ &(V), we have that {fXpc) n i = F(n') (fTc),,, at every point n' 
of N where the function G vanishes, we find that 


d n'Vj, faX,) = ( d "W»(<®*)»'} ~ E C *(”') ( d »'. V A («*»)„»> 

k— 1 

= {ypXi} («') - E («') 

k= 1 

= (-B + CD) ij (n r ), 


which is zero, precisely if we choose C := BD 1 . According to Proposition 5.25, V 
is a Poisson-Dirac submanifold of M and the Poisson matrix of the reduced Poisson 


structure on V C N is given by the matrix 
compute as above, 



whose entries we 


{AJj} («') = '[•*;■](«') = -3fy[xj](ri) = j*/- '£c ik y k ,x j 'j («') 

j(n') + t C ik {n')B[j{n') = (a + CZ? T ) .. (»') . 


= A: 


k= 1 
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Since C = BD 1 , the Poisson matrix of the reduced structure is given on V by A + 

bd-'b 7 . □ 


5.3.3 The Transverse Poisson Structure 


Let (M, n) be a Poisson manifold and let m € M be a point where the rank of n is 2 r. 
Suppose that are splitting coordinates, defined on a 

neighborhood U of m in M, and centered at m. According to Weinstein’s splitting 
theorem (Theorem 1.25), this means that, on U, 


d d 

^ = —+ s 

dc li d Pi 1^5 


A 

ozk 


d_ 

dzi ’ 


where the functions tpy are (smooth or holomorphic) functions, which depend on 
Z = (zi,... ,z s ) only, and which vanish when z = 0. In view of Definition 5.23, the 
embedded submanifold N of M, defined by 


N := {m £ U | qi(m') = p\(m') = • • ■ = q r {m') = p r {m') = 0} 


is a Poisson-Dirac submanifold of M. According to Proposition 5.20, the reduced 
Poisson structure 7t,v on N is given by 


Kn= X Mz}^-, 

l ^k<e^s " Zk " Zf - 


with the understanding that (z.\ , • • •, Z s ) stands for the restriction of (zi ,..., Zs) to N. 
The submanifold N of M which appears in the latter example is transverse at m 
to the symplectic leaf y m through m, since T m N CD T m S^ m = T m M. Recall that two 
submanifolds N and O of a manifold M are said to be transverse at a point m £ M if 
m £ NDO and T m N + T m O = T m M\ when N and O have complementary dimension 
in M, this is equivalent to T m N@ T m O m = T m M. The following theorem states that, 
in a neighborhood of m in M, every submanifold of M of dimension dim A, which 
is transverse to at m, is in a neighborhood of m a Poisson-Dirac submanifold 
of M and is isomorphic, as a Poisson manifold, to a neighborhood of m in N. 

Theorem 5.28. Let ( M , n) be a Poisson manifold and let m£ M. The rank ofn at in 
is denoted by 2 r. Suppose that qi,...,q r ,pi,...,p r ,zi,...,Z s are splitting coordi¬ 
nates, defined on a neighborhood U ofm in M, and centered at m. We denote by No 
the Poisson-Dirac submanifold ofM, defined by 


No := {m' £ U \ q\ (, m' ) = p\(in') = ■■■ = q r (m!) = p,(m') = 0} . 

Let Ni C M be an arbitrary s-dimensional submanifold ofM, transverse at m to the 
symplectic leaf 5P m of n which contains m. Then there exists a neighborhood Vo ofm 
in No and a neighborhood Vi ofm in N\, such that 
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(1) V\ is a Poisson-Dirac submanifold ofM; 

(2) There exists a Poisson dijfeomorphism between Vo and V\, where Vo and V\ 
are both equipped with their reduced Poisson structure as Poisson-Dirac sub¬ 
manifolds ofM. 


Proof. Let qi,... ,q r ,pi,.. .,p r ,zi, ■ ■ ■ ,Z S be splitting coordinates, centered at m, de¬ 
fined on a neighborhood U of m in M. On U, the Poisson structure n is given by 


± d d 

n = 2j^- A ^- 

i= i dqi d pi 


(5.41) 


where n' = St A ^ is a P°i sson structure on U , whose structure 

functions (fty depend only on the variables z = (zi,- ■ -,Z S ) and vanish for z = 0. 
These coordinates are adapted to the symplectic leaf 29 m , since .9 m is defined on U 
by z = 0. Consider an arbitrary s-dimensional submanifold N\ of M, transverse at m 
to the symplectic leaf -9' m of n , and of dimension s — dim /Vo. Since N\ is of codi¬ 
mension 2 r in M, N\ is in a neighborhood of m in M given as the intersection of 2 r 
hypersurfaces 

Hi(q,p,z) = ■■■ =H 2r {q,p,z) =0 . (5.42) 

Since N\ is transverse to .'/' m at m, these hypersurfaces are transverse to . : / m at in 
and their tangent spaces have T m N\ as their common intersection. By the implicit 
function theorem, applied to (5.42), there exist functions F\,...,F r ,G\,..., G r , such 
that N\ is, in a neighborhood of m, given by 


qi = Fj{z\,. 


Pi = Gi{zi,...,Zs) , 

for i = 1,..., r. Letting 



CC 

1 

II 


p'i ■= Pi-Gi(zi,...,z s ), 

it follows that (q\ ..... <f r .p \,. 

..,p' r ,Zl,. 

.. ,z s ) is in a neighborhood U' C U of m 


a coordinate system for M, adapted to both submanifolds N\ and .9' m . Since n' 
vanishes at m, 

WvP'j} ( m ) = Si.j, {q'i,q'j} (rn) = {p'i,p'j} (rn) = 0 , 

where {•,•} := n and 5, ; stands for the Kronecker delta. As a consequence, the 
matrix 



II 

■'-5 




is invertible for every m! in a neighborhood of m in M. It proves, in view of Propo¬ 
sition 5.27, that some neighborhood Vi of m in N\ is a Poisson-Dirac submanifold 
of M, which is the content of (1). 



5.3 Poisson-Dirac Reduction 


145 


The proof of (2) uses some of the objects which were constructed in the first 
part of the proof, namely the open neighborhood U' of m in M and the functions 
Fi,Gi,...,F r ,G r which are defined on U'. Consider the product manifold U' x F, 
which we equip with its product Poisson structure (the Poisson structure on F is 
trivial because F is one-dimensional). The splitting coordinates which we have con¬ 
structed on U', plus the natural coordinate on F which we denote by T, yield coor¬ 
dinates on U' x F. We define on U' x F the following 2 r functions 

Qi ■= qt - t Fi(z \, • • • ,z s ) and P { := p t - tG,-(zi, .. .,z s ) , 

where i = 1,..., r. For x G F, their common zero locus is denoted by N' x , 

N' x := {m £ U' | Qi(m', x) = Pi(m', x) = 0 for 1 < i ^ r} . 

Letting x vary between 0 and 1 allows us to relate the Poisson-Dirac submani¬ 
folds Nq and N ]; precisely, N' 0 = (No fl U') x {0} and N[ = (N\ Cl U') x {1}, so 
that Nq and N( can be identified as Poisson manifolds with open neighborhoods 
of m in No and in A) respectively. We construct a Poisson vector field F on U’ x F, 
whose time 1 flow yields a diffeomorphism between N' {) and N [, at least in a neigh¬ 
borhood of in x {0}; under the above identification, this diffeomorphism is a Poisson 
diffeomorphism between a neighborhood of m in Nq and a neighborhood of m in N \, 
equipped with their reduced structure, because the reduced Poisson structure on a 
Poisson-Dirac submanifold (of U', or equivalently of U' x F) is uniquely defined. 
The construction of the Poisson vector field "F with the stated property will therefore 
prove (2). 

The vector field "V is chosen of the form Y = + SFu, where // is a function 

which will be specified below. This choice ensures that V is a Poisson vector field 
on U' x F, since 3t~u is a Hamiltonian vector field on U'. The Hamiltonian H is 
chosen as 

r r 

H '= 'Z l A i{^^u---,Zs)Qj+^Bj(x,Zh...,Zs)Pi, (5.43) 

j= i 7=1 

where the functions A ; and Bj are solutions to the linear system 
( i A j{Q i ,Qj} + iB j {Q i ,Pj}=F i , 

{ V i=l,...,r. (5.44) 

I A j {P i ,Q j } + J j B j {P i ,P j }=G i , 

{ 7=1 7=1 


Since 


{Qi, Qj} {rn , x) = {Pi,Pj} (in, x) = 0 , {Qi,Pj} (m, ?) = bj , 

for all 1 ^ i. j F r and for all X £ If 1 ’, this linear system has a unique solution, which is 
defined on a neighborhood U" x W of m x [0,1] in U' x F, and which is smooth. No¬ 
tice that since all coefficients in (5.44) are independent of the coordinates p, and q,. 
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the functions Aj and Bj depend only on zi,.... z s and T. Moreover, these functions 
vanish at (m, 0) for all t, since the functions F t and G, vanish at m. The integral 
curve of Y, starting from (m, 0) is therefore defined for all t GW, being given by 
It follows that by eventually shrinking U" to a smaller neighborhood of m 
and W to a smaller neighborhood of [0,1], we may assume that the flow 0, of 'V is 
well-defined on U" x {0} for all t GW. 

It remains to be shown that the time 1 flow 0\ of V sends U" x {0} to a neigh¬ 
borhood of (m, 1) in N\. Consider the submanifold jV of U" x W. defined by the 
common zeros of the functions Q, and P,, 

jV := {(, m , T)GU"xW\ Qi(m, t) = Pi(m!, t) = 0 for 1 < i < r} . 

The vector field Y is tangent to ../L, since, 

Y[Qi] K, t) = ^ (m", T) + STslQi] K, T) = F^m") - F^m") = 0 , 

d T 

and similarly “V [Z 5 ,-] (m ", t) = 0, for all (m", t) G jV and all i = 1,..., r. The time 1 
flow of Y maps U" x {0} to a neighborhood of (m. 1) in U' x {1}. Since it pre¬ 
serves , it maps (No HU") x {0} to a neighborhood of (. m, 1) in Ah x {1}, as was 
to be shown. □ 

It follows from Theorem 5.28 that all .^-dimensional submanifolds which are trans¬ 
verse to the symplectic leaf which contains m, are isomorphic as Poisson manifolds 
in a neighborhood of m, when they are equipped with their reduced Poisson struc¬ 
ture. 

We show in the following proposition that all .v-dimensional submanifolds which 
are transverse to a given symplectic leaf of M are isomorphic as Poisson mani¬ 
folds in a neighborhood of their intersection point with S?, when they are equipped 
with their reduced Poisson structure. 

Proposition 5.29. Let ( M , n) be a Poisson manifold and let Y be a symplectic leaf 
of(M, n). We denote the dimension of Y by 2r and we let s \= dimM — 2r. Assume 
that we are given: 

(1) Two points m,m' which belong to Y; 

(2) Two s-dimensional submanifolds N and N' of M, which are transverse to 
at m and at m! respectively. 

Then there exist neighborhoods V and V' ofm and m! in N and N' respectively, such 
that: 

(1) V and V' are Poisson-Dirac submanifolds of (M, n); 

(2) Equipped with their reduced Poisson structure, V and V' are isomorphic as 
Poisson manifolds. 

Proof. Let m and m' be two points of M which belong to the same symplectic leaf 
2Y of (M,n). By definition, such points can be joined by a piecewise Hamiltonian 
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path. It is therefore sufficient to prove the proposition for points m and m! which 
can be joined by a Hamiltonian path. Assume therefore that U is an open subset 
of M, that H is a function on U and that the flow 0, of 9'n is defined for t in a 
neighborhood of [0,1] and for all points of U, with in particular 0\ (m) = m!. Since 
0 t is the flow of a Hamiltonian vector field, 0\ is a Poisson diffeomorphism be¬ 
tween a neighborhood U of m and a neighborhood 0\{U) of 0\ (m) = in'. Since 
01 preserves the Poisson structure, it sends the symplectic leaf ,9 through m to the 
symplectic leaf ,9 through 0\ (m); moreover, since 0\ is a diffeomorphism, it sends 
every submanifold, transverse to £9 at m, to a submanifold transverse to -9 at m', 
and 0\ realizes a Poisson diffeomorphism between them, when both are equipped 
with the Poisson structure which they inherit from (M, n) as Poisson-Dirac subman¬ 
ifolds. Since we know from item (2) of Theorem 5.28 that the transverse Poisson 
structure is independent of the chosen transversal through a given point, this shows 
in addition that the transverse Poisson structure is independent of the chosen point 
on a given symplectic leaf of (M, n). □ 

Theorem 5.28 and Proposition 5.29 motivate and justify the following definition. 

Definition 5.30. Let S? be a symplectic leaf of a Poisson manifold ( M,n ). Let N 
be an arbitrary submanifold of M, transverse to .9 at some point m £ ,9, and let n' 
denote the reduced Poisson structure, which is defined on a neighborhood of m in N. 
The germ of n' at m is called the transverse Poisson structure to -9. 

We have seen two particular situations in which one constructs a (natural) rep¬ 
resentative of the transverse Poisson structure to a symplectic leaf G9 in a Pois¬ 
son manifold (M, n). The first one is Weinstein’s splitting theorem (Theorem 1.25), 
which allows us to write n in terms of splitting coordinates on a neighborhood of a 
point m G ,9 as 


i d_ d_ 

~j dq t A dpi 


X few 


d 

dzk 


A 


d 

dze ’ 


(5.45) 


where the functions (j)^ are (smooth or holomorphic) functions, which depend on 
Z= (zi,... ,z s ) only, and which vanish when z = 0; in this case, the second sum in 
(5.45) is a Poisson structure, which is a representative for the transverse Poisson 
structure to the symplectic leaf 5?, while the first sum in (5.45) yields the canonical 
Poisson structure on the symplectic leaf 9 J . This shows that the decomposition of 
Poisson structures, which appears in Weinstein’s splitting theorem, is unique. The 
second situation is when one selects a submanifold N of M, which is transverse to 
the symplectic leaf .9 ; in this case. Theorem 5.28 says that A is in a neighborhood V 
of the intersection point {m} := .9 IT N a Poisson-Dirac submanifold of (.M , n) and 
the reduced Poisson structure on V is a representative for the transverse Poisson 
structure to the symplectic leaf SP. 
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5.4 Poisson Structures and Group Actions 

Poisson manifolds often come with symmetry groups which lead, in favorable cases, 
to new Poisson manifolds. If a Lie group G acts on a Poisson manifold, preserving 
the Poisson structure, then there are three natural constructions which lead to new 
Poisson manifolds: 

• By Poisson reduction, the quotient M/G, assumed to be a manifold, inherits a 
Poisson structure; 

• By Poisson-Dirac reduction, the set of fixed points of the action, assumed to be 
a manifold, inherits a Poisson structure; 

• By Poisson reduction, the action yields a Poisson structure on certain quotients 
of the fibers of the momentum map, assuming that the latter map exists. 

Similarly, such new Poisson structures arise in the case of an affine Poisson variety, 
when an algebraic group is acting. As indicated in the three items above, this section 
is an application of the previous sections, in the particular case of a Poisson manifold 
(or affine Poisson variety) upon which a group is acting. 


5.4.1 Poisson Actions 

There are two natural types of actions of a group on a Poisson manifold or on a 
Poisson variety, as given in the following two definitions. 

Definition 5.31. Let G be a group and let (M, n) be an affine Poisson variety or 
a Poisson manifold. We say that an action ^ : G xM-hI1 preserves the Poisson 
structure when, for every ggG, the map Xg : M —x M, defined for all m £ M by 
X g (m) := Xi8i m )> is a Poisson map. 

Definition 5.32. Let G be a group acting on M, where M and G are either one of the 
following: 

• (M,{-,-}) and G = (G,{-,-} g ) are affine Poisson varieties and G is an affine 
algebraic group; 

• (M, {-,-}) and G = (G, {•, -} G ) are Poisson manifolds and G is a Lie group. 

Then we say that the action is a Poisson action when the action map ^:GxM->M 
is a Poisson map, where GxA/is equipped with the product Poisson structure. 

WhenG x M — x M is a Poisson action and the Poisson structure on G is trivial, then 
the product bracket {•, -} G xm at ( gi m ) G G x M reduces, in view of (2.12), to 

{Fox,Gox} GxM (g,m) = {F°Xg,G°X s } ( m ) , 

so that a Poisson action is in this case precisely an action preserving the Poisson 
structure. In general, however, a Poisson action does not preserve the Poisson struc¬ 
ture. 
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In this section, we show that a Poisson action GxM-iM leads to a Poisson struc¬ 
ture on the quotient space M/G and we give conditions on a G-invariant subvariety 
N of M, which lead to a Poisson structure on N/G. The following proposition gives 
sufficient conditions for M/G to inherit a Poisson structure from M and G. 

Proposition 5.33. Let % : G x M —> M be a group action, where either one of the 
following is satisfied: 

(1) (M, {•,•}) and (G, {•, -} G ) are affine Poisson varieties, with G being a reduc¬ 
tive algebraic group; 

(2) ( M , {•, •}) and (G, {•, -} G ) are Poisson manifolds, with G being a Lie group, 
and the action is proper and locally free. 

If X is a Poisson action, then M/G carries a unique Poisson structure such that the 
canonical projection p : M -£ M/G is a Poisson map. 

Proof. In the case of an affine Poisson variety, M/G is an affine variety. According 
to Proposition 5.7, in which (1) is automatically satisfied, ( M.M.M/G ) is Poisson 
reducible as soon as the G-invariant functions on M form a Lie subalgebra of .fP{M), 
in formulas 

|^(M) g ,^(M) g | C &(M) g . (5.46) 

We show that (5.46) is a consequence of the fact that % is a Poisson action. To 
do this, first notice that a function F £ ■'P(M) belongs to ■'¥ (M) G if and only if 
%*F = p*F where p 2 : G x M —> M is the projection onto the second component. 
Thus, if F, G £ fP (M) G , then the fact that % is a Poisson map implies that 

X*{F,G} = {x*F, X *G} G xM = {p* 2 F,p* 2 G} GxM =p* 2 {F,G} , (5.47) 

where we used in the last step that p 2 is a Poisson map (see Proposition 2.2). This 
shows, in view of the above characterization of G-invariant functions, that { F, G} £ 
&(Mf. Hence, -fP (M) G is indeed a Lie subalgebra of (M, {•, •}), which achieves 
the proof for the case of affine Poisson varieties. 

In the manifold case, M/G is a manifold since the action is proper and locally 
free. Functions which are defined on open subsets of M are constant on the fibers 
of p : M —y M/G if and only if they are G-invariant. Therefore, ( M,M,M/G ) is, 
in view of Proposition 5.11, Poisson reducible if and only if the Poisson bracket 
of every pair of G-invariant functions, defined on an arbitrary open subset of M, 
is G-invariant. This is checked precisely as in (5.47), taking for F and G arbitrary 
functions, which are defined on an open subset of M. □ 

In applications, one often considers the quotient of a G-invariant 4 subvariety or 
submanifold N of M and while N does not inherit a Poisson structure from M, the 

4 Saying that N is G-invariant means that x{g> n ) £ N for every (g, n) 6 G x N. 
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quotient N/G does. This is the content of the following generalization of Proposi¬ 
tion 5.33, which is proved in exactly the same way as a direct application of Propo¬ 
sition 5.7 in the case of an affine Poisson variety, and of Proposition 5.11 in the case 
of a Poisson manifold. 

Proposition 5.34. Let x '■ Gx M —> M be a group action and let N be a G-invariant 
subset of M; denote by p : N —> N/G the quotient map. Suppose that either one of 
the following is satisfied: 

(1) ( M , {■,•}) and (G, {•, -} G ) are ajfme Poisson varieties, with G being a reduc¬ 
tive algebraic group, and N is an affine subvariety of M; 

(2) ( M , {•, •}) and (G, {•, -} G ) are Poisson manifolds, with G being a Lie group, 
N is a submanifold ofM and the action of G on N is proper and locally free. 

Suppose that, in addition, the following conditions hold: 

(1) X is a Poisson action; 

(2) For every function F, whose restriction to N is G-invariant, the Hamiltonian 
vector field > s tangent to N; it suffices that this property holds for F £ 

(M) in the affine variety case, but it is required to hold for F defined on 
arbitrary open subsets in the manifold case. 

Then N/G carries a unique Poisson structure {•, -}/v/ G such that for every open 
subset V of N/G and for every pair of functions F,G £ J^(V), and for all n £ 

p~Hv), 

{F,G}(n) = {F,G} N/G (p(n)), 

where F and G are arbitrary extensions of F o p and Go p to an arbitraiy open 
subset ofM. 


5.4.3 Fixed Point Sets as Poisson-Dirac Submanifolds 

In this section we show that, under some general assumptions, if a group action on 
a Poisson variety or manifold leaves the Poisson structure invariant, then the fixed 
point set of the action is a Poisson-Dirac subvariety or submanifold. We do this in 
the case of a finite or linear algebraic group, acting on an affine variety; see the end 
of this section for the case of Lie groups acting on manifolds. 

Let G be a finite group or linear algebraic group, acting on an affine variety M. 
We write both Xg( m ) and g m f° r the action of g £ G on m £ M, while the induced 
action on F £ J &(M) is denoted by t jf g (F), as in (5.4). We denote the algebra of 
invariant functions by J^( M ) G , 

J?(M) g = {F£ &{M) | v f g {F) = F for all g £ G} , 

and we denote the fixed point set of x by L/*', 
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M G := {m £ M | gm = m for all g £ G} . 


In order to describe the algebraic structure of M G , consider for a fixed g £ G the 
regular map 


L g \M^MxM 
m i —y ( m,gm) . 


(5.48) 


Then M G = fj L 1 (A), where A is the diagonal of M x M, 

geG 


A := {(m,m) \ m £ M} . 

Thus, the group action leads to a natural ideal J?(M G ) of ■'¥ (M), consisting of 
functions which vanish on M G , namely the ideal of generated by the func¬ 

tions L*(jF A ), where ■ '/ A is the ideal of all regular functions which vanish on A; for 
i = 1,2, if we denote by p,: M x M —> M the canonical projection on the f-th compo¬ 
nent, then is the ideal of J^(M x M), generated by all functions p\{F) — p%(F), 
where F £ It follows that the ideal ,f (M G ) is generated by the set of all 

functions of the form F — \j/ g (F), where g £ G and F £ .‘F(M). Notice that although 
the algebraic subset which is defined by (the common zeros of the elements of) 
J?(M g ) coincides with M G , the latter ideal is in general neither prime nor reduced. 

Proposition 5.35. Let G be a finite group or an algebraic group, acting on an affine 
Poisson variety (M, {■, •}). If the group action presents the Poisson structure, then 
&(M) g is contained in the normalizer JFM G )) of J* (M G ). As a consequence, 

if 

3P(M) g + J(M g ) = JF(M) , (5.49) 

then J’ (M g ) is a Poisson-Dirac ideal of 

Proof. Let F £ &( M) G be a G-invariant function. For all G £ .fF ( M) and all g £ G, 
we have 

{F,G- ¥g (G)} = {F, G} - {i tr g (F), %(G)} = [F. G} - ¥g ({F, G}) , 

where we used in the last step that every map y/ g is a morphism of Poisson algebras. 
Since .f(M G ) is generated by all functions of the form G— i/A.fG), with g £ G and 
G € &(M), the inclusion (M) G , y (M G )} C JF(M G ) follows, i.e., fF(M) G is 
contained in the normalizer of y(M G ). In view of (iii) in Definition 5.17, .f (M G ) 
will be a Poisson-Dirac ideal of &(M) if ^(M) G + J^(M G ) = & ( M). □ 

We consider two particular cases of the above proposition, which both lead to the 
result that the fixed point set of the group action is a Poisson-Dirac subvariety. We 
first consider the simpler case in which G is a finite group. 

Proposition 5.36. Let G be a finite group, acting on an affine Poisson variety 
(M, {•,•}). If the action preserves the Poisson structure, then the fixed point set 
M g is a (not necessarily irreducible) Poisson-Dirac subvariety of(M, {•,•}). For 
F,G £ SF ( M g ), their reduced bracket is given, at n £ M G , by 
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{F,G } m g («) = 777TT X {%i(^),Vfe(G)} («) = 7777 X {%(^),G} («) 

gi,g 2 eG l°I^G 

where F,G £ &(M) are arbitrary extensions ofF, G. 

Proof. By averaging the action over the group, one constructs a linear projection 
p : &(M) —> ^(M) g ; explicitly, p(F) is given, for F £ &(M), by 

p(F) : = X Vg^) . (5-50) 

l G l geG 

where |G| stands for the order of the group G. Since 

F -p{ F ) = T^'L{F-Vg(F)), 

l G l geG 

it is an element of J f {M G ), which shows that J^{M) G + JF(M G ) = &(M). In view 
of Proposition 5.35, it follows that J?(M G ) is a Poisson-Dirac ideal of 
Since G is finite, the (dual) action of G on &(M) is completely reducible, so that 
the ideal J^(M G ) is the ideal of all regular functions, vanishing on M G , so that M G 
is a (not necessarily irreducible) Poisson-Dirac subvariety. According to (5.33), the 
Poisson-Dirac bracket of two functions F,G £ -iP (M G ) is given, at n £ M G , by 
{F, G} m g (n) = { F. G } (n). where F and G are arbitrary G-invariant extensions of 
F and G to M. Let F and G be arbitrary extensions of F and G to M. Clearly, the 
G-invariant functions p (F) and p (G) coincide with F and G on M G , so we can take 
F := p(F) and G := p(G), to compute 

{FjG} m g (n) = |p(F),p(G)} (ft) = X {Y'gi(> ? ).Vfe(G)}(n) ) 

for all n £ M G . Since G — p (G) £ (M G ). the latter line can also be written as 

{F,G} m g (n) = {p(F),G} (n) = £ {%(^).G} (n), 

geG 

for all n £ M G . □ 

As a general principle in invariant theory, results which hold for the action of a 
finite group, acting on an affine variety, can be extended to the action of a reductive 
group, acting on an affine variety, by replacing the above averaging operator with 
the Reynolds operator (see [190]). It leads to the following result. 

Proposition 5.37. Let G be a reductive group, acting on an affine Poisson variety 
(M, n). If the action preserves the Poisson structure, then the fixed point set M G is 
a (not necessarily irreducible) Poisson-Dirac subvariety of (M, n). 


For a differential geometric analog of the proposition, see [54, Th. 2.1]. 


5.4 Poisson Structures and Group Actions 

5.4.4 Reduction with Respect to a Momentum Map 
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Let G be a Lie group, with Lie algebra 0. Suppose that G is acting on a Poisson 
manifold (M,n). It is natural to demand that the fundamental vector fields x, with 
x £ g, are Hamiltonian. It leads to the following definition. 

Definition 5.38. Let G be a Lie group acting on a Poisson manifold (M,n). The 
action is said to be a Hamiltonian action if there exists a Lie algebra homomorphism 


P ■ 9 &(M) 

X —> fix 

such that the following diagram is commutative: 

fl -» X’(M) 

-a. 

m , 

■x 

&{M) 


(5.51) 


(5.52) 


where the horizontal arrow is the map x i-a x, and where we recall that —3£ is a 
morphism of Lie algebras (see (5) of Proposition 1.4 and (1.7)). We call p a co¬ 
momentum map of the action. The dual map. 


p :M 0* 

m i-A p(m) , 


(5.53) 


where p (m) £ g* is the linear map x p x (in), is said to be a momentum map of the 
action. 

We show in the following proposition that, under some assumptions, the orbit space 
/i” 1 (0)/G inherits a Poisson structure from M. 

Proposition 5.39. Let G be a connected Lie group and let (M, n) be a Poisson man¬ 
ifold. We assume that G acts locally freely and properly or: M and that the action is 
Hamiltonian. Let /i denote a momentum map of the action. IfO is a regular value of 
p, then 

(1) p ~ 1 (0) is an embedded submanifold ofM, invariant under the action of G; 

(2) p ~ 1 (0) /G is a manifold; 

(3) The triple (M , p~ 1 (0), p ~ 1 (0)/G) is Poisson reducible. 

The different spaces involved in the theorem are represented in the following dia¬ 
gram: 
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P~ l (0) C -1 M 

p (5.54) 

M _1 (0)/G 

Proof. Let us denote N := p~ l (0). It is an (embedded) submanifold of M since 0 is 
a regular value of p . We claim that, for every igg, the vector field x is tangent to N. 
Indeed, N is precisely the zero locus of the vector space of functions { p y \ y £ g}, 

N = P| {m £ M | p y {m) = 0} , 

yes 

and this vector space is invariant for all vector fields x, since, 

X [Ay] r ^'px [Ay] {A x j Ay} A[y,y] > 

where we have used in the last step that p is a Lie algebra homomorphism. As 
a corollary, since G is connected, N is G-invariant. The quotient space N/G is a 
manifold because the action of G on M is locally free and proper. This proves (1) 
and (2). 

In order to prove (3), we check that the assumptions of Proposition 5.14 are 
satisfied. The fibers of the canonical projection p : N —> N/G are connected, since G 
is connected. Therefore, we only need to verify that (5.30) holds, i.e., that 

4{TnN) = T nP n (5.55) 

for every n £ N, where we recall that p n is the fiber of p which passes through n. 
Since 0 G g* is a regular value for the momentum map /r, the space T„N is, for 
every n £ N, given by 

Tj-N = {d„Av | * G g} . 

Since ni{d n p. x ) = — (^a I ) = x n , this means that 

nl{T„N) = {x„ | x £ g} = T n p n , 

which proves (5.55), and hence that (0)/G) is Poisson reducible. 

□ 

Remark 5.40. Let G be a reductive algebraic group, acting on an affine variety M. 
Then one can define as in the case of a Lie group, acting on a manifold, the funda¬ 
mental vector field x for all r£g, the Lie algebra of G. If M is equipped with a Pois¬ 
son structure, one can define the notion of a momentum map as in Definition 5.38. 
The algebraic version of Proposition 5.39 takes then the following form: let G be a 
reductive algebraic group, acting on an affine Poisson variety (M, n). If the action is 
Hamiltonian with momentum map p. then p 1 (0) is G-invariant and p 1 (0)/G is 
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a Poisson variety with respect to a Poisson structure obtained by Poisson reduction 
from the diagram (5.54). In order to prove this, one uses Proposition 5.7 instead of 
Proposition 5.14. 

Remark 5.41. Also, one can generalize Proposition 5.39 and obtain a Poisson struc¬ 
ture on /i -1 (|)/G^ for every regular value t, £ g* of /i, where (A is the sub¬ 
group of G, defined in terms of the adjoint action Ad : G x g -> g, by := 
{g £ G | 4 o Adj, = ^ }■ See [144] for this and for other generalizations. 


5.5 Exercises 

1. Let G be a Lie group, with Lie algebra g. For r £ A 2 g, show that the following 
are equivalent: 

(i) is a Poisson structure on G; 

(ii) V is a Poisson structure on G; 

(hi) M] = o. 

Show that, when these equivalent conditions are satisfied, the Poisson structures T* 
and V are compatible. For r of the form r = x A y, where x,y € 0 , show that these 
conditions are satisfied if and only if x and y span a Lie subalgebra of g. 

2. Let M be a manifold on which a Lie group G acts. For jc £ g, the Lie algebra 
of G, denote by x the fundamental vector field, associated to x. Let r = X; i x t A y, £ 
A 2 g, satisfying Jr, r]] = 0 and consider the bivector field r := X?= i x i Ay; on M. 

a. Show that r is a Poisson structure on M; 

b. Prove that the action of (G, — "T ) on (M, r) is a Poisson action; 

c. Suppose that M is a vector space and the action of G on M is a representation. 
Show that r is a quadratic Poisson structure (see Section 8.2). 

3. Let Mi and Mi be Poisson manifolds and endow M\ x Mi with the product Pois¬ 
son bracket. Show that for every m\ £ M\ (respectively mi £ Mi), the submanifold 
{mi} x M 2 (respectively M\ x {mi}) is a Poisson-Dirac submanifold of M\ x Mi. 

4. Let M be a Poisson manifold, and let A be a Poisson-Dirac submanifold of M. 
Suppose that y is a Poisson vector field on M, which is tangent to N at every point 
of N. Show that the restriction of "V to A is a Poisson vector field. 

5. Let P and M be Poisson manifolds and let (!) : P —x M be a submersive Poisson 
map. Let A be a submanifold of M. 

a. Show that if A is a coisotropic submanifold of M, then </> “ 1 (A) is a coisotropic 
submanifold of P; 

b. Show, by giving a counterexample, that if A is a Poisson-Dirac submanifold 
of M, then (j) 1 (A') need not be a Poisson-Dirac submanifold of P. 
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6. We assume in this exercise that the reader is familiar with the notion of sym- 
plectic manifold (see Section 6.3). Let (. M , ft)) be a symplectic manifold, and denote 
by n the canonical Poisson structure, associated to ft). Let N be a submanifold of M. 
Show that the following are equivalent: 

(i) N is a Poisson-Dirac submanifold of ( M , n)\ 

(ii) The restriction of ft) to N is non-degenerate. 

Conclude that for symplectic manifolds the notions of symplectic submanifold and 
Poisson-Dirac submanifold coincide. 

7. We assume in this exercise that the reader is familiar with the Lie-Poisson struc¬ 
ture on the dual of a Lie algebra (see Chapter 7). Let g be a finite-dimensional 
Lie algebra and let g = g^ ® m be a vector space decomposition of g, where 
g? := {x £ g | ad* q = 0} denotes the centralizer of an element q £ g'\ We consider 
the affine subspace N := | -I m of g*. which is isomorphic to g|, via the affine 
map X, which is defined, for all rj £ N, by x(V ) := (fi — |)| fl . 

a. Show that, if m satisfies [g?,m] C m, then /V is a Poisson-Dirac submanifold of 
g*, equipped with its Lie—Poisson structure, and the reduced Poisson structure 
on N is isomorphic to the Lie-Poisson structure on g|, via / ■ 

b. As an example, consider g = gl^(F), let x £ g and let £ £ g* be the linear map, 
defined by q (y) := Trace(xy), for ally £ g. Show that if vis diagonalizable, then 
there exists a complementary subspace m of g<e in g, such that [g^,m] C m. 

8. Let (M, {•,•}) be a Poisson manifold and let N be a submanifold of M. We 
endow J^(M)[v]/v 2 with the structure of an F[v]-algebra, defined by 

F * v G := FG + v {F,G} 

for all F, G £ :!F(M) (see Exercise 8 of Chapter 3, where this product is proven to 
be associative). Suppose that 

O : &{M)[v}/v 2 x <?{N)[v]/v 2 -> ^(A)[v]/v 2 

defines the structure of a left module over the F[v] -algebra (^(M)[v]/v 2 ,* v ) on 
^(A^)[v]/v 2 , satisfying 0(F,H) = F\ N Fl (mod v) for every F £ &(M) and for 
every FI £ J F(N). Let a : &(M) x &(N) —> &(N) be the bilinear map, given for 
all F £ ,^(M) and H £ .^(N) by 

0(F,H) —F\H 

o(F,H)= lw . 

v v=0 

a. Show that a satisfies the identity 

{F,G}\ n H = o(F,G 1n H)-<7(FG,H)+F 1n o(G,H) 

for all F, G £ &{M) and H £ &{N); 

b. Deduce from it that A is a coisotropic submanifold of M. 


(5.56) 
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5.6 Notes 

Lie groups and Lie algebras are standard tools in geometry and in physics; in turn, 
the study of their structure and their representations is strongly inspired by ideas 
which come from geometry and physics. A quick introduction to Lie groups is given 
in Warner [198]; see Bump [29] for a more extensive treatment. For the theory of 
Lie algebras, we refer to Humphreys [99]. A great introduction to both Lie groups 
and Lie algebras and their representation theory is given in Fulton-Harris [80]. 

The starting point of reduction theory comes from the fact that integrals of motion 
permit to eliminate degrees of freedom in Hamiltonian systems. One may cite here 
Noether’s theorem, which is the predecessor of the notion of momentum map and 
the theory of Dirac constraints, which eventually led to the notion of Poisson-Dirac 
reduction. The modern, geometrical development of these ideas first appears in the 
seminal papers by Sniatycki-Tulczyjew [184], Meyer [148] and Marsden-Weinstein 
[146]. See Kosmann-Schwarzbach [114], Weinstein [199] and the introduction of 
Ortega-Ratiu [160] for more details on the history of the subject; in the latter in¬ 
troduction one also finds a detailed list of topics in the theory of moment maps and 
reduction. 

In our presentation of reduction, we have separated the Poisson reduction of 
coisotropic submanifolds from the theory of reduction of Poisson-Dirac subman¬ 
ifolds, which are both particular cases of the so-called Marsden-Ratiu reduction 
procedure [144]. The notion of momentum map, presented here, has also been gen¬ 
eralized in many different ways, see for example Alekseev-Malkin-Meinrenken [9] 
for Lie group valued momentum mappings and Lu [133] for Poisson-Lie group val¬ 
ued momentum mappings. These generalizations and their associated reduction can 
be nicely understood with the help of Lie groupoids, see Xu [208]. 

We have not discussed the geometry of the image of a momentum map (which is, 
under some assumptions, a convex polytope). See Guillemin [91] and the references 
therein. 



Part II 
Examples 



Chapter 6 

Constant Poisson Structures, Regular 
and Symplectic Manifolds 


Poisson’s original bracket on R 2r , given for smooth functions F and G by 



is of fundamental importance in classical mechanics, in quantum mechanics and in 
other areas of mathematical physics. In fact, locally, the Poisson structure of ev¬ 
ery symplectic manifold of dimension 2 r is of this form, and symplectic manifolds 
appear as phase spaces of many mechanical systems. The rank of the Poisson struc¬ 
ture defined by (6.1), is maximal at every point; if we replace maximality of the 
rank by constancy of the rank (i.e., the rank is independent of the point) we arrive at 
the notion of a regular Poisson structure. Locally the Poisson structure of a regular 
Poisson manifold is also given by (6.1), but 2 r denotes now the rank of the Poisson 
structure, and not the dimension d of the manifold, which may be larger: there are 
d — 2r local coordinates which are absent in the formula for the bracket. Notice that 
the Poisson bracket (6.1), applied to a pair of coordinate functions, always yields 
a constant function: this will be the starting point of the algebraic definition of a 
constant Poisson structure. In fact, the Darboux theorem (Theorem 1.26) shows that 
regularity of the Poisson structure corresponds locally exactly to constancy of the 
Poisson structure (in an appropriate coordinate chart). 

Constant Poisson structures are introduced in Section 6.1, and they will be re¬ 
lated to regular Poisson manifolds in Section 6.2. The particular class of symplectic 
manifolds will be discussed in Section 6.3. Entire (excellent!) books have been writ¬ 
ten on symplectic manifolds, so we will restrict ourselves here to the most common 
classes of examples of symplectic and regular Poisson manifolds, and our focus will 
be on their properties from the Poisson point of view. 

Unless stated otherwise, F is an arbitrary field of characteristic zero. 


C. Laurent-Gengoux et al., Poisson Structures, 

Grundlehren der mathematischen Wissenschaften 347, 

DOI 10.1007/978-3-642-31090-4.6, © Springer-Verlag Berlin Heidelberg 2013 
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6 Constant Poisson Structures, Regular and Symplectic Manifolds 


6.1 Constant Poisson Structures 


Poisson’s original bracket on R 2r , defined by 


{F,G} 


^ fdFdG dGdF\ 
“t \ dq, dp, dqidpi) 


( 6 . 2 ) 


has the property that the Poisson bracket { F. G} of two linear functions F and G is a 
constant function on R 2 '". This property leads to the following definition, which will 
cover a first class of basic examples of Poisson structures. 

Definition 6.1. A Poisson structure n on a finite-dimensional vector space V is 
called a constant Poisson structure, if for each pair of linear functions F and G 
on V, their Poisson bracket n[F. G], also denoted by { F, G }, is a constant function 
on V. 


LetX = (xjj) £ Mah/(F) be an arbitrary skew-symmetric matrix, where d € N*. We 
show that X defines a Poisson structure on F c/ , i.e., a Poisson bracket on ■'P(F d ), 
where we recall that, for a finite-dimensional F-vector space V , the notation ■'P(V) 
stands for the algebra of polynomial functions on V, in general, but may also be 
chosen as the algebra of smooth functions on V, when F = R, or as the algebra 
of holomorphic functions on V, when F = C. In order to construct this Poisson 
structure, consider the skew-symmetric biderivation of FF (F^), defined for all F, G € 
J?(F f/ ), by 


{F,G} 


fL dF dG 

h Xii ^^i ’ 


(6.3) 


where x\,...,Xd are the standard coordinates on F rf . Since each of the brack¬ 
ets {xi,xj} = Xjj is a constant function, we have that { {xi-Xj} - Xk } = 0, where 
1 ^ i,j,k £ d, so that the Jacobi identity holds for every triple of coordinate func¬ 
tions (xi,Xj,Xk) for F d ). It implies that the Jacobi identity holds for all triples 
of functions in ^(F rf ) (see Proposition 1.36), so that (6.3) defines a Poisson struc¬ 
ture on F f/ , which we denote by n. Clearly, n is a constant Poisson structure and 
every constant Poisson structure on F' 7 is of this form. Since every r/-dimensional 
vector space V can be identified with F rf , by choosing a basis of V, the matrix X 
defines a Poisson structure on every c/-dimensional vector space V, equipped with a 
basis (equivalently, with a system of linear coordinates). Thus, the following propo¬ 
sition holds. 


Proposition 6.2. Let V be a finite-dimensional vector space, with a fixed system 
of linear coordinates (jti,... ,x ( /). There is a one-to-one correspondence between 
skew-symmetric matrices X £ Mat f /(F) and constant Poisson structures on V. It is 
defined by assigning to X = ( Xjj) £ Mat f ;(F) the Poisson structure, defined for all 
F,G £ FF{V) by 


{F,G} 


£ dF dG 
.Ti^Jxidxi ■ 


(6.4) 
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Example 6.3. Poisson’s original bracket (6.2) corresponds to the skew-symmetric 
/ 0 t r \ 

matrix . _ , where the standard coordinates on ] 

\~t r 0 J 
qu---,q r ,pu---,Pr- 


are ordered as follows: 


The matrix X in Proposition 6.2 is the Poisson matrix of n with respect to the co¬ 
ordinates xi,... ,Xd (see Section 1.2.2). Since the entries of X are constant, the rank 
of k is constant. According to the Darboux theorem (Theorem 1.26), if the rank of 
a Poisson structure on a manifold is locally constant at a point m, then there exist 
local coordinates around m in which the Poisson structure takes a canonical form 
(so-called Darboux coordinates). We show that in the case of a constant Poisson 
bracket on a d-dimensional vector space V, linear coordinates which are global Dar¬ 
boux coordinates can be constructed explicitly. Namely, since X is skew-symmetric, 
there exists an invertible matrix A £ Mat^(F) such that 


a t xa = 


( 0 l r o\ 

-t r 0 0 


0 0 


°J 


where 2 r is the rank of X and hence of the Poisson bracket n (at every point). It 
means that, in terms of new linear coordinates on V, defined in terms of xi,... .x,j 
by 

(qi,...,q r ,pi,...,p r ,Zi,...,Zd-2r) ■= (xi ,...,x d )A 
one obtains the following brackets 


{quPi} = 8ij, {qiiqj} = {pi^pj} = {quz.k} = {puzk} = {zk,zt} = o, 


where 1 < hi < r and 1 ■A. k. t -£ : d — 2r. As a consequence, the d coordinates 
qi,... ,q r ,pi,... ,p r ,Zi,-■ ■ ,Zd-2r are Darboux coordinates for n. Thus, by simple 
linear algebra, we can construct (global) Darboux coordinates for every constant 
Poisson structure on V. In terms of these Darboux coordinates, the Hamiltonian 
vector field 'Z'u which corresponds to H £ ■'X(V) takes the well known form 




4 = 0, 


where q\ is a commonly used shorthand for ■Z'n\(/i] = {q,. H }, and similarly for the 
other variables. 

In order to obtain a more intrinsic formulation of the notion of a constant Pois¬ 
son structure on a finite-dimensional vector space V, we consider the vector space 
A 2 V = V A V , whose elements are called bivectors of V. A bivector b of V is often 
viewed as a linear map, or as a bilinear form, on V*. This is done as follows: writing 
b = v,- A wi, where v,-, w,- £ V, we define 1 the linear map b* \ V* —> V , by 


1 In terms of internal products, as recalled in Appendix A, bfi(£,) = t^b, which shows that b as 

given by (6.5), is well-defined. 
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bH^,) = , (6.5) 

i= 1 

for every 4 £ V*, and we define a skew-symmetric bilinear form b on V*, by 

HZ,ri) ■= (*1,&•(€)) = S«^Vi)(Tj,w/)-<rj, v /)(^,w/)) , (6.6) 

x ' i=i 

for all 4, r) S V*, where (•,•) denotes the canonical pairing between V* and y. 
Both /r and b are skew-symmetric, which means for the former that (i],b : (q)) = 
— for all 4, f] £ W. In terms of a basis (ei,... , e^) of V and the dual ba¬ 

sis {e\,...,e* d ) of V*, the bivector b can be written as b = Si qi<j£db(e*,e*:) e,- A ej, 
so that b can be recovered from b (and hence from 

To a bivector b £ V A V one naturally associates a bivector field on V, by iden¬ 
tifying all cotangent spaces to V with V*, which can be done thanks to the affine 
structure of V. If F € ^ ( V) and m € V then we can view d m F as an element of V*, 
hence we can define a bivector field on V, by setting, for F. G A &{V) and m £ V, 

{F,G}(rn):=b(d m F,d m G), (6.7) 

where b : V* x V* —> F is the bilinear form, associated to b, as in (6.6). Equivalently, 
we can view b under the same identification as a bilinear form b m on T m V*, for 
any m € V, and the right-hand side of (6.7) can be written as b,„ (d m F,d m G), where 
the pairing now takes place between A 2 T m V* ~ (A 2 T m V)* and A 2 T m V, rather than 
between f\ 2 V* ~ (A 2 y)* and A 2 y. 

For linear functions F, G on V, we have that { F. G } is independent of m, i.e., is 
constant; first, this implies that the bivector field defined by (6.7) satisfies the Jacobi 
identity, so that it is a Poisson structure, and second that it is a constant Poisson 
structure. For H £ ■’¥(M), the Hamiltonian vector field bZ'n at m is given, as an 
element of V, by 

(%H) m = -bHd m H) . (6.8) 

Writing b as b = X - i v,- A vv,, where v,-, vv,- £ V, the formula for the Poisson bracket 
can also be written as 


{F, G} = X (MFMGj - ViiGjwiiF]) . (6.9) 

/=! 

The square brackets in this formula have the following meaning: for v £ V, v[-] is the 
unique derivation of &(V) such that v[4] = (4,v) for all linear functions 4 on V. 
Geometrically, we think of v[-] as the directional derivative, defined by a vector v. 
Equation (6.9) is a coordinate-free analog of (6.4). 

The fact that every bivector on V defines a Poisson structure on V, motivates the 
following definition. 
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Definition 6.4. A Poisson vector space (V, b) is a finite-dimensional vector space V, 
equipped with a bivector b G V A V. 

By the above, we have the following abstract version and amplification of Proposi¬ 
tion 6.2. 

Proposition 6.5. For every finite-dimensional vector space V, there is a one-to-one 
correspondence between bivectors on V (making V into a Poisson vector space) 
and constant Poisson structures on V. If b G A 2 V is a bivector of rank 2r, then the 
Poisson structure n = {•, •} on V which corresponds to b, has rank 2r and V admits 
a system of linear coordinates (qi,. ..,q r ,pi,... ,p r ,zi, ■ ■ ■ ,Z S ) in which the Poisson 
structure is given by 


i = l \oqi opi oc[i opi J 


for all F,G G &(V). 


6.2 Regular Poisson Manifolds 

In the case of a Poisson manifold (M, n), there is no notion of linear functions on M, 
so we cannot use Definition 6.1 as it stands, to define constant Poisson structures on 
manifolds. Two natural generalizations of the latter definition are the following. 

Definition 6.6. A Poisson structure n on a connected manifold M is said to be a 
constant Poisson structure if for every point m G M, there exists a coordinate chart 
(U,x), centered at m, such that all Poisson brackets { x,.Xj } are constant on U. 

Definition 6.7. A Poisson structure on a manifold M is said to be a regular Poisson 
structure if it has the same rank at every point m G M. We say then that (M, n) is a 
regular Poisson manifold. 

Comparing the definitions, it is clear that every constant Poisson structure on a con¬ 
nected manifold is regular: taking around an arbitrary point m G M a coordinate 
chart (U,x) such that all Poisson brackets {x,.x ; } are constant on U, we see that 
the rank of n is constant on U, since it is given by the rank of the Poisson matrix 
of n with respect to x, whose entries are the Poisson brackets { x,. x ; }; since M is 
connected, it follows that the rank of n takes the same value at every point of M, 
i.e., n is a regular Poisson structure. It is a fundamental fact that the converse is also 
true, leading to the following proposition. 

Proposition 6.8. Let (M, n) be a Poisson manifold, which is assumed to be con¬ 
nected. Then ( M , n) is a regular Poisson manifold if and only if n is a constant 
Poisson structure. 
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Proof. Let (M, n) be a regular Poisson manifold and let m G M. We need to show 
that there exists a coordinate chart (U,x), centered at m, such that all Poisson brack¬ 
ets {xi,Xj} are constant (functions) on U. Since, by assumption, the rank of n is 
constant at m, this is an immediate consequence of the Darboux theorem, which 
we proved in Section 1.3.3 (Theorem 1.26). According to this theorem, if the rank 
of a Poisson structure is constant (say, equal to 2 r) in the neighborhood of a point 
m G M, then there exists in a neighborhood of m a coordinate chart (JJ,x), with 
x = ,Zd~ 2 r )> centered at m, in which the Poisson struc¬ 

ture takes the canonical form 

{quqj} = {piiPj} = Ui,zk} = {piM = {z k ,z(} = o, {qupj} = <s,j, 

where 1 < u < r and 1 R k.i f d — 2r. In particular, all these Poisson brackets 
are constant. The Darboux coordinates q\,...,q r ,p\,...,p r ,z\,---,Zd- 2 r are often 
referred to as canonical coordinates, especially in the physics literature. □ 

The study of regular Poisson manifolds is in general much simpler than the study of 
arbitrary Poisson manifolds. Being locally the product of a symplectic manifold and 
R' or C s with the zero Poisson structure, their (local) study can often be reduced 
to the case of symplectic manifolds. But sometimes, it is the regularity itself which 
can be exploited, as we show in the following example. 

Example 6.9. According to Proposition 1.21, the rank of a Poisson manifold (M , n) 
at a point m is equal to the dimension of the vector space of Hamiltonian vector 
fields at that point, Rk„, M = dim Ham,,, (M). Therefore, if the rank is constant, 
the Hamiltonian vector fields define a distribution of rank RkM. It is differen¬ 
tiable, because it is defined by smooth vector fields. According to Proposition 1.4, 
[SKf, 3T g \ = iR{/. (-;}, so the distribution is integrable in the sense of Frobenius, so 
through every point there passes a unique integral manifold of the distribution, by 
Frobenius’ theorem. By definition, all Hamiltonian vector fields of (M. n) are tan¬ 
gent to this integral manifold, at each of its points. By Proposition 2.10, this integral 
manifold carries a (unique) Poisson structure of maximal rank. In this way we have 
recovered, by simple means, the symplectic foliation 2 of a Poisson manifold, in the 
regular case. 


6.3 Symplectic Manifolds 

The most important class of regular Poisson manifolds consists of the symplectic 
manifolds (real or complex). We first consider the particular case of a symplectic 
vector space. 

2 In this case it is indeed a foliation, and not a singular foliation. 
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The skew-symmetric variant of an inner product space is a symplectic vector space. 
Namely, let V be a finite-dimensional F-vector space and let ft) £ Hom(V A V 7 . F) 
be a skew-symmetric bilinear form on V. We say that ft) is a symplectic structure 
if ft) has maximal rank, Rkft) = dim V. Then (V, ft)) is called a symplectic vector 
space. If (V, ft)) is a symplectic vector space, then V is even-dimensional, since the 
rank of every skew-symmetric bilinear form is even. Since the rank of a symplectic 
structure ft) is maximal, the linear map ft)'’, which is by definition ft), viewed" as 
an element of Hom(V,V*), is invertible. Its inverse (ft) 11 ) -1 £ Hom(V*,P) is skew- 
symmetric, hence is of the form — for some (unique) bivector n £ A 2 V. It fol¬ 
lows that every symplectic vector space (V, ft)) is in a natural way a Poisson vector 
space, and hence, according to Proposition 6.5, V is equipped with a constant Pois¬ 
son structure n, called the canonical Poisson structure, associated to ft). Explicitly, 
the Poisson bracket of F, G £ -F(M) is computed at m £ M from —'ll' = (ft) 11 ) -1 
using (6.7) and (6.6), namely 

{F,G}(m) = n(d m F,d m G) = (d m G,7t*(d m F)) 

= -(d m G,(^r i (d m F)) 

( 6 . 10 ) 

= ffl((fl) b )- 1 (d m F),(fl) l ’)- 1 (d m G)) 

= (o((3F F ) m ,{3F G )m) , 

where we used in the last line that {3Kp) m = — u3(d m F) (see (6.8)). The latter defi¬ 
nition of {3Fp) m is, in view of the definition of n, equivalent to saying that {3Fp) m 
is the unique element of T m V ~ V such that 

co((3Fp) m ,-) = d m F. (6.11) 

When ft) is viewed as a (constant) differential two-form on V, the formula for the 
Poisson bracket is also written as 

{F,G} = ft)(JT F , M'g) , (6.12) 

and Eq. (6. 1 1) for the Hamiltonian vector field is shortened to 


(0{3Fp,-)=dF . 


The (constant) rank of n equals the rank of of , which is dim V. 

The above construction is easily reversed: if n is a constant Poisson structure 
on J^(V) of maximal rank, then it is the canonical Poisson structure of a symplectic 

3 This can be done in two ways, which differ by a sign. Our convention is that ffl^v) = 0)(v, •), for 
v ev. 
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vector space (V, co), where co G Hom(V A V. F). We leave this as an exercise to the 
reader; a globalization of this statement will be worked out in the next section. 


6.3.2 Symplectic Manifolds 


Let M be a real or complex manifold (F = M or F = C). A (smooth or holomorphic) 
differential two-form CO on M is called an almost symplectic structure if its restric¬ 
tion to each tangent space T m M is non-degenerate, i.e., 6), n is a symplectic struc¬ 
ture on T m M, for every m G M, as defined in Section 6.3.1. Then (M, ft)) is called 
an almost symplectic manifold. The globalization of (6.11) and (6.10) is naturally 
given by 


(,£>),„ := (col) 1 d m F G T m M , 
{F,G}(m) := ft ^((% F ) m , (& G ) m ) , 


(6.13) 


for m G M and F. G G &(M). In a compact form, these formulas are usually writ¬ 
ten as 


co(Sf F ,-) = d F , 

{F,G} = co(3F f , 3F g ) . 


(6.14) 


As in the case of symplectic vector spaces, these definitions imply that 


{F,G}=dF(fF G ) = ftr G {F}, (6.15) 

so that {•,•} defines a bivector field on V and 3F f , as defined by (6.14), is the 
Hamiltonian vector field of F with respect to this bivector held. However, the Jacobi 
identity does not need to hold. It holds if and only if ft) is closed, dft) = 0, in which 
case ft) is called a symplectic structure and (M, co) is called a symplectic manifold. 
This equivalence is shown in the following proposition. 

Proposition 6.10. Let (M, co) be an almost symplectic manifold. Then n, as defined 
by (6.14), is a Poisson structure on M if and only if(M , ft)) is a symplectic manifold. 
In particular, every symplectic manifold (M, co) carries a canonical Poisson struc¬ 
ture n, which makes (M, n) into a Poisson manifold; it is a regular Poisson structure 
whose rank is equal to the dimension ofM. 

Proof. Let us first assume that ft) is closed. Notice that one important consequence 
of this assumption is that ft) is conserved by the how of every Hamiltonian vector 
held. To see this, use Cartan’s formula (3.50) for the Lie derivative LZfi , 


— ly d -f- d ly 


(6.16) 


when V is a (locally) Hamiltonian vector held, 'V = Stf F , and use that i,y F 0 ) = d F 
and ft) are closed; it yields ft) = 0, for every function F, dehned on an open 
subset of M. It implies that the following formula, 
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<0 = Jzfyj ly 2 CO — iy 2 Jzfy-jCl) , 

which is a special case of (2) in Proposition 3.11, simplifies for Hamiltonian vector 
fields to 

l [^ F ,x G ] m = = di%- F i& G (0 = -d (&>(<£>, JT G )) = -d{F,G} , (6.17) 

where F and G are functions, defined on an open subset U of M. By the definition 
of St' , Eq. (6.17) means that i[^ F ^ G ](0 = — i^ FC ^(0. Non-degeneracy of ft) allows 
us to conclude that [Sfr F , SS(f\ = ~^{f.g}- Applying this equation to an arbitrary 
function H £ we find 

SS F 3S G [H] - SF g SF f [H] + 3F {m [H] = 0 , 

which is precisely the Jacobi identity, as follows from (6.15). Thus, we have shown 
that if ft) is closed, so that ( M,n) is a symplectic manifold, then 7t is a Poisson 
structure on M. 

Assume now that ft) is an almost symplectic structure, and that the bivector 
field n, defined by (6.13), satisfies the Jacobi identity. Using the explicit for¬ 
mula (3.28) for computing the de Rham differential, we obtain, for a triple of Hamil¬ 
tonian vector fields as above, 

d (o{Sf F ,Sf G ,SS H ) = Sf F [(o(Sf G ,Sf H )} + (o(Sf F ,[Sf G ,3f H }) + 0(F,G,H) 

= 2({{F 1 G},H} + {{G,H},F} + {{H,F},G}) 

= 0 . 


We have used that 

Sf F [to( J’g, S^h)} = {{G,//} ,F} = co(SS F , [3£ G , SFh]) , 

as follows from (6.14), (6.15) and item (5) in Proposition 1.4. Since (O m is non¬ 
degenerate for every m G M, we have that T m M = Ham m (7r) for every m G M\ the 
above computation therefore shows that dft) vanishes on every triple of vector fields, 
i.e., that ft) is closed, hence that (M, ft)) is a symplectic manifold. □ 

Proposition 6.11. Suppose that (M, n) is a regular Poisson manifold, whose rank is 
equal to the dimension of M. There exists on M a (unique) symplectic structure ft), 
whose canonical Poisson structure is n. 

Proof. We consider for m G M the linear map nl ,: T*M -yTM, associated to n. By 
assumption, n m is of maximal rank, hence n} n is an isomorphism for every m G M. 
It follows that we can use n m to associate to each differential one-form on M, a vec¬ 
tor field on M: given r) G T2 1 (M), the corresponding vector field "F is defined by its 
value at m G M as y m := 7rJ,(rj m ). One often uses the compact 4 notation S' := 7^(17). 


4 Some authors, such as [125] go one step further and write -r\ for 
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In particular, for local functions F and G on M, one has K'(FdG) = —F3F G . Simi¬ 
larly, one uses the inverse of n} n to associate to each vector field on M a differential 
one-form on M; in the compact notation, the differential one-form associated to 
V € X l (M) is (n$) (fF). We use nf„ to define a non-degenerate differential two- 

form co on M: for vector fields and "Vi, let colff i,^) := ^ — (n^) * lfV\ ),f / 2^- 
Then 


co(X F , SCg) ^ (tt#) 1 (X F ), X G ^j = (d F, X G ) = {F, G} , 

for F,G£ ■'¥ (M). It follows that (M,co) is an almost symplectic manifold whose 
associated bivector field is n. Since n is a Poisson structure, Proposition 6.10 implies 
that (M, ft)) is actually a symplectic manifold. □ 

The main properties of symplectic manifolds are listed in the following proposition. 


Proposition 6.12. Let (M, co) be a symplectic manifold of dimension d and let n 
denote its canonical Poisson structure. 

(1) The dimension d ofM is even; 

(2) M is an orientable manifold; 

(3) (M, n) is a unimodular Poisson manifold; 

(4) For every k € N*, with O^k^d, the de Rham cohomology space H) r (M), the 
Poisson cohomology space H F {M) and the Poisson homology space H*_ k (M) 
are isomorphic, 

H k dR (M)~H k K (M)~H%_ k (M). 

Proof. Since every symplectic vector space is even-dimensional, every tangent 
space of a symplectic manifold is even-dimensional, hence also the symplectic man¬ 
ifold itself. In order to prove (2), we assume that M is a real manifold (complex 
manifolds are always orientable). Since ft) is non-degenerate (at every point) the 
differential c/-form A := co d ^ 2 is nowhere vanishing, hence it is a volume form and 
M is orientable. The volume form A is called the Liouville volume form of (M, co). 
It is preserved by the flow of every Hamiltonian vector field 3 £ F , since 

d/2 

££sc f A = Xgr F co d/1 = £ of - 1 A co A = 0 , 

where we have used in the last step that ft) = 0 (see the proof of Proposi¬ 
tion 6.10). Thus, ( M,n) is unimodular; see Section 4.4.4, where it is shown that 
for a unimodular Poisson manifold, the Poisson cohomology spaces H„(M) and the 
Poisson homology spaces H^_ k (M) (with 0 f k f d) are isomorphic vector spaces, 
which proves part of (4). 

In the case of a symplectic manifold we show that, in addition, the de Rham and 
Poisson cohomology spaces are isomorphic. To do this, we consider the isomor¬ 
phisms Km : T y *M -o T m M , which we used in the proof of Proposition 6.11. Notice 


6.3 Symplectic Manifolds 


171 


that at every point m, the inverse of nh is just for a local section "V of TM 
(i.e., vector field), the inverse of ifl is given by ( 7 ^) 1 {'f') = The natural 

extension of n : to LI' (M) yields, for every k with 0 ^ k ^ d, a map 

A k J : £2 k {M) -> A k X l (M) X k (M) , 

which renders the following diagram commutative: 


Q k (M) 


A V 


X A '(M) 


—S k 

u n 


A £2 k+l (M) 
/\ k + l n t 

X X A+1 (M) 


Indeed, for local functions F, G 1 ..... G A we have on the one hand that 

(a a+1 tt 8 ) d(F dGi A • • • A dG k ) = tt 8 (dIF) A n % (dGi) A • • • A tt 8 (d G k ) 

= (-1 ) A+1 3F f A SF Gi A • • • A SC Gk , 

while on the other hand 

8 k (a A 7 r 8 (FdGi A ■ ■ ■ A dG*)) = 8 k (F 3F Gl A • • • A 3F Gk ) 

= {-\) k 3F F A JT Gl A • • • A 3F Gk , 

where we have used in the last step that SF G ,..., 3F Gk are Poisson 1-cocycles. The 
commutativity of the diagram implies that the Poisson complex (X*(M), [•, •]$) and 
the de Rham complex (Ll'(M).d) are isomorphic. In particular, they have the same 
cohomology. □ 

Remark 6.13. A map *P : M\ —> M? between two symplectic manifolds {M\,(0\) 
and ( M 2 ■ 0 ) 2 ) is called a symplectic map if 'F ' ftb = (0\. Considering the Liouville 
volume form on M \, it is clear that dimMi £ dim Mo and that *P is an immersion. In 
particular, for every m £ M \, 

Rkif/( m j 7t2 = dimM 2 ^ dimMi = Rk„, n\ . 

The resulting inequality Rk.j/j-,,, , m ^ Rk,„ 7 t|, is in sharp contrast with the inequality 
Rk 1 Jij ^ Rk,„ 7 T|, which is valid for a Poisson map *P (see Exercise 4 of Chap¬ 
ter 1). Thus, a symplectic map *P : M\ —t M 2 between two symplectic manifolds 
(M\, ft) 1 ) and (M 2 , CO 2 ) is not necessarily a Poisson map, as a map *P : (M |. K\ j —> 
(Mo. 7To), where n, is the canonical Poisson structure, associated to 0 ),-, for i = 1,2. It 
follows that the map, which associates to a symplectic manifold the corresponding 
Poisson manifold, is not functorial. 
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6.3.3 Symplectic Reduction 

In this section, we specialize Poisson reduction, in particular Proposition 5.14, to 
the case of a symplectic manifold. The main extra result is that the reduced Poisson 
manifold is also a symplectic manifold. 

Proposition 6.14. Let ( M,(0 ) be a symplectic manifold, N an (immersed or em¬ 
bedded) submanifold of M with inclusion map i : N '-£■ M, and let p : N -P P be a 
surjective submersion with connected fibers. If 



(6.18) 


for every n € N, then N is a coisotropic submanifold of M, the triple ( M,N,P) is 
Poisson reducible and the reduced Poisson structure on P is regular and of maximal 
rank, i.e., it is the canonical Poisson structure, associated to a symplectic structure 
COp on P. Also, i*(0 = p*(Op. 

Proof. In view of Proposition 5.14, we know that ( M,N,P ) is Poisson reducible, 
hence that P inherits a Poisson structure np from (M, a>). In order to show that np 
is of maximal rank (equal to the dimension of P) at every point of P, let n € N 
and suppose that F is a function, defined in a neighborhood of pin) in P , such that 
(■^f)p(h) = 0- Let F be an extension of Fop to a neighborhood of n in M. According 
to (5.27), d „p(3fp) n = 0, so that 



Since M is a symplectic manifold, this means that d„F £ T,^N, i.e., d n F\T„N = 0; 
so that d„(Fo p) = d„(Fj w ) = 0. Since d n p is surjective (as p is a submersion), it 
follows that d p ( n )F = 0. This proves that np is of maximal rank at pin). Since p is 
surjective, this shows that np is of maximal rank at every point of P\ it is therefore 
the canonical Poisson structure, associated to a symplectic structure on P , which we 
denote by (Op. 

We show that i*co = p*(Op. To do this, let n £ N and let v. w be arbitrary elements 
of T n N, which we identify with elements of T n M. Since ni is invertible, (6. 1 8) im¬ 
plies that nj } (T^Pn) = T n N, so that we can write v as where F is defined in 

a neighborhood of n in M and is constant on the fibers of p. so its restriction to N is 
of the form FL = F o p, where F is a function, defined on a neighborhood of p(n') 
in P. On the one hand, 


(i*co) n (v,w) = (On({ 3 £p) n ,w) = (d „F ,w) = (p*d p(n) F,w), (6.19) 


where we have used in the last step that w is tangent to N. On the other hand, using 
(5.27) it follows that 
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(p*CO P )„ (v,w) = (C 0 P ) p{n) (T n p{Xp) n J n p(w)) 

= {^p)p(n){{^ F )p(n)JnP{w)) = {d p{n) F,T n p(w )) . 


( 6 . 20 ) 


Comparing (6.19) and (6.20) we see that ( i*(o) n = ( p*(Op) n for every n € N, which 
we needed to show. □ 

Remark 6.15. The fact that the reduced Poisson structure on P is of maximal rank 
(symplectic) can also be read off from its Poisson matrix. Recall from Remark 5.16 
that in well-chosen coordinates on an open subset U of M, centered at a point n GN, 
the Poisson matrix of (M, n) is given by 



ABC 
B J D E 
C T -e t f 


and that the condition (6.18) implies that C\ N = /*| v = 0 (see the last line of Ta¬ 
ble 5.1). Recall also that the Poisson matrix of the reduced Poisson structure ttp is 
given by the matrix A, defined by Ai^ =Aop. Notice that, in the present case, E is 
a square matrix, because the dimension t of the fibers of p : N —> P is equal to the 
codimension of N in M, a consequence of condition (6.18), combined with the fact 
that n is of maximal rank. For every n' £ /V fl (J, 


det X{n') = (detZi(H , )) 2 detA(7^ , ) = (det£’(n / )) 2 detA(/?(V)) , 


so that dciA(p(n')) ^ 0. This gives an alternative proof of the fact that A, and 
hence np, is of maximal rank at every point of P. Notice that the argument also 
reproves (in the symplectic case) that Rk(£’(n')) = t for every n' £ JVnU (see again 
the last line of Table 5.1). 

Combining the above proposition with Proposition 5.39 leads to the following result. 

Corollary 6.16. Let G be a connected Lie group and let (M, ft)) be a symplectic 
manifold. We assume that G acts locally freely and properly on M and that the 
action is Hamiltonian. IfO is a regular value of its momentum map fl, then 

(1) p ~ 1 (0) is an embedded submanifold ofM, invariant under the action of G; 

(2) n~ l (0)/Gisa manifold; 

(3) The triple (M,/x _1 (0),/t _1 (0)/G) is Poisson reducible. 

The reduced Poisson structure on /i _1 (0)/G is regular and of maximal rank, i.e., 
it is the canonical Poisson structure, associated to a symplectic structure (Oo on 
p~ l (0)/G. Also, i*(0 = p*C0q, where p : /i _1 (0) — ► /r _1 (0)/G is the quotient map. 
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6.3.4 Quotients by Finite Groups of Symplectomorphisms 

Let (V. co) be a symplectic C-vector space of dimension 2d. We denote by SP(V) the 
group of all linear symplectomorphisms of V, i.e., the group of all endomorphisms 
of V which preserve ft). Recall from Section 6.3.1 that the symplectic two-form ft) 
leads to a (constant) Poisson structure of rank 2d on V, which we called the canon¬ 
ical Poisson of (V, ft)). Let G be a finite subgroup of SP(V). The purpose of the 
present section is to study the singular affine variety V/G, both as an affine variety 
and as a Poisson variety. The case where the dimension of V is equal to 2 will be 
studied in more detail in Section 9.2.4. 

Let us specialize to the present setting what has been said at the very end of Sec¬ 
tion 5.1.2 about the quotient of an affine variety by a finite group. Since G is a finite 
subgroup of SP(V), it acts on V, and the quotient space V/G is an affine variety, 
whose algebra of regular functions J^(V/G) is naturally identified with the algebra 
& (V) G of all G-invariant polynomials on V. The canonical projection p : V —> V/G 
corresponds, dually, to the inclusion of algebras &(V/G) — J?~(V) G ^"(V). 

Moreover, since every linear symplectomorphism of (V, co) preserves the canoni¬ 
cal Poisson structure of (V, CO ), the finite subgroup G C SP(V) acts by Poisson iso¬ 
morphisms. As a consequence, according to the first item of Proposition 5.33, V/G 
carries a unique Poisson structure with respect to which p : V —> V /G is a Poisson 
map. This justifies the following definition. 

Definition 6.17. Let ( V, co) be a symplectic C-vector space and let G be a finite 
subgroup of SP(V). The unique Poisson structure {-,-}y/G 011 V/G with respect 
to which the natural projection map p : V —> V /G is a Poisson map, is called the 
quotient Poisson structure associated to G. The pair (V/G, {•, -}v/g) ' s called the 
quotient Poisson variety associated to G. 

Since the quotient space V/G is, in general, singular, it makes no sense to ask 
whether it is a symplectic manifold. However, the second item of the next proposi¬ 
tion implies that V/G is as symplectic as it can be, i.e., {•, -} v < G is of maximal rank 
at every non-singular point of V/G. 

Proposition 6.18. Let ( V. co) be a symplectic C-vector space of dimension 2d and 
let G f {e} be a finite subgroup of SP(V), the group of all symplectomorphisms 
of V. Denote by p the natural projection map p : V —> V/G and by U the ( non¬ 
empty) Zariski open subset of all x € V for which the stabilizer G. v is trivial. 

(1) A point in V /G is a non-singular point if and only if it belongs to p{U); 

(2) The rank off , - }y/G I s equal to 2d at every non-singular point ofV/G. 

As a consequence, the restriction of {• ,-}y/G t0 P(U) * s a holomorphic Poisson 
structure, which is the canonical Poisson structure associated to a symplectic holo¬ 
morphic two-form on p(U). 

Proof. It is a classical result (valid for the action of an arbitrary finite group on a 
vector space) that, for every x € V, the point p(x) is a non-singular point of V /'G 
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if and only if its stabilizer G, is a complex reflection group, i.e., a group generated 
by elements for which the space of fixed points is a hyperplane (see [42]). But 
the set of fixed points of a linear symplectomorphism cannot be a hyperplane. As 
a consequence, in the present case, the point p{x) is non-singular if and only if 
G.y = {e}. This proves (1). 

The open subset U C V is a G-invariant subset, the action of G on U is free 
since the stabilizer of every point of U is by definition trivial and, according to Sec¬ 
tion 2.3.2, U is equipped with a holomorphic Poisson structure. This implies on the 
one hand that the projection map p : U —» t//G = p(U) is a local biholomorphism 
(when both sets are considered as holomorphic manifolds), and on the other hand, 
since p is moreover a Poisson map between Poisson manifolds, that p preserves the 
rank of the Poisson structure at each point, so that the rank of {•, -}v/g ' s 2d at every 
point of p(U). Therefore, {•, -}y/G restricts to a regular holomorphic Poisson struc¬ 
ture of maximal rank on p(U). According to Proposition 6.11, it is the canonical 
Poisson structure, associated to a symplectic structure on the holomorphic manifold 
p(U). This completes the proof of (2). □ 

Remark 6.19. For every A 6C*, the map i^A 1 x leads to a regular map of V /G 
to itself. Since x K > X~ l x multiplies the canonical Poisson structure on V by A 2 , this 
induced automorphism also transforms the quotient Poisson structure {•, -} v , G into 
A 2 {■ , ■}(/,(,■ As a consequence, for every non-zero p £ C*, the Poisson varieties 
(F/G,{-,-} y / G ) and (V/G,p {■ ,-}y/ G ) are isomorphic as Poisson varieties. 

The case where the dimension of V is 2 will be studied in more detail in Sec¬ 
tion 9.2.4. We give here an immediate corollary of Proposition 6.18, which will 
be useful then. 

Corollary 6.20. Let V be a symplectic <C-vector space of dimension 2 and let G -f 
{e} be a finite subgroup o/SP(V). Then the image of the origin o ofV through the 
canonical projection p : V —> V /G is the only point ofV /G which is singular. It is 
also the only point where the rank of the quotient Poisson structure is zero. 

Proof. For a vector space V of dimension 2, the group SP(V) coincides with the 
group SL(V) of all linear maps of determinant +1. Every element of a finite sub¬ 
group G of SL(V) is of finite order, hence is diagonalizable. Clearly, a diagonal- 
izable element of SL(V), different from the unit, admits o £ V as its unique fixed 
point, hence U = V\ {o}. Clearly, the rank of {•,-} v ; G at p(o) is zero. According 
to Proposition 6.18, the rank of {•, -}y/ G is 2 at every other point of V /G. □ 


6.3.5 Example 1: Cotangent Bundles 

It is shown in Section 1.3.4 that every Poisson manifold admits a (singular) foliation 
whose leaves carry a symplectic structure. Thus, the number of examples of sym¬ 
plectic manifolds is abundant. There are however two large classes of symplectic 
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manifolds which need special attention: cotangent bundles and Kahler manifolds. 
The first class, considered in this section, is of fundamental importance in classical 
mechanics, see e.g. [1, 15] and [125]. 

The idea that cotangent bundles are symplectic manifolds comes from classical 
mechanics: local coordinates on M and the corresponding momenta, which are lin¬ 
ear coordinates on the fibers of p : T*M —> M yield canonical coordinates on phase 
space. To make this precise, let us first show how to build natural local coordi¬ 
nates on T*M from local coordinates on M. Suppose that x|,..., x,i are coordinates 
on U CM; it yields half of a system of coordinates on T*U C T*M by letting 
q, := Xi op. For the other half, let p,- denote the function on T*U, which is defined 
by 



( 6 . 21 ) 


where q, n £ T*U is in the fiber over m, i.e., p ( q , n ) = m. The functions p, and Xj are 
dual in the following sense: for m £ U and 1 < i. j < d. 



On T*M there is a natural differential one-form, called the Liouville form , which 
can in terms of the above local coordinates be defined as 


d 


0 := E Pifyi ■ 


More intrinsically, 6 £ Q l (T*M) is defined by 

(e,y)(U:={^ m p(nJ) 


( 6 . 22 ) 


where g, n £ T*M and V £ X 1 (T*M). The canonical pairing in this formula is be¬ 
tween T*M and T m M\ indeed, T^ m p : 7> n ( T*M) —> T m M. To check that 0, as defined 
by (6.22), is given in terms of the above coordinates qi.p, by Xf_i p/d<p. take an ar¬ 
bitrary vector field 'f = (/3;<? /dq, + Jid/dpf) on T*M and compare 


(e,r)(^) = (^,^p 



which was computed from (6.22), using q t = x\ op, with 



\<=i 7=1 

d 
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which was computed from (6.21). 

The canonical symplectic structure on T*M is by definition the closed differential 
two-form ft) := d@, which is locally given by Xf_ i d p\ A dqi, so that the coordinates q, 
and pi are canonical coordinates. Notice that the differential two-form co is actually 
exact, making T*M into an exact symplectic manifold. 

To a function F £ (M), respectively to a vector field "V £ X 1 (M), one can 

associate a function F, respectively 'A, on T*M by 

F:=Fop, r(^):=(^,r(m)) 

for every q m £ T,*M. The reader will easily verify that the canonical Poisson bracket 
of co satisfies the following formulas: if F\ ,7*2 £ M) and & X*(M), then 

{F u F 2 }=0, {^,r 2 } = [T)7^] and {f x ,F x } = tfff] . 

In fact, these formulas can be used to define ft) (see [3, Ch. 2]). 


6.3.6 Example 2: Kahler Manifolds 

We now turn to a second class of examples, which is important from the point of 
view of complex geometry. Let M be a complex manifold and let us denote the 
underlying real manifold by M-\. Suppose that d.v 2 is a Hermitian metric on M. This 
means that, in terms of a system of local (holomorphic) coordinates zi,...,Zd, 

ds 2 = ^ hij d-, ® d Zj , 

1 Ki,j<d 

where (hij) is a positive definite Hermitian matrix. The imaginary part (up to a sign) 
of such a metric is a non-degenerate differential 2-form on Mr, given by 

ft) := Yj h ij d A A dz,-. 

1 1 £i,j£d 

One says that the metric dj 2 is a Kahler metric if co is closed, i.e., if ft) is a symplectic 
structure. Then (Mr, ft)) is called a Kahler manifold and ft) is called the associated 
differential 2-form of the metric. Notice that the metric can be recovered from its 
associated differential 2-form. 

Two facts underlie the importance of Kahler manifolds. The first one is that the 
complex projective space IP /V admits a Kahler metric. The second fact is that every 
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submanifold of a Kahler manifold is itself a Kahler manifold. This means that every 
non-singular complex projective variety has a Kahler structure. 


6.4 Notes 

The study of symplectic manifolds, initiated by its importance in classical mechan¬ 
ics, has become a subject of its own. Many books have symplectic manifolds as their 
central theme, yet there are significant variations in how much the theory is con¬ 
nected to classical, and eventually quantum mechanics, as well as in the advanced 
topics which are treated. For an excellent introduction, see Cannas da Silva [33], 
where the example of Kahler manifolds is treated in detail. For an introduction to the 
subject, largely motivated by classical mechanics, see Arnold’s classical book [15]. 
Another classical book is the mechanics book [1] by Abraham and Marsden, where 
symplectic geometry is used as a tool, rather than a subject of itself; in it, the utility 
of symplectic structures is plain. The books [125] by Libermann-Marle and [92] 
by Guillemin-Sternberg, two books of opposite style, are great complements to the 
above references. 

All the above books treat additional topics. Group actions and the momentum 
map are studied in varying detail in all of them; for this, the books of Audin [18] 
and Ortega-Ratiu [160] should also be consulted. Symplectic vector bundles and 
contact manifolds are treated in Libermann-Marle [125], symplectic homogeneous 
spaces are an additional topic in Guillemin-Sternberg [92], the Flamilton-Jacobi 
method and perturbation theory are discussed in both Abraham-Marsden [1] and 
Arnold [15]. 



Chapter 7 

Linear Poisson Structures and Lie Algebras 


Together with symplectic manifolds, considered in the previous chapter, Lie alge¬ 
bras provide the first examples of Poisson manifolds. Namely, the dual g* of a finite¬ 
dimensional Lie algebra g admits a natural Poisson structure, called its Lie-Poisson 
structure, which provides new insights and technical tools in the study of Lie al¬ 
gebras. For example, the coadjoint orbits in g* are precisely the symplectic leaves 
of the Lie-Poisson structure, showing in particular that coadjoint orbits are even¬ 
dimensional. 

Lie-Poisson structures are linear Poisson structures, in the sense that they are 
Poisson structures on a vector space V, for which the Poisson bracket of every pair 
of linear functions on V (elements of V*) is a linear function on V. Also, every linear 
Poisson structure (on a finite-dimensional vector space) is a Lie-Poisson structure 
and we have a functorial equivalence between linear Poisson structures and Lie 
algebra structures. 

In many cases, one considers the Poisson structure on the Lie algebra g itself, 
rather than on g*. This is usually done by identifying g with g*, using a non¬ 
degenerate Ad-invariant symmetric bilinear form on g, which exists for example 
for every semisimple Lie algebra. The coadjoint orbits are then identified with the 
adjoint orbits and the Hamiltonian vector fields on g take a natural form, a so-called 
Lax form. 

The Lie-Poisson structure on g* is introduced in Section 7.1, while the induced 
Poisson structure on g is discussed in Section 7.2. The main properties of the Lie- 
Poisson structure are given in Section 7.3. A variant of Lie-Poisson structures, 
namely affine (= linear -f constant) Poisson structures and their Lie theoretical 
interpretation is discussed in Section 7.4. We finish this chapter with a short in¬ 
troduction to the linearization of Poisson structures (in the neighborhood of a point 
where the rank is zero). 

Unless otherwise stated, F denotes an arbitrary field of characteristic zero. 
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7.1 The Lie-Poisson Structure on g* 


Suppose that g is a finite-dimensional Lie algebra over F, with Lie bracket [•,•]. We 
denote the dual vector space to g by g*. We associate to each element 1 e of g, a 
linear function e* : g* —> F, defined by 


e* : g* -a F 

4 -><§,*):= 5(e). 


In words, e* is “evaluation at e”. Taking a basis .e,[) of g, we obtain a 

system of linear coordinates (xi,...,x,j) on g* by letting x, := e*. We use it to 
build the skew-symmetric matrix X = (x, ; ) i Xx.jxch whose elements are defined by 
Xjj := [e,-. ej}*; each entry of X is a function on g, which can be expressed as a linear 
combination of the coordinates xi,...,Xd. Consider the skew-symmetric bideriva¬ 
tion {•, •} of F[xi,... ,Xd], defined by setting, for F,G £ F[xj,... ,xj\. 


{F,G} 


J, dF dG 

,h XIJdx ‘ dx J ' 


(7.1) 


It is the unique skew-symmetric biderivation of F[xi, ... .x r j] such that 
[e,-,efor all 1 ^ i < j ^ d. By bilinearity of {•, •} and [•, •], 



{e\n = [ejX 


(7.2) 


for all e,f S g. On the one hand, this implies that Definition (7.1) is independent 
of the chosen basis (ei,... ,ed). On the other hand, it yields, for all i,j,k with 
1 ^ i,j,k ^ d, 

{{•*(,■*/} ,Xk} = [[ei,ej],e k ]* , 

so that the Jacobi identity for [•, •] implies that { {x,-,Xj} ,Xk} + O ( i,j,k ) = 0 for all 
1 < i < j < k < d. According to Proposition 1.8, this shows that {•, -} is a Poisson 
structure on F[xi,... ,x f /]. Similarly, according to (iii) in Proposition 1.36, Eq. (7.1) 
also defines a Poisson structure on the algebra of smooth functions on g*, when 
F = K, or on the algebra of holomorphic functions on g*, when F = C; in either 
case, it is the unique Poisson structure which satisfies (7.2). Thus, .‘F(g i ) inherits a 
Poisson structure from the Lie bracket on g, irrespective of whether we take J^(g*) 
to be the algebra of polynomial, smooth, or holomorphic functions on g*. 

An intrinsic formula for { F , G} can be written down in terms of the differentials 
of F and G. Since the differential of F G i^(g*) at B, is a linear map d.tF : 7cg* —> F, 
and since 7c g* is naturally isomorphic with g*, we can think of d^F as being an 
element of (g*)*, i.e., as an element of g, since g and its bidual are canonically 
isomorphic (recall that g is finite-dimensional; the canonical isomorphism g —> (g*)* 

1 We use in this section letters e and / to denote elements of a Lie algebra g, to reserve the letters 
x,y,z for elements of the bidual (g*)*. After identification of g with its bidual, the letters x,y,z 
become elements of g, just like everywhere else in the book. 
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is given, for e G g, by e H > e*). Thus, we can identify d^F with an element of g, 
which we will also denote by d^F. With this notation, the differential of F G •W) 
at 4 G g*, is given by 



(7.3) 


and (7.1), evaluated at 4 G 0*, can be written in the compact, coordinate-free form. 


{F,G}(4) = (4,[d^G]) . 


(7.4) 


Definition 7.1. Let (g, [-,-]) be a finite-dimensional Lie algebra and let J^(g*) de¬ 
note the algebra of polynomial, smooth or holomorphic functions on g*. The Poisson 
structure on g*, defined for F, G G J^(g*), at 4 G g* by 


{F,G}(4):=<4,[d^G]> 


(7.5) 


is called the Lie-Poisson structure on g*, or the canonical Poisson structure on g*. 

As we will show in Proposition 7.3 below, Lie-Poisson structures are in one-to- 
one correspondence with linear Poisson structures, where the latter are defined as 
follows. 

Definition 7.2. A Poisson structure {•, •} on a finite-dimensional vector space V is 
called a linear Poisson structure if for each pair of linear functions 4 and r) on V, 
their Poisson bracket {4, t)} is a linear function on V. 

Proposition 7.3. For every finite-dimensional vector space V, there is a natural one- 
to-one correspondence between linear Poisson structures on V* and Lie algebra 
structures on V. 

Proof. As we have explained, when V = g is a finite-dimensional Lie algebra, its 
dual vector space g* carries a Poisson structure. If x.y are linear functions on g*, 
then they are of the form x = e* and y = f*, where e. f € g, and it follows from (7.2) 
that their Poisson bracket is a linear function on g*. This shows that the Lie-Poisson 
structure on g* is a linear Poisson structure. On the other hand, a linear Poisson 
structure {•,•} can be restricted to linear functions on V* and the restriction is a 
Lie bracket on (V*)* ~ V. The Lie-Poisson structure on V*, associated to this Lie 
bracket, is the original Poisson bracket {•,•}, since both Poisson brackets coincide 
for all linear functions on V*. □ 

Remark 7.4. For f = 1,2, let (g,-, [•, •],■) be a Lie algebra whose Lie-Poisson structure 
(on g*) is denoted by {•,•},-. If <j) : (gi,[-,-]i) -A ( 02 ,[-rh) is a Lie algebra ho¬ 
momorphism, then the transpose map (j) T : (0i,{- ,-} 2 ) —> (0i,{ - ,'}i) is a Poisson 
map. It is easily checked that this leads to a contravariant functor from the cate¬ 
gory of finite-dimensional Lie algebras to the category of Poisson manifolds (affine 
Poisson varieties if F is different from R and C). 

It is often convenient to represent the Lie-Poisson structure by its Poisson matrix 
(see Section 1.2.2). To do this, consider, as above, a basis (ei,...,ef) of g, which 
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leads to a system of linear coordinates (xq,.... x,j ) on g*. Let us denote by c\j the 
structure constants of the Lie algebra g in terms of the above basis: 

d 

l e o e j\ = X c f; ei > 1 < i, j ^ d . 

k=l 

Then, the entries of the Poisson matrix ({x,-,x_/}) are given by 

d 

{■ *i,Xj } = [et,ej]* = X c ij Xk ■ 

k= 1 


In this notation, Eq. (7.1) for the Poisson structure takes the form 


{F,G} 


d 

X 4 

i,j,k= 1 


dF dG 
dxi dx: 


In tensorial terms, the algebra of polynomial functions on g* is canonically iso¬ 
morphic to Sg, the symmetric algebra of g, and the construction of the Lie-Poisson 
structure on .S'g can be given without passing via g*, which has the advantage that its 
construction does not require g to be finite-dimensional. Explicitly, a typical mono¬ 
mial z\Z 2 ■ ■ -Z p .S’g is viewed as a polynomial function on g* by setting, for £ G g*, 

(ziZ 2 ...z P )(%) := £(zi)£(z 2 )■ ■■^(zp) = {%,zi){%,Z2)---(%,Zp) ■ (7.6) 

For monomials of degree 1, the Poisson bracket {•, •} on .S’g is just the usual Lie 
bracket, {z,^} := [z,z , j. For monomials of higher degree, one uses the biderivation 
property, which gives 

p q ^ 

'[zi • • • Zp, Z\ • • • Zq } = XX Zl ■ * • • • • ZpZ\ ■ ■ ■ • ■ • <.q ■ 

k=U=\ 


From this formula, one easily gives a direct proof of the Jacobi identity for the 
bracket {•, •} on Sg. 


7.2 The Lie-Poisson Structure on g 

Upon choosing an isomorphism between the finite-dimensional Lie algebra g and 
its dual g*, the Lie-Poisson structure on g* can be transferred to a linear Poisson 
structure on g. This is usually done by choosing a non-degenerate symmetric bi¬ 
linear form (• | •) on g. Non-degeneracy of the bilinear form (• | •) means that the 
linear map % : g — > g*, which sends x £ g to the linear form (x \ •) : y i —> (x \ y), is an 
isomorphism. Explicitly, % is given by 
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(x( x ),y) = ( x \ y) = ix(.y ), x ), ( 7 - 7 ) 

for all xj £ g. The inverse map to % is denoted by yt : g* —> g. As in (7.7), 

(<3i V't 7 ?)) = (W(£) I Viv)) — , ( 7 -8) 

for all ^, rj £ g*. To a function on g*, we can associate a function on g and vice versa, 
simply by composing it (on the right) with % or with t//. Similarly, every Poisson 
structure on g* can be transferred to g and vice versa. In particular, the Lie-Poisson 
structure on g*, introduced in Section 7.1, leads to a unique Poisson structure {•, •} 
on g with respect to which % is an isomorphism of Poisson manifolds. We call {•, •} 
the Lie-Poisson structure on g with respect to (• | •}. 

Explicitly, let F, G £ J^(g) and compute their Lie-Poisson bracket { F. G} 0 (with 
respect to (• | •)) at a point x £ g by using (7.5) as follows. 

{F,G} 0 (x) = {Fo\i/,Go\fr}(x{x)) 

= (X(x), [d x (x)(F°V)^ x (x)( Go W)}) ( 7 - 9 ) 

= <*| ty(d x F)MdxG)]) . 

We have used that d x ^(Fo xj/), viewed as an element of g, is precisely \)/(d x F). To 
check the latter, first use the chain rule and the fact that y/ is a linear map to find that 


d x (x)( Fo W) =d x Foy. 

so that, for every £ g*, 

( d zto( Fo V0»€> = (d xFMZ)) = (ZM&xF)) , 

where we have used (7.8) in the last step. Equation (7.9) is usually written in the 
following form, 

{E,G} 0 (t) = (x|[V,F,V. v G]) , (7.10) 

where V X F, the gradient of F at x (with respect to (• | •)) is defined, for f£^(g) 
and x e g by 

(V x F\y) = (d x F,y) , (7.11) 

for every y £ g, which is equivalent to saying that V X F = y/(d x F). Since F is a 
function on a vector space, (7.11) can also be written in the following form, 

( v ^b) = l F(x + ty), (7.12) 

dr |r=o 

which is the most useful form for explicit computation. 

The Lie-Poisson structure on g is often restricted to a subspace of g which is 
defined by a Lie ideal of g. If A is a subset of g, the orthogonal to A, with respect 
to (• | •), is the subspace A x C g, defined as 
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A- 1 := {x€ g | Vy € A, {x\y) = 0} . (7.13) 

Proposition 7.5. Let (g, [-,-]) be a finite-dimensional Lie algebra, equipped with a 
non-degenerate, symmetric bilinear form (• | •), and suppose that f) C Q is a Lie ideal 
of g. Then its orthogonal, i) ± , is a Poisson submanifold of g. For F,G £ 
their Poisson bracket { F , G} (l ± is given, at x £ by 

{F.G}^ (x) = {F,G} g (x), (7.14) 

where F and G are arbitrary extensions of F and G to a neighborhood ofx in g. 

Proof. We first show that if h is a Lie ideal of g, then (i is a Poisson submanifold 
of g. Let x £ f) X and let G be an arbitrary function, defined in a neighborhood ofx 
in g. According to Proposition 2.12, we need to show that (3Lg) x £ 7)1] ~ f] 1 . To 
do this, let F be an arbitrary function, defined in a neighborhood ofx in g, which is 
constant on 1) . For such a function, we have that W X F £ b; indeed, F(x+ty) = F(x) 
for every y £ f) x and every t £ F, so that 

(V*F|y) = ^ F(x + ty) = 0 , 
dt jr=o 

for every y £ f) x . Since (• | •) is non-degenerate, we may conclude that V X F £ [)■ 
Since f) is a Lie ideal of g, we have for every x £ f) that 

(&g) x [F] = {F, Gj g (x) = (x | [V X F, V X G]) = 0 . 

This shows that SFg is tangent to f) at every point x £ f) L . Proposition 2.12 also 
leads to the formula (7.14) for the Poisson structure {•, - jf. on f) 1 . □ 

We now show that the Hamiltonian vector fields SFu on (g, {-, •}) can be writ¬ 
ten down in a simple form, if (• | •) is ad-invariant (i.e., when g is a quadratic Lie 
algebra). Recall from Section 5.1.4 that this means that (x| [y,z]) = ([x, v] |z) for 
all x,y,z £ g. Then we have that (7.10) can be written, for H = G, as 

{F,77} 0 (x) = (V X F | [V,H,x]} = (d X F, [V x H,x]} . 


Comparing this to 


{F,H} 0 (x) = (% H ) X [F] = (d X F, (3T h ) x ) , 

we find that x := (■3f//) x , the Hamiltonian vector field at x, is given by the Lax 
equation 

x=[V x H,x\. (7.15) 

Lax equations are very important in the theory of integrable systems, as one easily 
shows that their flows are isospectral, hence admit many constants of motion (see 
Section 12.2.5 below). 
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Example 7.6. The basic example of a finite-dimensional quadratic Lie algebra is 
given by the F-vector space g := g[ rf (F) of d x d matrices with coefficients in F. 
The Lie bracket on g is the commutator [x,y] := xy — yx. If E tJ denotes the d x cl 
matrix with a 1 at position (;. j) and zeros elsewhere, then \E- l j , E k (] = 8j k E ik — 
di/Ekj, for all 1 ^ i. j. kJ' d. A natural symmetric bilinear form on g is given 
by (x|_y) := Trace(xy). It is non-degenerate, thanks to the orthogonality relations 
(Ejj \E k jj = 8j±8ij. Moreover, ad-invariance follows at once from the basic prop¬ 
erty Trace (.tv) = Trace(yx) of the trace form. Thus, g is a quadratic Lie algebra. Let 
us denote by ^ (/ - the linear function on g which picks the entry at position (i.j) of a 
matrix: £,ij{x) := x jj = ( Ep\x ). For all x,y G g, 

|y) = (dx&j,y) = (&j,y) = (E }i \y) , 

so that V A - Qj = VE,jj is independent of x and is given by V(g ;/ - = Ep. It follows that 
the Poisson bracket of two such linear functions on g is given, at x G g, by 

{ Q / ^ Og'} ^ (x) = (x“ [Eji , Efj ;]) (x | 8jj Ej k 8j :k E(,) 

= {$,&}-8j£u)(x) , 

so that {, £,kl } g = $i/E>kj — Sj.k^ii■ Let us show that for every p G N*, the function 
H P : g —> F, defined by H p (x) := ^ Tracex p , is a Casimir function for {• , -} fl . For all 

x,y g g, 


{VxH p \y) = j t ^H p (x + ty) = Trace (x p *y) = (* p 1 b) ■ 

It follows that V x H p = x p ~ 1 , which implies that [V x H p ,x\ = 0, for every x G g. In 
view of (7.15), this means that the functions H p are Casimir functions of {•, ■} . 


7.3 Properties of the Lie-Poisson Structure 

In this section we first study the symplectic foliation of a Lie-Poisson structure and 
show how it is related to the coadjoint action. We then explain how the Poisson 
cohomology of a Lie-Poisson structure is related to Lie algebra cohomology. In 
Section 7.3.3, we relate the modular class of a Lie-Poisson structure to the modular 
form of a Lie algebra. 


7.3.1 The Symplectic Foliation: Coadjoint Orbits 

We have seen in Section 1.3.3 that a Poisson manifold naturally decomposes into 
symplectic manifolds. We now show that in the case of a Lie-Poisson structure 
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on iv, these symplectic manifolds are the coadjoint orbits of G in g*, where G is 
any connected Lie group whose Lie algebra is g; we also show that the Casimir 
functions are the Ad*-invariant functions. See Section 5.1.3 for the definition and 
the basic properties of the coadjoint action and of Ad*-invariant functions on g*. 

Proposition 7 . 7 . Let (g, [•, •]) be a finite-dimensional Lie algebra and let G be an 
arbitrary connected Lie group whose Lie algebra is g. The symplectic leaves of the 
Lie-Poisson structure on g* are the coadjoint orbits of G and the Casimir functions 
are the Ad *-invariant functions. 

Proof. We first show that at each point E, G g* the vector space of all fundamental 
vector fields of the coadjoint action of G on g* at E, coincides with Haim (g*, {•, •}), 
the vector space of all Hamiltonian vector fields of the Lie-Poisson structure on g*, 
at |. To show it, rewrite (7.5) as 

(JT G ) ? [F] = = (ad^,d^) 

to find that the Hamiltonian vector field SCg is given, at c, G g*, by 

(^b ) 5 = a ^d• 

For every x G g, the linear function x*, defined by x*(^) := (|,x) for all E, G g*, 
satisfies d=x* = x*, for every E, G g*. It follows that 

Hamc (g*) = jad^ G £ | G G ^(g*)} = {ad*£ | x G g} , 

as we needed to show. Since the coadjoint orbits of G are connected, this shows that 
the leaves of the symplectic foliation of the Lie-Poisson structure on g* are precisely 
the coadjoint orbits. It follows that the Ad*-invariant functions are precisely the 
functions which are constant on every leaf of the symplectic foliation. According to 
Proposition 1.31, they are the Casimir functions of the Lie-Poisson structure on g*. 
□ 

Suppose now, as in Section 7.2, that we have a non-degenerate symmetric bilin¬ 
ear form (• | •) on g, and let % : g —> g* be the resulting isomorphism (see (7.7)). 
Since % realizes an isomorphism between the Lie-Poisson structure on g* and the 
Lie-Poisson structure on g with respect to (• | •), Proposition 7.7 leads to the follow¬ 
ing result. 

Proposition 7 . 8 . Let (g, [•, •]) be a finite-dimensional quadratic Lie algebra, whose 
bilinear form is denoted by (• | •). Let G be an arbitrary connected Lie group whose 
Lie algebra is g. The symplectic leaves of the Lie-Poisson structure on g with respect 
to (• | •) are the adjoint orbits of G and the Casimir functions are the Ad-invariant 
functions. 

The fact that the symplectic foliation of the dual of a Lie algebra is given by the 
orbits of the coadjoint action shows that, even in the case of a linear Poisson struc- 
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•-• 

o r 


Fig. 7.1 For r^O the sphere x~ + y 2 + z 2 = r 2 is a symplectic leaf of the Lie—Poisson structure 
on (so 3 (M))*. 


ture, the symplectic foliation can be rather complicated. This is illustrated in the 
following examples of (real) three-dimensional Lie algebras. 

Example 7.9. We start with the Lie-Poisson structure of (s 03 (R))*, which is defined 
by the following brackets 

\y>z\=x, [z,x]=y. 

The Poisson matrix is given by 


f 0 z -y\ 

—z Ox , 

V y -* o ) 

and C := x 2 + y 2 + z 2 is a Casimir function. The rank of the Poisson structure is 
two at every point, different from the origin o, and at such a point the differential of 
the Casimir function C is non-zero. According to Proposition 1.32, the symplectic 
leaves in R 3 \ {o} are the connected components of the fibers of C, i.e., the spheres 
x 2 +y 2 +z 2 = r 2 , with r / 0. Of course, {o} is itself a symplectic leaf, so the sym¬ 
plectic leaves are the concentric spheres x 2 +y 2 +z 2 = r 2 . with r £ where the 
origin appears as a sphere of radius r = 0. See Fig. 7.1. 

Example 7.10. We next consider the Lie-Poisson structure of (skQR))*, where the 
standard s^R) brackets 

[x,y] =z, \y,z] = 2y, [z,x\=2x, 

lead to the following Poisson matrix 

^0 z —2x\ 

— z 0 2y 
y 2x —2y 0 j 
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/ • • • 

• • • 

• • • 

-•- 

O 

Fig. 7.2 Every point of the plane x = 0 is a symplectic leaf for the Lie-Poisson structure on the 
dual of the Heisenberg algebra. The planes x = c, with c ^ 0, are the other symplectic leaves. 



Clearly, C := 4xy + <~ 2 is a Casimir function and the rank of the Poisson structure 
is two at every point, except at the origin; also, the differential of C is non-zero, 
except at the origin. As in the previous example. Proposition 1.32 implies that the 
symplectic leaves are the connected components of the fibers of C, namely, 

(1) The one-sheeted hyperboloids 4xy + z 2 = c, for c > 0; 

(2) The two components of the two-sheeted hyperboloids 4xy + z 2 = c, for c < 0; 

(3) The two components of the cone z 2 = —4 xy minus the origin; 

(4) The origin. 

Notice that the previous example and the present example are geometrically 
very different, yet the underlying Lie algebras have the same complexification, 
namely sL(C). 

Example 7.11. Our third example is the Heisenberg algebra, with Lie brackets 

[x,y] = 0, \y,z]=x, [z,x] = 0. 


The Poisson matrix is now given by 

o o\ 

0 0 x 
y 0 — X 0 J 

It is immediate that the Casimir functions are precisely the functions which are 
independent of y and of z. The Poisson structure has now rank zero on the plane 
x = 0, so that each point of this plane is a symplectic leaf; together, these points 
form the zero locus of the Casimir function x. The other symplectic leaves are two- 
dimensional, they are the planes x = c, with c€l*. See Fig. 7.2. 


Example 7.12. In the fourth example we show that, for a linear Poisson structure 
on R 3 , non-trivial smooth Casimir functions may even not exist locally (at some 
points). Take on R 3 , with respect to the system of coordinates (x.y,z). the following 
Poisson matrix, 


/ 


0 

0 


y-x 


0 x\ 
0 y 

-y o y 


(7.16) 









7.3 Properties of the Lie-Poisson Structure 


189 



Fig. 7.3 For the open book foliation, which is the symplectic foliation of the Lie-Poisson structure, 
given by the Poisson matrix (7.16) the leaves are the points of the Z-axis and the half-planes, 
obtained by removing the Z-axis from the planes passing through it. 


On R 3 , minus the plane x = 0, y/x is a Casimir function, while on R 3 , minus the 
plane y = 0, x/y is a Casimir function. The symplectic leaves of dimension 0 are 
the points on the Z-axis, while the symplectic leaves of dimension 2 are the half¬ 
planes, obtained by removing the Z-axis from all the planes which pass through the 
Z-axis, as follows again from Proposition 1.32. This symplectic foliation is called 
the open book foliation. Taking an arbitrary point on the Z-axis, it is clear that on no 
neighborhood of it is there a non-constant Casimir function. See Fig. 7.3. 


Example 7.13. We consider, in the last example, for a fixed a € C, the basic Lie 
brackets 

[x, y] = 0, [y, z] = y, [z, x\ = ax , 

which lead to the following Poisson matrix for the corresponding Lie-Poisson struc¬ 
ture on C 3 , 

^00 —ax \ 

0 0 y 

yax —y 0 j 

A holomorphic function F, defined on an open subset U C C 3 , is a Casimir function 
for this Poisson structure if and only if 


dF dF dF „ 

n - = ax-5--y-5- = 0, 
dz dx dy 


on U. A solution of these equations is easily found, giving F = cxy a + d, where 
c and d are integration constants. If a f Q. then the level sets of F are not even 
algebraic varieties. 
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7.3.2 The Cohomology of Lie-Poisson Structures 

We show in this section that the Poisson cohomology of a Lie-Poisson structure 
is naturally related to Lie algebra cohomology, leading under some conditions to 
a fairly explicit description of it. Let g be a finite-dimensional Lie algebra, whose 
Lie-Poisson structure (on g*) is denoted by n or by {•,•}. The algebra of func¬ 
tions & (g*) which we consider can be taken indifferently as the algebra of polyno¬ 
mial, holomorphic or smooth functions. 

For x £ 0 , we will denote as in Section 7.1, by x* the element x, viewed as an 
element of the bidual of 0 , i.e., x* is the linear function on g*. defined by (x* f) := 
(4,x) for all 4 £ g*. Consider the map g —>■ 3c 1 (g*), which associates to x £ g the 
Hamiltonian vector field of — x* with respect to the Lie-Poisson structure. It is a Lie 
algebra homomorphism, since 

^'[x,y\* = = ~ \^x*i 37y*\ , 

for all x,y £ g. Equivalently, the assignment g x J^g*) -> ^(g*) given by (x,F) 

— 3C X * [F] = {x*,F} defines a representation of g on J^(g*). We can therefore con¬ 
sider Z/*(g,^(g*)), the J^(g*)-valued Lie algebra cohomology of g. Recall from 
Section 4.1.1 that for every q £ N, the space of .^(g*)-valued (/-cochains of g is 
given by 

C*(g;W))=Hom(A«g,.W)), 

while the differential is given, for all c £ C q (g;J?~(g*)) and all xq, ... ,x q £ g, by 

8l(c)(x 0 ,...,Xq) = £(-1)' {x*,c(x 0 ,...,Xi,...,Xq)} (7.17) 

/=o 

+ X c ([ x i’ x j] •, Xi,. ,Xq\ . 

(Ki<j<q 

We show in the following proposition that, for every ggN, the cohomology space 
is canonically isomorphic to the g-th Poisson cohomology space 

of (g*,7r). 

Proposition 7.14. Let g be a finite-dimensional Lie algebra. The dual g* of g is 
equipped with its algebra &(g*) of polynomial, holomorphic or smooth functions. 
The Lie-Poisson bracket on J^"(g*) is denoted by n. For every q £ N there is a 
canonical isomorphism 

Hl{g,&{g*))~H%tf). 

Proof. We show that the d^(g*)-valued Lie algebra cohomology complex of g is 
isomorphic to the Poisson cohomology complex of (g*, 7 r). Let Q be a Poisson q- 
cochain of (J^Yg*), 7 u), i.e., Q £ 3c q (g*). We associate to Q the element t P a (Q) £ 
C 9 (g; J^(g*)) = Hom(A <? g,^'(g*)), defined by 


TO): A^g ^J?(g*) 

A'l A * * * A X q i-A Q[X . 


(7.18) 
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It is easy to see that for every q £ N the resulting linear map W q : 3E ? (g*) —> 
Hon^A^g, J^(g*)) is an isomorphism. Moreover, a direct comparison of (4.4) 
and (7.17), using = [xj,xj]*, shows that the following diagram is 

8% 


commu¬ 


tative. 


3W) 


-> X q+l (g*) 


f 'a 


1 +1 


Hom(A 9 g,jr(g*)) —^ Hom(A« +1 g,J^(g*)) 


The isomorphisms ( l P q ) q e¥S therefore induce isomorphisms in cohomology. □ 

For a representation (p,V) of g, recall that F 0 stands for the space of all g- 
invariant elements, i.e., elements v £ F such that p(x, v) = 0 for every x £ g. Recall 
also that we denote by //*(g) the trivial Lie algebra cohomology (see Example 4.2). 
Since F 0 is a subrepresentation of F, on which g acts trivially, we have linear maps 


flZ(g) ®v 0 




■H q L (Q,V) 


(7.19) 


where the first map is an isomorphism, but the second map is in general neither 
injective nor surjective. In the case of the above representation of g on J^(g*), it 
leads for every q £ N to the linear map 

lq :H q (g)®C a s(g*)^H q (g*), (7.20) 

since the invariant elements of J?(g*) are the functions F £ J^(g*) such that 
{x*,F} = 0 for every x £ g, i.e., the Casimir functions of (g \ n). Recall from Propo¬ 
sition 7.7 that these functions are the Ad*-invariant functions. For a semi-simple Lie 
algebra, a non-trivial property on its Lie algebra cohomology (with coefficients in a 
finite-dimensional representation) implies that i q is an isomorphism, for every q £ N, 
as we show in the following proposition. 

Proposition 7.15. Let g be a semi-simple Lie algebra. We denote by J£"(g*) the al¬ 
gebra of polynomial functions on g* and by Cas(g*) C J^(g*) the subalgebra of 
polynomial Casimir functions. For every q £ N, the map i q , given by (7.20), is an 
isomorphism: 

i q :H q (g)®C a s(g*)~H q (g*). 

Proof. We denote by ,^(g*) the vector space of homogeneous polynomials of de¬ 
gree k on g*, where k £ N. It is a subrepresentation of (g*), and 

■W) = ®W), 

AeN 

which implies that the J^(g*)-valued Lie algebra cohomology of g decomposes as 
a direct sum, 

A-eN 
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for every q £ N. Since the Lie-Poisson structure on g* is linear, a function F € 
J^(g*) is a Casimir function if and only if for every k £ N its homogeneous com¬ 
ponent of degree k is a Casimir function. Setting Casj.(g*) := Cas(g*) n^(g*), it 
follows that 

Hf(g)®Cas(g*) = 0Hf(g)®Casjt(g*) , 
ieN 

for every q G N. Moreover, for every q,k G N, the linear map i q restricts to yield a 
map 

iq,k : H‘l( g) ® Ca Si (g*) H*(g, J^(g*)). 

Now, according to [95, Th. 11], for every finite-dimensional representation V of a 
semi-simple Lie algebra g, the natural linear map II‘/(q) 0 L B —> 7/^fg. V) described 
in (7.19) is bijective for every q G N. In particular, for every k € N, i q ^ is an iso¬ 
morphism, which, in turn, implies that i q is an isomorphism, as was to be shown. 
□ 


7.3.3 The Modular Class of a Lie-Poisson Structure 

The modular form of a finite-dimensional Lie algebra g is the linear form /i g on g, 
defined for x G g by 

fU g (x) := Trace(ad x ) . 

A Lie algebra is said to be unimodular when its modular form vanishes. For x, y £ g. 

Ml*,)']) = Trace (adr^j) = Trace ([ad*, ad^]) = 0 , (7.21) 

so that /i g vanishes on [g, g]. Every Lie algebra which satisfies [g, g] = g is therefore 
unimodular; in particular, if g is semi-simple, then g is unimodular. If g is nilpotent, 
then g is unimodular, since ad* is nilpotent, hence traceless, for every x £ g. For 
a different reason, quadratic Lie algebras are unimodular as well. However, solv¬ 
able Lie algebras are not unimodular in general, for instance, the two-dimensional 
Lie algebra defined, on a basis (e,f) of g by [e,f\ := /, is not unimodular, since 
Trace(ad ( .) = 1. 

In the following proposition, we relate the modular form /i g of g with the modular 
vector field 0 of the Poisson manifold (g*, n), where n stands for the canonical Lie- 
Poisson structure on g*. The volume form which we choose on g* is any translation 
invariant volume form (see Remark 4.13). 0 is a constant vector field on g*, hence 
corresponds in a canonical way to an element of g*. 

Proposition 7.16. Let g be a finite-dimensional Lie algebra. Interpreted as an ele¬ 
ment of q*, the modular vector field of(Q*,n) with respect to any translation invari¬ 
ant volume form is, up to a sign the modular form of g. 

Proof. Let (e \,..., ef) be a basis of g and let (|i,..., E,f) be the dual basis of g*. 
We use the functions xi = <?(,■■■ ,x c i = <L d as linear coordinates on g*. According 
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to (4.22), the divergence of the Lie-Poisson structure n on g* is given by 
Div(7r)= X { X ' ;X '} J7 = S ([ e i> e j\* >Sj)-ir ■ 

Since 0 = — Div(tr) (see Proposition 4.17), it follows that 

#(■*) = - E (l e i’ e jY ’%j) x i = - X (£/> [*»*/]} = — Trace (ad*), 
l^ij^d l<j<d 


for every x = jf =1 x,e,- £ g. This shows that 0 = —jj, g . □ 


7.4 Affine Poisson Structures 

We now turn to a combination of constant and linear Poisson structures, which we 
call affine Poisson structures. 

Definition 7.17. A Poisson structure {•, •} on a finite-dimensional vector space V is 
called an affine Poisson structure if, for every pair of affine functions F and G on V, 
their Poisson bracket {F, G} is an affine function on V. 

Equivalently, for every pair of linear functions F and G on V, their Poisson bracket 
{ F, G} is an affine function on V. 

Proposition 7.18. For every finite-dimensional vector space V, there is a one-to- 
one correspondence between affine Poisson structures on V and pairs of compatible 
Poisson structures (no,ni) on V, where no is a constant Poisson structure and n\ is 
a linear Poisson structure. 

Proof. Suppose that n is a skew-symmetric biderivation of .sP(V) such that for every 
pair of linear functions F and G on V , one has that n\F. G] is an affine function on V. 
For such functions, let Kq [F, G] and K\ [F, G] denote the constant, respectively linear 
parts of n[F, G]. We view no and n\ as bilinear maps on V* and we extend them to 
biderivations of -^{V), still denoted by no and n \, so that n = 7to + K\. According to 
Chapter 6, no is a constant Poisson structure. In terms of the Schouten bracket [•, •]$, 
one has that n is a Poisson structure if and only if [n, tt] s = 0, which is equivalent 
to the vanishing of \n. 7t] 5 [F. G.H\ for all linear functions F. G and // on V. Since 
[7T0i 7£o],s = 0, because no is a Poisson structure, we have that 

[n,n\s F, G,H} = [n u m] s [F, G,H} + 2 [j r 0 , m] s [F, G, H\ . 

In view of (3.37), the first term in this expression is a linear function on V, while the 
second term is a constant function on V. Thus, [n. tt] s = 0 if and only if [n \, n\ ] s = 0 
(i.e., n\ is a linear Poisson structure) and [7ro,7ri] s = 0 (i.e., no and n\ are compati¬ 
ble). It follows that the map, which sends an affine Poisson structure n to its constant 
and linear parts (no, n \), yields the announced one-to-one correspondence. □ 
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In view of Proposition 7.18, it is natural to look for a Lie algebraic interpretation of 
affine Poisson structures. Indeed, if n is an affine Poisson structure on V*, then V* 
is the dual of a Lie algebra V and no, restricted to V, is a skew-symmetric bilinear 
form on V. 

Proposition 7.19. For every finite-dimensional vector space V, there is a one-to-one 
correspondence between affine Poisson structures on V* and pairs c) where 
[•, •] is a Lie algebra structure on V and c is a 2-cocycle in the trivial Lie algebra 
cohomology of (V, [•,•]). 

Proof. According to Proposition 7.18, we need to show that there is a one-to- 
one correspondence between pairs (no, 7t|) of compatible Poisson structures on V*, 
where no is constant and n\ is linear, and pairs ([•, -],c), where [•, •] is a Lie algebra 
structure on V and c is a 2-cocycle in the trivial Lie algebra cohomology of ( V. [•,•]). 
Let (no, n\) be a pair of Poisson structures on V*, where no is constant and n\ is lin¬ 
ear. Let [•, •] be the Lie algebra structure on V, defined 2 by [v,w]* := n\ [v*, w*], for 
all v, w e V, and let c(v, w) := no[v* ,w*\, which defines a linear map c : V /\V —> F. 
We show that no and n\ are compatible if and only if c is a 2-cocycle in the trivial 
Lie algebra cohomology of g := V; since the Poisson structures no and n\ can be 
reconstructed from the pair ([■,, c), this will prove the proposition. We have for 
all u,v,w GV = g, 

[jto,n\\ s (u* ,v* ,w*) = n^[n\[u*,v*],w*]+O ( u,v,w ) 

= c([u,v],w)+ o (u,v,w ) 

= - f>l(c)(u,v,w ) , 

see Example 4.2, in particular formula (4.2) for the Lie algebra coboundary opera¬ 
tor Sl, in the case of a trivial representation. It follows that \no. n\ [ v = 0 if and only 
if c is a Lie 2-cocycle, §1 (c) = 0. □ 

In view of the above proposition, affine Poisson structures are also called modified 
canonical Poisson structures or modified Lie-Poisson structures. 

If g is semisimple, then //^(g) is trivial (see Lemma 4.1), so that, if c is a Lie 2- 
cocycle, then c is a Lie 2-coboundary, c = 8[ (c'), written out, c(xi,xf) = c'([xj,xj\) 
and we see that the affine Poisson structure, corresponding to ([•, -], c), is nothing but 
the Lie-Poisson structure associated to with.r* replaced by xj +c'(xi), i.e., both 
Poisson structures are the same up to an affine change of variables (a translation). 

Affine Poisson structures are, in general, also closely related to Lie-Poisson 
structures in a different way. Namely, given a Lie algebra (g, [•,•]) and a Lie 2- 
cocycle c, as in Proposition 7.19, we consider on g x F the Lie bracket 

{(x,a),(y,b)\ c := ([x,y] ,c(x,y)) . (7.22) 

For every S g x F, where i= 1,2,3, one has that 

2 As in the case of Lie algebras, if v 6 V, then v* denotes its image under the canonical isomor¬ 
phism V ~ (V*)*. 
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{[{x\,ai),(x2,a2)\ c ,{x-i,ai)\ c = [([xi,x 2 ] ,c(x u x 2 )), (^ 3 ,« 3 )] c 

= ([[xi,x 2 \ ,Xl] ,c([xi,x 2 ] ,x 3 )) , 

so that the Jacobi identity for [•, •] and the cocycle condition for c imply the Jacobi 
identity for [■, -] c , i.e., (g x F, [•, -] c ) is a Lie algebra. In the following proposition we 
show that the Lie-Poisson structure {•,-} c on (g x IK)*, restricted to a hyperplane, 
is isomorphic to the affine Poisson structure {•, •} on g, defined by the 2-cocycle c. 

Proposition 7.20. Let (g, [•,•]) be a finite-dimensional Lie algebra and let c be a 2- 
cocycle in the trivial Lie algebra cohomology o/g. Denote the Lie-Poisson structure 
on (g x F)*, associated to (g x F, [•, •]<-), by {■, ■} , and denote by {•, •} the affine 
Poisson structure on g*, with constant term c. 

(1) The linear function 1* : (g x F)* —> F, defined by (/> i—>• 0 (0,1), is a Casimir 
function of {■, -} c ; 

(2) The hyperplane N :={«/»€ (g x F)* | 0(0,1) = 1} is a Poisson submanifold 

of (g x F)*; 

(3) The isomorphism *F : N —> g*, defined for (j) £ N by (j) ha (j>(-,0), is a Poisson 
isomorphism between (IV, {•,-} c ) and (g*,{- ,•}). 

Proof We first show that 1* is a Casimir function of {•, ■} c . Notice that 1* = (0,1), 
as an element of g x F. For (fi,a) £ g* xF, it follows that d^ a )l* = 1* = (0,1), 
which belongs to the center of [■,-] c (see (7.22)). It follows that for every function 
F on (g x F)*, 


{F, 1*} C (| ,a) = <(4,fl), [d^ a) F, (0, l)] c ) = 0 . 


This shows (1). Since the hyperplane N, as defined in (2), is a level set of the 
Casimir function 1*, it is a Poisson submanifold of (g x F)*, which yields (2). 
It is clear that *F is an isomorphism between the affine space N and the vec¬ 
tor space g*. In order to prove that *F is a Poisson morphism, it is sufficient to 
prove that {x* oY ,y* o l ¥} c = {x*.y*} o 'F, for every x,y £ g, where, as above, 
stars stand for the corresponding linear functions on g*. By a slight abuse of no¬ 
tation, we will also consider x* as a linear function on (g x F)*, where we put 
x*(<j)) := 0(jc,O), for all (j) £ (g x F)*. With this abuse of notation, x* o 'F = x*, 
and {x*,y*}o x F = [x,y\* + c(x,y). For {x*o l P,-v*o l P} c , which is now written 
as {x*,>’*} c , let (!) £ N and compute 

(40 = [d^*, 4 /] c ) = «►, [(at, o), Cv,o)] c ) 

= (4>,([x,y],c(x,y))) = [x,y]*{(t))+c(x,y) , 

which is (x*,}’*} o evaluated at (j). This shows that *F is a Poisson morphism; 
since *F is an isomorphism, it is a Poisson isomorphism, which is the content of (5). 
□ 

As we have shown earlier in this section, every affine Poisson structure which is 
constructed by using a Lie 2-cocycle which is a coboundary, is isomorphic to the 
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original Lie-Poisson structure, by an affine change of variables, which implies that 
both Poisson manifolds have the same symplectic foliation, up to a translation. We 
show in the following example that when the Lie 2-cocycle is not a coboundary, 
these symplectic foliations may be quite different. 

Example 7.21. Consider on R 3 the linear and affine Poisson structures it\ and n, 
whose Poisson matrices are given by 


^0 

0 — 


( 0 1 -x\ 

0 

0 >■ 

and 

o 

7 

V L 

-y o j 


\ X -y o ) 


The underlying Lie algebra of both Poisson structures is defined by the brackets 
[x.y] = 0, and \y,z] =y and [z,x] = x. The corresponding Lie 2-cocycle is given by 
c(x,y ) = 1 and c{x,z) = c(y,z) = 0 . Notice that n is a regular Poisson structure, 
of rank two, while the rank of n\ vanishes at the origin. Clearly, xy is a Casimir 
function of Tt\, while xy + z is a Casimir function of n. The symplectic leaves of K\ 
are the points on the Z-axis, the two half-planes obtained by removing the Z-axis 
from the plane x = 0, the two half-planes obtained by removing the Z-axis from 
the plane y = 0, and the connected components of the hyperbolic cylinders xy = c, 
with c€R*. For the affine Poisson structure n. the symplectic leaves are the parallel 
hyperboloids xy + z = c, with c € R. 


7.5 The Linearization of Poisson Structures 

According to Weinstein’s splitting theorem (Theorem 1.25), every Poisson manifold 
(M, n) is, in the neighborhood of each of its points, isomorphic to the product of a 
symplectic manifold and a Poisson manifold whose Poisson structure vanishes at 
a point. According to Darboux’s theorem (Theorem 1.26), the symplectic Poisson 
structure can be written in a canonical form in well-chosen coordinates. For Poisson 
structures which vanish at a point m, there is no canonical form; we will explain 
in this section that, under some conditions, such a Poisson structure is isomorphic 
in a neighborhood of m to a linear Poisson structure, which is canonically associ¬ 
ated to the Poisson structure at m. This linear Poisson structure is introduced in the 
following proposition. 

Proposition 7.22. Let ( M , n) be a real or complex Poisson manifold , and suppose 
that m £ M is a point at which n vanishes. There exists a unique linear Poisson 
structure {• ,-jj = K\ on T m M , such that, for every neighborhood U of m in M and 
for all F,G € ^{U), 

{d m F,d m G} i = d m [F, G} , (7.23) 

where the elements d m F, d ,„G and d,„ {F, G} ofTfM are viewed as (linear) functions 
on T m M. 
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Suppose that *F : (M,n) —» (. M',Jt') is a Poisson map, where ( M',Jt') is also a 
Poisson manifold. Then n' vanishes at *P(m) andd m l F : (T m M,n\) —> (Tp^M',n[) 
is a Poisson map, where the linear Poisson structure n[ on Tp^M' is defined as 
in (7.23). 

We call the linear Poisson structure K\ on T m M the linearized Poisson structure of n 
at m. 


Proof. Every linear function on T m M is an element of T,*M, and is therefore of the 
form d„,.F for some function F, defined in a neighborhood of in in M. Since a Poisson 
structure on a vector space (here T m M ) is uniquely determined by its value on linear 
functions, it follows that there exists at most one Poisson structure K\ on T m M, 
satisfying (7.23). In order to establish the existence of this Poisson structure, we 
use (7.23); namely for , t] G T t *M, which we view as linear functions on T m M, we 
define {^, 77 } { := d„, { F. G }. where F and G are arbitrary local functions, whose 
differentials at m are q and rj respectively. In order to show that d„, { F, G} does not 
depend on the choice of F and G, we use a system of local coordinates (x \,... ,xf), 
centered at nr. writing 


{F,G} 


fL dF dG 

ih Xij 


(7.24) 


where Xjj := for all 1 d, the assumption that n vanishes at m amounts 

to Xjj(m) = 0 for all i. j, so that the differential of both sides of (7.24) at m is given 
by 


dF, dG 


dm {F, G} = ^ —(m)—{m) d ; 


hJ = 


j dxi v y dxj 


^m-^i j 


This gives the required independence of the chosen functions F and G, since 


dF 

dxi 


(m) 



and similarly for the partial derivatives of G at m. The Jacobi identity for the Poisson 
structure n implies the Jacobi identity for 7t| since it follows at once from (7.23) that 


{Un,C}ili=d m{F,{G,H}} , 


where F. G and H are arbitrary functions, defined in a neighborhood of m, whose 
differentials at m are q , 77 and q, respectively. This shows that there exists a (unique) 
Poisson structure n\ on T*M, satisfying (7.23) for all open subsets U of M which 
contain m and for all F, G € ■7F(U). 

Suppose now that ( M,n) and ( M',n') are two Poisson manifolds and that *P : 
M —> M' is a Poisson map. If n,„ = 0, then Tt[p, nt ^ = 0 and we can consider the 
linearized Poisson structures at T„,M and at Txp^M'\ we denote them by {•,•}] 
and {-, -}i respectively. We show that d,,,^ : (T m M, {-, •} j) —7- (7V( m )M', {•, •}[) is 
a Poisson map. To do this, it suffices to show that for all linear functions L \. Lo 
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on 

{L 1 ,L 2 }' 1 od m 'F = {Liod m ‘P ) L 2 od m 1 F} 1 . (7.25) 

Given such functions L\ and L 2 , there exist functions F and G, defined on a neigh¬ 
borhood of '¥(>n) in M 1 , such that d>j >( m )F = Li and di y( m )G = L 2 . Since *F is a 
Poisson map, {F, G}' o *F = {F o *P. G o *P}. which we differentiate at m, giving 

d nm) {F, G}' o d m F = d m {FoF,GoFj . 

Written in terms of the linearized Poisson structures, this becomes 

{d nm) F,d nm) G}\od m '¥ = {d m (Fof'),d m (Gof')} 1 

= °d„, l P,dij/ (m )God,„ l P}j , 

which is (7.25), since L\ = d> y( m )F and i 2 = dip(,„)G. □ 

Definition 7.23. Let (M, n) be a Poisson manifold, suppose that m is a point of M 
at which n vanishes and denote the linearized Poisson structure of n at m by K\. We 
say that n is linearizable at m, if there exists a Poisson diffeomorphism l P, between 
a neighborhood of m in (M, n) and of the origin o in ( T m M , n\), with '¥(m) = o. 

Example 7.24. Let m be a point of a Poisson manifold (M, n). Suppose that n van¬ 
ishes at in and that the linearized Poisson structure of n at m is the trivial Poisson 
structure. Then n is linearizable at m if and only if n is zero in a neighborhood of m. 

Example 7.25. If n is a linear Poisson structure on a finite-dimensional vector 
space V (over R or C), then n is linearizable at the origin o. In fact, the canoni¬ 
cal isomorphism V ~ T 0 V is a Poisson isomorphism, where V is equipped with n 
and where T a V is equipped with the linearized Poisson structure of n at o. 

Example 7.26. Let n = {•,•} be a non-trivial Poisson structure on a finite-dimen¬ 
sional vector space V, such that for every pair of linear functions on V, their Poisson 
bracket is either zero or it is a homogeneous function of degree k ^ 2 (in the lan¬ 
guage of Section 8.1, 7T is a homogeneous Poisson structure of degree k). Then n 
vanishes at the origin o e V and the linearized Poisson structure {-, •} j is trivial, 
since for all linear functions F. G on V, 

{d 0 F, d 0 G}j = d 0 {F, G} = 0 , 

because {F, G} is either zero or is homogeneous of degree A: R 2. Since n is non¬ 
trivial and is homogeneous, there is no neighborhood of o on which n is the trivial 
Poisson bracket. It follows from Example 7.24 that n is not linearizable at o. 

Example 7.27. Let F be a smooth or holomorphic function, defined on a neighbor¬ 
hood U of the origin o of F 2 . We assume that F vanishes at o, but that the restriction 
of F to every neighborhood of o is different from zero. Consider the Poisson struc¬ 
ture on U, defined in terms of the standard coordinates x,y of F 2 by {.r.y} = F. We 
claim that n is linearizable at o if and only if d a F R 0. 
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Let us prove the claim. First, if d a F = 0, then {d„jc, d„ v}, = d a F = 0, so that the 
linearized Poisson structure is trivial; in view of Example 7.24, n is in this case not 
linearizable at o. Assume now that d „F / 0 and consider the vector field 



d dF d 


dx dy dy dx ’ 


which does not vanish at o. By the straightening theorem (Theorem B.7), there exists 
a function G, defined in a neighborhood of o, such that Y\G\ = 1. Since 


dF dG dF dG 
dx dy dy dx 


y\G\ = i, 


we have on the one hand that d 0 F and d„G are linearly independent, and on the other 
hand that {F, G} = F. Thus, (F. : G) is a system of coordinates on a neighborhood 
of o and n is linear in terms of these coordinates. According to Example 7.25, n is 
linearizable at o. 

Remark 7.28. For i = 1,2, let (M,, n-,) be a Poisson manifold, whose Poisson struc¬ 
ture vanishes at nij £ M,. Let *F : M\ —> AG be an isomorphism of Poisson manifolds 
with *F(m i) = mi- Then the tangent map T m 'P : T mi M\ —> T mi Mi is an isomorphism 
of Poisson manifolds, where both tangent spaces are equipped with the linearized 
Poisson structures of n\ and 7ti. 

In particular, if two finite-dimensional vector spaces Vi and VS, equipped with a 
linear Poisson structure, are isomorphic as Poisson manifolds via a map T which 
sends the origin o of V\ to the origin of VS, then the linear map d,/F : V\ ~T„Vi —> 
T C) V 2 ~ VS is a Poisson isomorphism. In other words, if there exists (in the neighbor¬ 
hood of the origin) a Poisson isomorphism between two linear Poisson structures, 
then a linear Poisson isomorphism between them also exists. 

The condition that a Poisson structure n which vanishes at m £ M is linearizable 
at m can be expressed as the existence of a neighborhood U of m in M and of a 
diffeomorphism *F between U and a neighborhood of the origin o in T m M. with 
l I J (m) = o, such that 


for all t, , 17 £ T*M. Denoting for l £ N by J^m + X \u) the ideal of & (U) , consisting 


of all functions which vanish, together with all their partial derivatives up to order t, 
at the point m, leads to the following weaker notion of linearizability. 

Definition 7.29. Let (M, n) be a Poisson manifold, and suppose that m £ M is a 
point at which n vanishes. Then n is said to be linearizable at m up to order £ £ N* 
if there exists a neighborhood U of m in M and a diffeomorphism *F between U and 
a neighborhood of the origin o in T m M, with *F (/;/) = o, such that 


{£o«F,tjo'F}-{5,tj} 1 o'F£ A M \u), 


for all 4, rj £ T*M. 


200 


7 Linear Poisson Structures and Lie Algebras 


Example 7.30. It is clear from the definition that every Poisson structure which is 
linearizable at a point is at that point linearizable up to order t, for all l £ N*. 
However, the converse is not true, in general. To show this, we define a (smooth) 
Poisson structure n on R 2 by {x,y} := f(x), where f(x) := e~ x ~ for x ^ 0 and 
/(0) := 0. The fact that / vanishes at 0, together with all its derivatives at 0, implies 
that {.v,y} £ J r „^ +I ' I (IR 2 ), for all £ £ N, where o denotes the origin of R 2 . It follows 
on the one hand that the linearized Poisson structure at o is trivial, and on the other 
hand that n is linearizable up to order £, for all ( £ N*. However, the Poisson struc¬ 
ture n is not linearizable at o, since there is no neighborhood of o on which n is 
zero. 

In order to clarify and compare the different notions of linearizability at a point m 
in a Poisson manifold (M,n), we consider a coordinate chart (U,x) centered at m, 
we define, for 1 ^ i,j,k ^ d, the constants ck := { Xj,Xj } (m) and we consider 
the following four statements. 

d 

{xi,Xj} - ]T c\jX k £ Jm\u) , 

k= 1 

d 

{x i ,Xj} l = Y,c k ijX k , 
k= 1 
d 

{yhyj} = X 4>’* > 

k= 1 

{yoyj}- E4^ e m +1 \y ) 

k= 1 

The inclusion (7.26) holds for all 1 ^ i,j ^ d if and only if n vanishes at m. In this 
case, the linearized Poisson structure tti at m is given by (7.27), where Jci,..., x,i are 
the linear coordinates on T m M. defined by jc,■ := d m Xj, for i = 1 Still assuming 

that n vanishes at m, there exists a coordinate chart (V,y) for M, centered at m £ M, 
such that (7.28) (respectively (7.29)) holds for all 1 ^ i. j ^ d. if and only if n is 
linearizable at m (respectively n is linearizable at m up to order /'). 

According to Proposition 7.3, there is a one-to-one correspondence between lin¬ 
ear Poisson structures on T m M and Lie algebra brackets on T* t M. It follows that there 
corresponds to the linearized Poisson structure at m (where m is a point at which n 
vanishes) a Lie algebra structure [•, •] on T* n M. It satisfies, by construction, 

[d m F,d m G\ = {d m F , d m G}j = d m {F, G} , 

for all functions F and G, defined on an arbitrary neighborhood of m in M. The 
structure of this Lie algebra is a key element in Conn’s linearization results, which 
we formulate in the following theorem. 


(7.26) 

(7.27) 

(7.28) 

(7.29) 
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Theorem 7.31 (Conn’s linearization theorem). Let (. M, n) be a Poisson manifold, 
and let m £ M be a point at which n vanishes. Let [•, •] denote the Lie bracket 
on T*M, associated to the linearized Poisson structure at m. 

(1) In the holomorphic case, if [•,•]) is a semi-simple complex Lie algebra, 

then n is linearizable at m; 

(2) In the real case, if (T,*M, [■, •]) is a compact semi-simple Lie algebra, then n 
is linearizable at m; 

(3) In both cases, if (TfM, [•,•]) is a semi-simple Lie algebra, then n is lineariz¬ 
able at m up to order I, for all l £ N*. 

Proof. We do not prove Conn’s results (1) and (2), as the proof is long and rather 
technical (see [45, 46]); instead, we prove the analogous (but easier to prove) re¬ 
sult (3). We do this by recursion on t. Every Poisson structure which vanishes at m 
is linearizable up to order 1, so that the statement holds true for i = 1. Assume 
now that n is linearizable up to order i. According to Definition 7.29, there exists a 
neighborhood U of m in M and a diffeomorphism % between U and a neighborhood 
of the origin o in T m M , with v F((m) = o, such that 

{xo'F e ,yo'I'e}-[x,y]o'F e £ +1) (U) , (7.30) 

for all x,y £ Tf M: we write here, and in the rest of the proof, the elements of 
T*M with latin letters x,y,z, because we view T* M = g as a Lie algebra. For 
x £ g, we write F x as a shorthand for the element xo l p of ■'P(U) and we denote 
:= and f := J^m +2 \u). Notice that is finite-dimensional, 

because J* j J?’ is isomorphic to the space of homogeneous polynomials of degree 
£+ 1 in dimM variables. With these notations, (7.30) can be written as 

{F x ,F y }-F [x>y] £J?. (7.31) 

Since n vanishes at m, we have that {J?,IF(U)} C and {J? 1 ,IF(U)} C J?'. It 
follows that we can define a map 

* : 0 x If) -> Jlf 7 ... 

(x,p(F)) ^ x-p(F):=p({F x ,F }), ’ 

where p : —t J ?/ f denotes the canonical projection. We claim that % is a (finite- 
dimensional) representation of g. To prove this, we need to show that for all x,y £ g 
and for every F £ J?, 

[x,y\-p(F)=x-(y-p{F))-y-(x-p(F)). (7.33) 

On the one hand, (7.31) and the inclusion {.f, ■/} C f imply that 
l*,y\ ■ P( F ) = P({F[ x ,y],F}) = p({{F x ,F y } ,F}) , 


while, on the other hand, 


202 


7 Linear Poisson Structures and Lie Algebras 


x-(y-p(F))-y(x-p(F)) = p({F x ,{F y ,F}})- p({F y ,{F X: F}}) , 

so that (7.33) is a consequence of the Jacobi identity for n. Since g is semi-simple 
and J?IJ?' is finite-dimensional, the cohomology space I l}(Q\.F j ■'/') is trivial (for 
a proof, see [102, Th. III.13]; Lie algebra cohomology is recalled in Section 4.1.1), 
so every Lie 2-cocycle is a Lie 2-coboundary. The Lie 2-cocycle c which we con¬ 
sider is constructed from (7.31): 


c : g Ag —> <F / 

(x,y) ^ p({F x ,F y }-F [X}y] ) . 

We have that c is a Lie 2-cocycle, which means that for all x,y,z £ g. 


(7.34) 


x-c(y,z) + c(x, [y,z])+0 (x,y,z)=0, 


because, using (7.31), 

x• c(y,z) + c(x, ly,z]) = p({F x , {F y ,F z }}) - p(F [xM] ) . 

Since Hl(g\ J? I is trivial, there exists a linear map b : g —► // j -F', such that c 
is the coboundary of b, 


c(x,y) =x- by -y ■ b x - by x ^ ( 7 . 35 ) 

for all x,y £ g. For every x £ g, let F x := F x — b x , where the linear map b: q—>,F is 
an arbitrary lift of b. We claim that 

{F' x ,F' y }-F[ xy] e.r, ( 7 . 36 ) 

for all x,y £ g. Since 

{F^} = {F x ,Fy} - {F x ,b y } - {b X ,Fy} + {b X ,by} , 

and since }b x ,b y } is an element of C .Fm + ~\u) = J ?', as i ^ 1, (7.36) 

amounts to saying that 

{F x ,F y } ~ F [x,y\ + b [x,y\ ~ {F*,by} - {b x ,F y } , ( 7 . 37 ) 

which is an element of <F, belongs to the kernel of p. According to the definition 
of c, the image of (7.37) under p is given by 

p({ F x, F y}-F [xj] ) +p(b\ Xt y])-x-p(b y )+y-p(b x ) 

= c(x,y) + b[ xj] - x ■ by +y • b x , 

which is zero in view of (7.35). This proves (7.36). Since x i-a F x is a linear map, 
there exists a map % ( | from U to a neighborhood of o in T m M, such that F x = 
xof^i, for every x £ g. Since d ,„Ff = d m *f^ + i, there exists a neighborhood U' C U 
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of m in M on which % + j is a diffeomorphism. In terms of \ \, (7.36) is written as 

{xo'¥ l+ i,yo'P t+ i}- [*,y]o»P /+1 G jtf +2 V) , (7.38) 

for all which means that n is linearizable up to order l + 1 at m. □ 

Remark 7.32. It is clear from the above proof that the open subsets on which the 
diffeomorphisms *Ff are defined form a sequence which decreases with i, and that 
the intersection of all these open subsets may be reduced to a point. Notice that, 
even if this intersection is not reduced to a point, the Poisson structure may not be 
linearizable at m (see Example 7.30). 


7.6 Notes 

The fact that Lie-Poisson structures are in one-to-one correspondence with Lie al¬ 
gebra structures is implicit in Lie’s works, in which one also finds the relation to the 
coadjoint representation of the adjoint group of the Lie algebra. In the first half of 
the twentieth century, the theory of Lie algebras and Lie groups became a subject of 
its own, with focus on applications to theoretical physics and differential geometry. 
The cited observations of Lie were rediscovered and reinforced in the works of Kir¬ 
illov [105, 106], Kostant [117] and Souriau [185], who clearly exhibit the symplectic 
structure on the coadjoint orbits which is inherited from the Lie-Poisson structure; 
this structure is nowadays known as the Kostant-Kirillov-Souriau symplectic struc¬ 
ture. For general information about Lie algebras and their representation theory, we 
refer to Jacobson [102] or to the first chapter of Bourbaki [27], 

Exactly as Lie algebra structures are in one-to-one correspondence with linear 
Poisson structures, Lie algebroids are in one-to-one correspondence with fiberwise 
linear Poisson structures [64], i.e., Poisson structures on a vector bundle which have 
the property that the bracket of any two fiberwise linear functions is a fiberwise 
linear function, while the bracket of a fiberwise linear function with a basic function 
is a basic function. See [53] for an introduction to Lie algebroids. 

The linearization problem was first posed and studied by Weinstein [199]. The 
main results, which give conditions under which a Poisson structure is linearizable, 
were obtained by Conn [45,46]; a geometrical proof of these results is given in [52]. 
See Dufour-Zung [63] for a detailed account on the linearization problem. 


Chapter 8 

Higher Degree Poisson Structures 


Constant and linear Poisson structures, studied in the previous two chapters, are 
particular cases of a bigger class of Poisson structures, namely the (weight) ho¬ 
mogeneous Poisson structures on a finite-dimensional vector space V: constant and 
linear Poisson structures are the homogeneous Poisson structures of degree zero and 
one, respectively. Like in the constant or linear case, (weight) homogeneous Poisson 
structures are easier to study than general Poisson structures. For example, homo¬ 
geneity of a Poisson structure permits one to split the determination of its Poisson 
cohomology into its homogeneous parts. Also, weight homogeneous Poisson struc¬ 
tures turn out to be useful for studying general Poisson structures. We will see an 
example of this in Section 9.1.3 of the next chapter, when classifying Poisson struc¬ 
tures on F 2 , with a simple singularity. 

Among distinguished classes of weight homogeneous Poisson structures, one 
finds - besides constant and linear Poisson structures - quadratic Poisson struc¬ 
tures (i.e., homogeneous Poisson structures of degree two), rank 2 Poisson structures 
which arise from Nambu-Poisson structures and the transverse Poisson structures 
to adjoint orbits in a semi-simple Lie algebra. 

Section 8.1 is devoted to the study of general properties of (weight) homoge¬ 
neous Poisson structures, while we study in Section 8.2 a few special properties and 
characterizations of quadratic Poisson structures: their multiplicativity, their mod¬ 
ular class and the decomposition of a quadratic Poisson structure, using a related 
unimodular Poisson structure. In Section 8.3 we define the notion of a Nambu- 
Poisson structure and we explain the construction which leads to a large class of 
(weight homogeneous) rank 2 Poisson structures. Finally, Section 8.4 deals with the 
transverse Poisson structure to a nilpotent orbit in a semi-simple Lie algebra. 

Unless otherwise stated, F denotes an arbitrary field of characteristic zero. 
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8.1 Polynomial and (Weight) Homogeneous Poisson Structures 

In this section, we define and study polynomial Poisson structures on a vector space, 
with special emphasis on homogeneous and weight homogeneous Poisson struc¬ 
tures. 

Throughout the section, we consider Poisson structures and, more generally, mul¬ 
tivector fields on a finite-dimensional vector space V, which is equipped with its al¬ 
gebra of functions, denoted by &(V). If F is an arbitrary field, this algebra is the al¬ 
gebra of polynomial functions on V ; however, if F = R (respectively F = C), J^( V ) 
may stand either for the algebra of smooth (respectively holomorphic) or polyno¬ 
mial functions on V, depending on the context. It is clear that, in either case, J?(V) 
contains all polynomial functions on V. For p £ N, the corresponding space of p- 
vector fields on V (skew-symmetric /^-derivations of &(V)) is denoted by 3L P (V). 
The origin of V will be denoted by o. 


8.1.1 Polynomial Poisson Structures 

Let y be a vector field on a finite-dimensional vector space V. Then, 'Y is said to 
be a polynomial vector field on V if, for every polynomial function F on V, "Y[F\ 
is a polynomial function on V. More generally, a p-vector field P on V (p G FI 4 ) is 
said to be a polynomial p-vector field on V if P[F \...., F p \ is a polynomial function 
on V, for all polynomial functions F \,... ,F p on V. In the case of Poisson structures 
on V, this leads to the following definition. 

Definition 8.1. A Poisson structure ttona finite-dimensional vector space V is said 
to be a polynomial Poisson structure if for all polynomial functions F and G on V, 
their Poisson bracket { F, G} is a polynomial function on V. 

In terms of arbitrary linear coordinates x\ ,... ,xj of V, every p-vector field P oil V 
can be written as 


p= I PK, 

1 ^i\<-<ip^d 


■A; d 


dxi 


■ A---A 


dx;. 


( 8 . 1 ) 


so that P is a polynomial p-vector field if and only if P[x^ ,..., x 1() ] is a polynomial 
function, for all 1 ^ i\ < ■ ■ ■ < i n cl. In this case, the maximum of the degrees of 
all P[x h . x/ n } is called the degree of P. In particular, every polynomial Poisson 
structure on V is of the form 


n = 


^ d d 

l ox ' ox J 


where, for every 1 i < j Y d, the function x/j := {xj.Xj } is a polynomial function 
on V, and the degree of n is the maximum of the degrees of the polynomials x t j. 
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Example 8.2. Constant Poisson structures (see Chapter 6) are polynomial Poisson 
structures of degree zero, while linear and affine Poisson structures (see Chapter 7) 
are polynomial Poisson structures of degree one. 

It is clear that when &(V) is the algebra of polynomial functions on V, then all 
Poisson structures on V are polynomial Poisson structures on V. 


8.1.2 Homogeneous Poisson Structures 

Let V be a finite-dimensional vector space. A function F £ -^(V) is said to be 
homogeneous if there exists an integer r £ N, such that for every A £ F and for 
every v £ V, we have 

F(Xv)=VF(v). (8.2) 

The integer r, which is unique if F f 0, is then called the degree of F, de¬ 
noted deg(F). If F is expressed in terms of a system of linear coordinates (xi,... ,xfi) 
for V, which we write as F = F(x \.... , x,t) , then condition (8.2) is equivalent to the 
fact that 

F( Axi,...,Ax d ) = A r F(x 1 ,...,x d ) , (8.3) 

for every A £ F. A homogeneous function of degree zero is constant, since the condi¬ 
tion F( A v) = F(v) for all A £ F and v € V implies that F(v) = F( 0) for every v £ V. 

The following proposition states that smooth or holomorphic functions which are 
homogeneous, are polynomial functions. 

Proposition 8.3. Let V be a finite-dimensional real (respectively complex) vector 
space. If F is a smooth (respectively holomorphic) function on V and F is homoge¬ 
neous of degree r, then F is a polynomial function on V, whose degree is r. 

Proof. Let F £ J^(V) be a smooth or holomorphic function on V, satisfying (8.2) 
for every A £ F and every v £ V. By differentiating, for a fixed A, both sides of 
this equation in the direction of a vector u £ V, we obtain that, for every u £ V, the 
directional derivative of F along the vector u is a homogeneous function of degree 
r — 1. By iterating this procedure, we obtain that the directional derivatives of F of 
order r are all homogeneous of degree 0, i.e., are constant functions. This implies 
that F is a polynomial function on V, of degree less than or equal to r. Then, because 
of equation (8.2), we can conclude that the degree of F is r. □ 

According to Proposition 8.3, the notions of “homogeneous function” and “homo¬ 
geneous polynomial function” do not have to be distinguished and the notion of 
degree coincides with the usual notion of degree of a polynomial. 

A (smooth or holomorphic) vector field "V on a finite-dimensional vector space V 
is said to be a homogeneous vector field on V if, for every F £ ^(V) which is ho¬ 
mogeneous, the function Y\F\ £ ■'P(V) is also homogeneous. More generally, a 
(smooth or holomorphic) />vector field P £ X P {V) is said to be homogeneous if. 
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for all h),.... F p £ ■T'(V) which are homogeneous, the function P\F\ ,.... F p \ is ho¬ 
mogeneous. Since every polynomial function is the sum of homogeneous functions, 
Proposition 8.3 implies that every homogeneous p-vector field on V is a polynomial 
p-vector field on V. 

In the following proposition, we give a few characterizations of homogeneous 
multivector fields. For one of them, we use the Euler vector field on V, which is 
denoted by S and is defined as the unique vector field on V which acts as the identity 
on all linear functions on V; in terms of linear coordinates x\,...,Xd on V, it is 
given by 



(8.4) 


Clearly, S is a homogeneous vector field on V. Notice that, by differentiating (8.3) 
with respect to X, at A = 1, we obtain that a function F on V is homogeneous of 
degree r € N if and only if 


S[F]=^gF = rF . 


(8.5) 


This formula is called the Euler formula. 

Proposition 8.4. Let P be a non-zero p-vector field on a finite-dimensional vector 
space V, where p £ N. The following conditions on P are equivalent. 

(i) P is homogeneous; 

(ii) There exists an integer r £ N, such that for all linear functions F\,... ,F p on V, 
one has that P[F \,... ,F p \ is zero, or is a homogeneous function of degree r; 

(Hi) There exists an integer rel, such that for all homogeneous functions 
F\,... ,F p on V, one has that P[F \,..., F p \ is zero, or is a homogeneous func¬ 
tion of degree deg(Fi) H-b deg (F p ) + r— p; 

(iv) There exists an integer r £ N, such that J£gP = (r — p)P. 

The integer r, which appears in (ii)-(iv) is the same and is called 1 the degree of P, 
denoted deg(P), while r — p is called the weight ofP, denoted GJ (P). 

Proof. Let P be a non-zero p-vector field, P £ X P (V). We assume that p f 1, since 
the proposition is clear for p = 0. Condition (ii) implies obviously condition (i), in 
view of (8.1). We only show that (i) implies (ii) for p= 1, since the generalization of 
the proof to arbitrary p ^ 1 will be clear. Thus, we assume that P is a homogeneous 
vector field, and we consider two linear functions F and G on V, satisfying P\F] / 0 
and P[G] f 0. For a generic tsF the polynomial P[(l — t)F +tG\ is non-zero and 
homogeneous, with a degree r which is independent of pin particular, since P[F] 
and P[G] are different from zero, they have the same degree r, which proves (ii). 
The equivalence between conditions (ii) and (iii) follows immediately from the fact 
that a p-vector field P is a derivation in each of its arguments. Finally, let Pi,..., F p 
be homogeneous elements of &(V) and let r £ N. Using (3.7) and (8.5), we have 

1 In order that the formulas which involve the degree or weight are valid also for the zero p-vector 
field, we adopt the convention that both the degree and weight of the zero p-vector field are — c«5. 
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(^P-(r-p)P)[F u ...,F p ] 


P 


= g [P[F U ... ,F p }} - £ P[F\ ,...,g[F e ],...,F p }- ( r-p)P[F h . ..,F p \ 


= g[P[F u ...,F p ]]~ deg (F e )-(r-p))P[F l ,...,F p ]. 



Using (8.5), we conclude that there exists r £ N such that 2z ?gP = (r — p)P if and 
only if there exists /• £ N such that the following holds: for all homogeneous ele¬ 
ments F\.... . F p of :F(V). we have that P\F\ ,.. .,F p \ is zero, or is homogeneous of 
degree Yle = \ deg (Fi) — (r — p). This shows the equivalence (Hi) <£> (iv). □ 

As a corollary, every polynomial /^-vector field P on V can be written uniquely 
as a finite sum of homogeneous /;-vector fields on V, whose degrees are pairwise 
different. 

Notice that, according to (iii) of Proposition 8.4, if , F p £ ■F r (V) and 
P £ X P (V) are homogeneous, then the polynomial P[F\,...,F p \ is either zero, or 
is homogeneous of degree 


deg (P[F\,...,F p ]) = deg(Fi) H-hdeg (F p ) + deg(P) -p , (8.6) 


which, in terms of weights, becomes 


Z)(P[F X ,...,Fp}) = a(Fi ) + ••• + CT {Fp) + m(p). 


(8.7) 


Since = [<€’, <§} = 0, the Euler vector field is weight homogeneous of degree 
one, i.e., of weight zero. 

Specializing the definition of homogeneous bivector fields to Poisson structures 
on V, we obtain the following definition. 

Definition 8.5. Let V be a finite-dimensional vector space. A Poisson structure n 
on V is said to be homogeneous if for all F. G £ ■'F (V), which are homogeneous, 
their Poisson bracket { F. G} £ ,'F r (V) is also homogeneous. 

According to Proposition 1.35, every Poisson structure n on V can be written in the 
following form: 



according to Proposition 8.4, it is homogeneous (of degree r) if and only if all the 
functions Xjj := {x;,.*, } are homogeneous of the same degree r; in this case, = 
(r — 2)n. 


Example 8.6. Let n be a Poisson structure on a finite-dimensional vector space V. 
Then n is homogeneous of degree zero (equivalently, of weight —2) if and only if n 
is a constant Poisson structure. Also, n is homogeneous of degree one (equivalently, 
of weight —1) if and only if n is a linear Poisson structure. 
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Example 8.7. Consider the bivector field n \= ft Aft 2 , where 'Ey and ft 2 are two 
homogeneous vector fields on a finite-dimensional vector space V. Then n is homo¬ 
geneous of weight U5(ft\) + CU(ft). because 

&g{n) = A%+V\ A&g(ft 2 ) = {®{ft) + ®{ft))ft Aft 2 . 


Since 

[n, tt] s = [ft Aftj'ftA y 2 ] s = -2 ft a r 2 a \ft u ft ], 

we have that tt is a (homogeneous) Poisson structure on V if and only if the vec¬ 
tor fields ft,ft,[ft, ft] are linearly dependent at all points of V. This condition is 
automatically satisfied when 'ft is the Euler vector field § and ft 2 = 'ft is an ar¬ 
bitrary homogeneous vector field, since then \§,ft\ = ££gft = US {ft) ft, which is 
a multiple of ft. The Poisson structure § A "V is homogeneous of weight US {ft), 
since US{$) = 0. 

To finish this section, we give a proposition whose main content is that an isomor¬ 
phism between two homogeneous Poisson structures on a vector space can always 
be realized by a linear isomorphism. 

Proposition 8.8. Let K\ and n 2 be two homogeneous Poisson structures on a finite¬ 
dimensional vector space V. Then the following are equivalent: 

(i) There exists a Poisson isomorphism L : (V, n{) —> (V. K 2 ) which is a linear 
map; 

(ii) There exists a Poisson isomorphism *P : (V, tti) —> (V, n 2 ) with *F(o) = o; 
(Hi) There exists a Poisson isomorphism ft : (U\,K\) —> ( U 2 ,Jt 2 ) with ft(o) = o, 

where U \, U 2 are neighborhoods of the origin o in V. 

Proof. The implications (i) => (ii) => (iii) are clear. Assume now that (iii) holds, 
and let ft : (U\,Tti) —> (U 2 ,n 2 ) be a Poisson isomorphism with ft(o) = o. We are 
going to prove that the differential L = d a ft of ft at the origin is a linear Poisson 
isomorphism between ( V , n\ ) and ( V , n 2 ). This can be done by comparing the Taylor 
expansions at o of both sides of the following identity, which is valid for all functions 
T,G€JF(V 2 ) 

{F,G} 2 °ft = {F oft,Goft} l 

where {•, •} j = Tt\ and {-, -} 2 = n 2 are the Poisson brackets corresponding to Jt\ 
and n 2 . Since K\ and n 2 are homogeneous of degree k, the Taylor expansions at 
the origin o of both sides of this equality vanish for degrees 0,... ,k — 1, while the 
components of degree k are equal to {d 0 T, d„G} 2 oL and {d„P o L. d„G o L) { respec¬ 
tively. Since every linear function on V is the differential at the origin of a function 
in :F(V), we obtain that for all linear functions F',G'e f?(V), 

{F',G'} 2 oL={F'oL,G'oL} 1 


which, in turn, implies that L is a Poisson map. Moreover, since L = d Q ft is invert¬ 
ible, L is in fact a Poisson isomorphism. □ 
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We will use the above proposition in Section 9.2.3, when we classify the set of 
all quadratic Poisson structures on (C 3 . 


8.1.3 Weight Homogeneous Poisson Structures 

Many known examples of (non-homogeneous) Poisson structures on a vector space 
F' 1 become homogeneous Poisson structures upon assigning specific (positive inte¬ 
ger) weights to the natural coordinates xi,... ,x d on F (/ . This means that many prop¬ 
erties and techniques of homogeneous Poisson structures carry over to this more 
general class of Poisson structures, which we will call weight homogeneous Pois¬ 
son structures. 

We first introduce the notion of weight homogeneity for functions and for multi¬ 
vector fields on F (/ . A <i-tuple of integers GJ := (GJi,..., GJ„/) will be called a weight 
vector (for F rf ); unless otherwise stated, we will always assume that all integers GJ,■ 
are positive. Generalizing (8.3), a function F on F' 1 is called weight homogeneous 
with respect to GJ if there exists an integer r g N, such that 

F(^xi,...,X w ‘‘x d )=X r F(x u ...,x d ), (8.8) 

for all A g F. In this case, the integer r, which is unique if F f 0, is called the weight 
of F and is denoted by GJ(F). It is easy to see that, if F,G g J?(F d ) are weight 
homogeneous with respect to GJ, then their product FG is also weight homogeneous 
with respect to GJ, of weight GJ {FG) = GJ(F) + GJ(G). 

Remark 8.9. It is clear that a function F on F d is homogeneous if and only if it is 
weight homogeneous with respect to GJ = (1,.... 1), and in this case, the weight 
of F is equal to the degree of F. 

Taking F := x, in (8.8), we see that each coordinate function x,, with 1 ^ i ^ d is 
weight homogeneous of weight GJ,, so that we often refer to GJ, as being the weight 

Of Xi. 

Similarly to the case of homogeneous functions (see Proposition 8.3), we show 
in the following proposition that a smooth or holomorphic function which is weight 
homogeneous, is a polynomial function. 

Proposition 8.10. If F is a smooth function on (respectively a holomorphic func¬ 
tion on C d ) and F is weight homogeneous with respect to some weight vector, then F 
is a polynomial function. 

Proof. Let GJ = (GJi,..., GJ f /) be a weight vector forF rf (F = HR or F = C) and assume 
that F g J^{F d ) satisfies (8.8), for all A g F. Let us consider s g N*, such that, for all 

1 f j\...., j s f d, we have that GJ ;] H-h GJ /t > r. By differentiating both sides of 

equation (8.3) with respect to x,-,,..., x ([ , for all 1 i\. ■ ■ ■ ■ i s f d, we obtain that all 

functions d F dx have negative weight, hence are zero on F rl . This implies that F 

is necessarily a polynomial function on F (/ . □ 
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A p-vector field P on F f/ is said to be weight homogeneous (with respect to 07), 
if for all Fi,...,F p £ ,f(F d ), which are weight homogeneous with respect to GJ, 
the function P[F \,..., F p ] e &(F d ) is weight homogeneous with respect to GJ. One 
shows, as in the case of homogeneous multivector fields, that a weight homogeneous 
multivector field on F (/ is a polynomial multivector field. 

Remark 8.11. It is clear that a multivector field on F d is homogeneous if and only if 
it is weight homogeneous with respect to GJ = (1,..., 1). 

We will give a few characterizations of the weight homogeneity of a multivector 
held, which generalize the characterizations of the homogeneity of a multivector 
held, given in Proposition 8.4. To do this, we introduce the weighted Euler vector 
field on F c/ , which is dehned by 


$m ■— ®t*i ^— 
dx i 


■ + GJ dX d 


(lx A 


(8.9) 


Notice that the weighted Euler vector held S m is weight homogeneous with re¬ 
spect to GJ. It is clear from (8.8) that a function F on F c/ is weight homogeneous of 
weight r if and only if 

Sm [F\=^F = rF. (8.10) 

This formula, which generalizes the classical Euler formula (8.5), is called the 
weighted Euler formula. 

Proposition 8.12. Let GJ = ( GJ | __ GJ f) be a weight vector for F f/ and let P be a 

non-zero p-vector field on F rf , where p £ N. The following conditions on P are 
equivalent. 

(i) P is weight homogeneous with respect to GJ; 

(ii) There exists an integer rgZ, such that for all 1 ^ i\ < ■ ■ ■ < i„ f d, the 
function P{x-^ ,... ,Xj p \ is zero, or is weight homogeneous of weight r+ GJ, j + 

(Hi) There exists an integer r £ Z, such that for all weight homogeneous elements 
Fi,...,F p of&(¥ d ), one has that P[F\ ,..., F p \ is zero, or is weight homoge¬ 
neous of weight r + CJ(Ei) H-h GJ (F p ); 

(iv) There exists an integer r £ Z, such that T^^P = rP. 

The (possibly negative) integer r, which appears in (ii)-(iv) is the same and is 
called 2 the weight ofP, denoted GJ (P). 


Proof. Since the proof is very similar to the proof of Proposition 8.4, we will not 
repeat it here; we only focus on the implication ( i)=>(ii), which requires some extra 
explanation. Suppose that 'V is a vector held on F d and that for some \ f i < j fd 
the functions and "V\xf\ are different from zero. We claim that if f / is weight 

2 In order that the formulas which involve the weight are valid also for the zero p-vector field, we 
adopt, as for homogeneous multivector fields, the convention that both the degree and weight of 
the zero p-vector field are —<*>. 
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homogeneous, then the integers tJ}(^F[xi]) — GJ, and U5{y[xj\) — 07/ are equal. In or¬ 
der to prove this property, we consider for t £ F the function "V (1 — t)xf j + txj‘ , 
which is weight homogeneous, because (1 — t)xf j + txj‘ and "V are weight homo¬ 
geneous. As in the proof of Proposition 8.4, it follows that "F xy' and V 


have the same weight. Since F[x“' J ] = GSjxf* ^\ x i\ and ’F^£'\ = 07 ,x l 


we have that 


aj,—l 

V 


J 

n*j 


07/(07/ - 1) + U5(Y[xi\) = GJ/(GJ/ - 1) + GJ(r[x/]) , 

and hence U5{y[x,]) — GJ,• = U5(Y[xj\) — (Dj, which is what we wanted to show. □ 

It follows, as in the case of homogeneous multivector fields, that every polyno¬ 
mial //-vector field P £ X p (F d ) can be written in a unique way as a finite sum of 
weight homogeneous p -vector fields, whose weights are pairwise different. Also, if 
P £ X p (F d ) and F u ...,F p £ &(F d ) are weight homogeneous, then the polynomial 
P[F\,... ,F p \ is weight homogeneous, of weight 


a{P[F h ...,F p ]) = ®{P) + ®(F l ) + --- + ®{F p ). (8.11) 


Since = [Sm^w] = 0, the weighted Euler vector field is weight homoge¬ 

neous of weight zero. 

Finally, we specialize the definition of weight homogeneity to the case of Poisson 
structures. 

Definition 8.13. A Poisson structure n on F d is said to be weight homogeneous if for 
all F,G £ ^(F d ) which are weight homogeneous with respect to 07, their Poisson 
bracket { F , G} is weight homogeneous with respect to GJ. 

Writing a Poisson structure n on F d in the form 


n = 


X X U 


d 

dxi 


A 



it follows that n is weight homogeneous (of weight U5{n)) with respect to GJ if and 
only if each one of the functions x l; := {x,, xj } is a weight homogeneous polyno¬ 
mial, of weight GJ(7r) + GJ/ + GJ/; this is also equivalent to the equality 

= G7(7T)7T . 


8.2 Quadratic Poisson Structures 

A bivector field on a finite-dimensional vector space V is said to be quadratic, if it is 
homogeneous of degree 2. A quadratic Poisson structure on V is a Poisson bivector 
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field on V which is quadratic. In terms of an arbitrary system of linear coordinates 
(x\ ,.... x,i ) on V, every quadratic Poisson structure n takes the form 


n = 


x . d d 

1 V, / ,) \ • 

l$<K<i JXl ax J 


( 8 . 12 ) 


where all X;j := {jc,, JCy}, with 1 ^ i < j f d, are homogeneous polynomial functions 
of degree 2 on V. Notice that a Poisson structure n on V is quadratic if and only if the 
Poisson bracket of every pair of linear functions on V is a homogeneous polynomial 
function of degree 2 on V. 

To start with, we give two important classes of quadratic Poisson structures. 

Example 8.14. Let A = (a^) £ Matrf(F) be an arbitrary skew-symmetric d x cl ma¬ 
trix. A quadratic bivector field n = {-,-} is defined on ¥ d by setting 


n := 


X aijXiXj 
1 <i<j<d 


— A — 
dxi dxj 


(8.13) 


A direct computation from (8.13) gives, for all 1 ^ i < j <k A (I, 

{{xi,xj} ,x k } + 0 (i,j,k) = aij{a ik +a jk )xiXjX k + 0 , 

which is zero since A is skew-symmetric. This proves the Jacobi identity for every 
triple of coordinate functions, which shows, in view of Proposition 1.36, that the 
bivector field n is a Poisson structure on IK v/ . A quadratic Poisson structure of the 
form (8.13) is called a diagonal Poisson structure. 

Notice that the rank of this Poisson structure is equal to the rank of the matrix A. 
More precisely, for every m £ F r/ . the rank of n at m is equal to the rank of the 
matrix, obtained by removing from the matrix A the A-th line and the k-lU column 
for all k for which x k (m) = 0. 

Example 8.15. If V is a linear vector field on a finite-dimensional vector space V, 
then S A 'Y is a quadratic bivector field, where S is the Euler vector field (8.4). Since 


[^’Ar/AT] x =-2 ( ?ArA[l’,f] = 0, 

the bivector field $ A Y is a quadratic Poisson structure. It is a particular case of the 
class of homogeneous Poisson structures, constructed in Example 8.7. 

In the following proposition, we give two characterizations of quadratic Poisson 
structures. We recall from Section 1.3.2 that, by definition, a vector field "V on {V, n) 
is a Poisson vector field if the Lie derivative of n with respect to V is zero. 

Proposition 8.16. For a Poisson structure n on a finite-dimensional vector space V, 
the following conditions are equivalent: 

(i) The Poisson structure n is quadratic; 

(ii) The Euler vector field S is a Poisson vector field; 
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(iii) For every a £ F*, the scalar multiplication by a is a Poisson automorphism 
ofV. 

Proof. The equivalence between (i) and (ii) is a particular case of the equivalence 
between (i) and (iv) in Proposition 8.4 with p = 2. Let n = be a Poisson 
structure on V. The multiplication by a £ F* is a Poisson map if and only if 

{F, G} (i av ) = {aF, aG} (v) = a 2 {F, G} (v) , 

for all linear functions F,G £V* and all v £ V, which is equivalent to saying that 
{F, G} is a homogeneous polynomial function of degree 2, for all F. G £V*. By 
Proposition 8.4, the latter means that n is quadratic. This shows that (i) and (Hi) are 
equivalent. □ 

The projective space P(V), which is the variety of 1-dimensional subspaces of V, 
is naturally identified with the quotient space (V\{o})/F* of the free action of F* 
by scalar multiplication. By Propositions 5.33 and 8.16, if n is a quadratic Pois¬ 
son structure on V, then P(V) admits a (unique) Poisson structure, such that the 
canonical projection map V \ {o} —»• ¥‘{V) is a Poisson map. 


8.2.1 Multiplicative Poisson Structures 

Let V be a finite-dimensional vector space and let p : V x V —> V be a bilinear map. 
We refer in this section to p as a product on V, even if we do not demand that p 
is associative. We say that p is a product with unit, if V admits an element e, such 
that p(v,e) = v = p(e,v) for all v £ V. A Poisson structure n on V is said to be 
multiplicative with respect to p if p : V x V —> V is a Poisson map, where V x V is 
endowed with the product Poisson structure. 

We show in this section that Poisson structures, which are multiplicative with 
respect to a product with unit, are quadratic. We will do this by using the following 
elementary lemma. 

Lemma 8.17. The only polynomial p in one variable, satisfying 

p(ab) = a 2 p(b) + b 2 p(a) , (8.14) 

for all a,b £ F, is the zero polynomial. 

Proof. Let p be a polynomial which satisfies (8.14), for all a,b £ F. The degree r of 
p is at most 2, because ( a,b ) p(ab) is a polynomial function (in two variables) 
of total degree 2r, while the total degree of a 2 p(b) +b 2 p(a) is at most r + 2. But 
(8.14) implies that p( 0) = p(l) = p(— 1) = 0, so that p is the zero polynomial. □ 

We now establish the link between multiplicative and quadratic Poisson structures. 
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Proposition 8.18. Let V be a finite-dimensional vector space and let p : V x V —> V 
be a product with unit. Every polynomial Poisson structure on V which is multi¬ 
plicative with respect to p, is quadratic. 

Proof. Let n be a polynomial Poisson structure on V, which is multiplicative. In 
view of (2.12), multiplicativity of {-,-} = n implies that, for all F. G G ■'F(V'). and 
all v, w € V: 

{F, G} (p(v,w)) = {F o R w , G o R w } (v) + {F oL v , G o L v } (w) , (8.15) 

where R w : V —> V and L v : V —> V are the endomorphisms of V, defined for u € V 
by R w (u) := p(u,w) and L v (u) := p(v,u) respectively. By bilinearity of p, for every 
a £ F and v £ V, the equalities p(v,ae ) = av = p(ae,v) hold, as well as the dual 
equalities F oR ae =aF = F oL ae , valid for all linear functions F on V and all a € F. 
Let F,G be two linear functions on V. For all a.b £ IK, (8.15) specializes to 

{F,G}(abe) = {F,G}(p(ae,be)) = a 2 {F,G}(be) +b 2 {F,G} (ae) . (8.16) 

The map p : F —> F, defined for all a £ F by p(a) := {F,G} (ae), is a polynomial 
function, since n is a polynomial Poisson structure, and (8.16) states that p satisfies 
condition (8.14) of Lemma 8.17. Therefore, {F, G} (ae) = 0 for all a £ F. Special¬ 
izing (8.15), we obtain therefore that 

{F,G}(av) = {F,G} (p(v,ae)) = a 2 {F,G} (v) , 

for all a G F and v € V. This shows that { F. G} is a homogeneous polynomial of de¬ 
gree 2. Since this holds for all linear functions F and G on V, the Poisson structure n 
is quadratic. □ 

Proposition 8.18 takes in the smooth or holomorphic context the following form. 

Proposition 8.19. Let V be a finite-dimensional vector space over R or over C and 
let p : V x V —» V be a product with unit. Every smooth or holomorphic Poisson 
structure on V, multiplicative with respect to p, is quadratic. 

Proof. The proof of the proposition goes along the same lines as the proof of Propo¬ 
sition 8.18; the only difference is that one needs to reprove Lemma 8.17 in that 
context, namely, to prove that there exists no non-zero smooth or holomorphic func¬ 
tion p satisfying (8.14). Deriving condition (8.14) three times with respect to a, 
yields that if p satisfies (8.14) for all a,b G F, it also satisfies bp’"(ab) = p"'(a), for 
all a, b £ F. Plugging b = 0 in it, we obtain that p"'(a) = 0 for all agF, and there¬ 
fore that p is a polynomial. According to Lemma 8.17, p is the zero polynomial. 
□ 

Remark 8.20. It is clear that the only differentiability condition which we use on 
the function p in Proposition 8.19 is that p is of class C 3 in a neighborhood of o 
in V. Therefore, Proposition 8.19 can be easily generalized to multiplicative bivector 
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fields of class C k , with 3, where for k £ N*, we call bivector field of class C k on 
M. d every bi-differential operator n of the form 


n = 


E x u 

1 ^« jKd 


d_ _d_ 

dxi dxj ’ 


where all the functions xp are of class C k on R (/ . Notice that, if n is of class C k on 
W 1 (with k £ N*), then for every pair of smooth functions ( F , G) on V , the bracket 
{F, Gj is a function of class C k , so one can still consider the Jacobi identity for 
smooth functions and define Poisson structures of class C k , with k £ N*, by saying 
that a bivector field n on W 1 is a Poisson structure of class C k if n satisfies the Jacobi 
identity for all triples of smooth functions F. G. II on V. 

For Poisson structures of class C 2 , it can be shown that Proposition 8.19 still 
holds, but for Poisson structures of class C 1 this is not the case (in general), as is 
shown in the following example. 

Example 8.21. On R 2 we consider the product (with unit) p which corresponds 
to the natural product on R[h]/h 2 , via the vector space isomorphism, defined by 
(a\,a 2 ) H► a\ +ho 2 - Explicitly, p is given by 


p((ai,a 2 ),(bi,b 2 )) = {a\b\,a\b 2 +a 2 b \), 

and the unit for p is (1,0). It follows that x\ o p = yizi and x 2 o p = yiz 2 +z\y 2 , 
where (xi,x 2 ), respectively {yi,y 2 ,zi,z 2 ), are the natural systems of coordinates 
on R 2 , respectively on K 2 xK 2 ~ R 4 . 

A Poisson structure n of class C 1 on R 2 is defined by {xi,x 2 } := x 2 ln(|xi|). We 
denote the product Poisson structure on R 4 = R 2 x R 2 by n'. In order to show that n 
is multiplicative with respect to p , notice that {x\ o p, x 2 o p }' = {xi, x 2 } o p , which 
follows from 


{xi,x 2 }op = (xf ln(|xi|)) o/x = (yizi) 2 ln(|yizi|) 


and 


{xi°P,x 2 op}’ = {y\zi,yiz 2 +z\y 2 }' 

= ^\{yi,y2}+y\{zi,z 2 } 

= ln(bi|) + Vizf ln(|zi|) . 


However, n is not quadratic. 

Example 8.22. Let V Mat,/(IF) the vector space of square matrices of size d. For 
1 ^ i- j f d, we consider on V the linear function, defined for all x = (xjj)fj =l £ V 
by 4'/ (x) : = Xjj. These functions provide a set of linear coordinates on V. For i and j 
as above, let £jj := 1 if i > j and £,j := — 1 if * < j and e,-j := 0 if i = j. Then the 
brackets, defined for 1 ^ i, j. k. t f d. by 
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■— (^!.k A ./f^itAkj 


define a multiplicative quadratic Poisson structure on V. This can be checked by 
direct computation; see Example 11.14 below for a more conceptual proof. 


8.2.2 The Modular Vector Field of a Quadratic Poisson Structure 

On a finite-dimensional vector space V, which is equipped with a Poisson structure, 
there is a vector field, which is naturally associated to the Poisson structure: the 
modular vector field, with respect to an arbitrary translation invariant volume form A 
on V. Recall from (4.24) that the modular vector field 0 K of a Poisson structure n 
on V is, up to a sign, the divergence Div(7r) of n, i.e., 0 K = — Div(^). As a first 
application, we have, in view of the explicit formula (4.22) for the divergence of a 
bivector field, that the modular vector field is homogeneous of degree r — 1 , if the 
Poisson structure is homogeneous of degree r ; in the particular case of quadratic 
Poisson structures, this leads to the following proposition. 

Proposition 8.23. Let A be an arbitrary translation invariant volume form on a 
finite-dimensional vector space V. The modular vector field ofevety quadratic Pois¬ 
son structure on V, with respect to A, is a linear vector field on V. 

In the study of quadratic Poisson structures, the modular vector field plays a par¬ 
ticular role, which we now underline, and which will lead in Section 9.2.3 to a 
classification of all quadratic Poisson structures on C 3 . 

Example 8.24. We compute the modular vector field 0 K of the diagonal Poisson 
structure n on F rf , introduced in Example 8.14 with respect to the translation invari¬ 
ant volume form A = dxi A • • • A eft,/. By using the formula 0 K = — Div(7r) and the 
explicit expression of the divergence of a bivector field (4.22), we obtain 



(8.17) 


Example 8.25. Let V be a ^/-dimensional vector space and let "P be a linear vector 
field on V. As we have seen in Example 8.15, n := S A "P is a quadratic Poisson 
structure on V. In order to compute its divergence, notice that Div(A s ) = d, which 
follows from (4.21), and that [to, "P\ = 0, because the weight of a linear vector field 
is 0. Substituted in equation (4.23) for the divergence of a wedge product, one finds 


Di y{g a r) = Div(r) s - d r , 


(8.18) 


so that the modular vector field 0 K of the Poisson structure n = S A "V is 0 K = 

dY-Div(y)^. 

We show in the following proposition that every quadratic Poisson structure n can 
be decomposed as a sum of two compatible quadratic Poisson structures: one of the 
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terms involves only the modular vector field of n , while the other term is unimodu- 
lar. This decomposition is very useful, as we will see in Section 9.2.3. 

We first recall two more facts from Section 4.4.3, namely that, given a volume 
form A on V , the star operator * is the family of isomorphisms 

n d ~ q (v ), 

defined for Q G £ 9 (V) by *<2 = iqX as in (4.19), and that Div is defined in terms of 
the de Rham differential d by 


Div = * 1 o d o * . 

Since 0 K = - - Div(yr), it follows that n is unimodular if and only if the differential 
(i d — 2) -form * n is closed. 

Proposition 8.26. Let V be a d-dimensional vector space and let A be a translation 
invariant volume form on V. Every quadratic Poisson structure n on V decomposes 
as follows 

i = T'a + -^A$,, 
d 

where 0 K is the modular vector field ofn with respect to A, and where a is a closed 
differential {d — 2)-form which satisfies = 0. Also, has the following 

properties: it is a quadratic unimodular Poisson structure, compatible with n, and 
it satisfies Jz?^ 1 a ) = 0. 

Proof. Since 0 n is a linear vector field, S A 0 K i s a quadratic Poisson structure (see 
Example 8.15). This Poisson structure is compatible with n , since 

[£’A0„,n] s = {Lfgn) h0 K -S = 0 , 

where we have used in the last step that both § and 0 n are Poisson vector fields 
(with respect to n). The modular vector field 0 n i of the Poisson structure n’ := 
S A 0 K is given by 

0 n , = -mv(g/\0„)=d0 n -Tfa(0 K )g = d0 K , (8.19) 

where we have used (8.18), together with the fact that Div(<P ff ) = 0, which holds 
because 0 K is itself the divergence of a bivector field. Since the quadratic Poisson 
structures n and n’ = $ A 0 K are compatible, and since their modular vector fields 
are proportional (see (8.19)), there exists a linear combination of n and A" A 0 R 
which is a unimodular Poisson structure: R := n — ^ S' A 0 K is a Poisson structure 
on V which is quadratic, compatible with n and unimodular. 

Let us denote by a the differential (d — 2)-form on V, defined by a := *R = irX. 
It is a closed form since R is unimodular. It remains to be checked that JS<p n R = 0 
and that JS<p n a = 0. First, we have that n = 0 (since 0 K is a Poisson vector 
field), and we also have that A 0 K ) = 0 (since the vector fields S and 0 K 

commute). We therefore have JS(p n R = 0. It follows from this, upon using (2) of 
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Proposition 3.11, that 


^0 n CC — (;«A) — Ir{ Jzfcj^A) + ij^^A — 0 i 

where we used in the last step that = 0 and that Jzf^A = 

Div(tP^) A = 0 (see (4.20)). This finishes the proof of the announced properties 
of a and of R = * _1 a. □ 

The quadratic Poisson structures whose modular vector field satisfies a genericity 
assumption, stated below, are diagonal, when expressed in a system of well-chosen 
coordinates. We devote the end of this section to explain and to prove this. First, we 
introduce the required notions. Let V be a linear vector field on a d-dimensional 
vector space V. Since F' sends linear functions on V (elements of V*) to linear 
functions on V, we can restrict "F to V*, which yields an endomorphism 1 of V*, 


yW : y* y* 

f y[f] . 


( 8 . 20 ) 


Definition 8.27. Let 'f be a linear vector field on a finite-dimensional vector spa¬ 
ce V. We say that "V is diagonalizable if the endomorphism 'F {1 - 1 of V* is diago- 
nalizable. In this case, the eigenvalues, respectively eigenvectors of ! 1 are called 
eigenvalues, respectively eigenvectors of F. 


It is clear that, if (x\,...,Xd) is a basis of eigenvectors of a diagonalizable linear 
vector field 'V, with corresponding eigenvalues a\,..., £ F, then (x\,xa) is 
a system of linear coordinates on V, and that "V takes, in these coordinates, the 
following form: 


4, d 

V = A. am — . 
1 1 dx > 


( 8 . 21 ) 


It is also clear that, conversely, every vector field on V, which is of the form (8.21) 
is a diagonalizable linear vector field. 

Comparing (8.17) and (8.21), we see that the modular vector field of every diag¬ 
onal quadratic Poisson structure is diagonalizable. As we will see, the converse is 
almost true: up to a technical assumption on the eigenvalues of the modular vector 
field, a quadratic Poisson structure is diagonal (in some system of linear coordinates) 
if its modular vector field is diagonalizable. It motivates the following definition of 
a diagonalizable Poisson structure. 


Definition 8.28. A quadratic Poisson structure i on a finite-dimensional vector 
space V is said to be diagonalizable, if there exist linear coordinates x \,... ,x t / on V 
in terms of which n is diagonal, i.e., 


n = 


X a ij x i x j 


d_ d_ 

dxi dxj ’ 


( 8 . 22 ) 


where € Mat^(F) is a skew-symmetric matrix. The system of linear coordinates 
(xi,... ,Xd) is then said to be log-canonical for n. 
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The above-mentioned converse, which yields a sufficient condition for the diago- 
nalizability of a quadratic Poisson structure is given in the following proposition. 


Proposition 8.29. Let n be a quadratic Poisson structure on a d-dimensional vector 
space V. Suppose that 

(1) The modular vector field 0 K of n is diagonalizable, with eigenvalues a\,. 
ad, which belong to F; 

(2) The (^J 1 ) sums aj +aj with 1 ^ i f j f d are all different. 

Then n is a diagonalizable Poisson structure on V. Moreover, every system of linear 
coordinates on V, consisting of eigenvectors of 0 R , is log-canonical for n. 

Proof. Since the modular vector field 0 n is linear, it restricts to a linear endomor- 

( 2 ) 

phism 0f of the space fff of all homogeneous polynomial functions of degree 2 
on V, 

0n~^ : £^2 —'r £^2 

F i ^ 0~ k [F] . 

Suppose that 0 K is diagonalizable and let x\,...,Xd be independent eigenvectors 
of 0 K , with eigenvalues a \.... ,Ud- We use x \.... ,x,i as linear coordinates on V. 
The ') polynomial functions {xj.Xj | I f i f j f d} form a basis of .ft/ 2 , and 

(2) 

each one of them is an eigenvector of 0 K , because 0 K is a derivation: xix, is an 
( 2 ) 

eigenvector of corresponding to the eigenvalue ai + aj, for all 1 < i < M d. 

If we assume that the ( cf ^ 1 ) sums {a, + aj\ \ f if jf d } are all different (which 

( 2 ) 

is assumption (2)), then all eigenvalues of ’ are different, hence the eigenspace 

( 2 ) 

decomposition of with respect to ’ is given by 

£$2 = © CxiXj. (8.23) 

1 <Kj<d 

We show that this implies that n is diagonalizable. To do this, we use that the mod¬ 
ular vector field 0 K is a Poisson vector field: writing {•, •} for n and specializing 

®n{{F,G}} = {0 n [F],G} + {F 1 0 K [G]} , 

to F = Xj and G = xj, where 1 / i,j f d, we obtain that 

0n[{xi,Xj}\ = {0 K [x i } 1 Xj} + {xi,0,i[xj}} = (aj + aj) {xj,xj} . 

Therefore, is zero or it is an eigenvector of 0f with respect to the eigen¬ 

value a L + aj . In view of the eigenspace decomposition (8.23), it follows, in either 
case, that } is proportional to XjXj, i.e., there exists a unique constant a (/ - S F, 
such that \Xi,Xjf = a tJ xpcj . By construction, a/ ; = and n is of the diagonal 
form (8.22) in the system of coordinates (x\,... ,Xd ). □ 
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8.3 Nambu-Poisson Structures 


Let V be a (/-dimensional vector space, equipped with linear coordinates x \,... ,x d 
and denote the algebra of functions on V by &(V), as before. Let X- ( P\ ■■ ■ ■ ■ (pd -2 
be d — 1 functions on V and define, for F.G G ■'X(V), a function on V by 


{F,G}:=x 


d (F, G, <pi, 

■ -,<Pd- 2 ) 

d (xi,.. 

■ ,x d ) 


= X 


dF dG d(p\ 
dxi dx\ dx\ 

dF dG d<p\ 
dx d dxj dx d 


d(p d -2 

dx i 


d(p d -2 

dx d 


(8.24) 


It leads to a map &(V) x J^(V) —> &(V), which is a skew-symmetric biderivation 
of &(V) and which, up to a non-zero constant, does not depend on the chosen linear 
coordinates x \,... ,x d , since (8.24) can also be written as 


r F G i = dFAdGAdtp! A • • • A d<p rf - 2 
cLyi A d.Y2 A • • • A dxrf 


(8.25) 


Moreover, it defines a Poisson structure on V, a fact which we will prove in this sec¬ 
tion. When the functions (pi,.(p d -2 are polynomial or weight homogeneous, then 
so is the corresponding Poisson structure. In order to prove that {•, •} defines a Pois¬ 
son structure on V, we briefly introduce the notion of a Nambu-Poisson structure, 
which generalizes the notion of a Poisson structure. 

Definition 8.30. For q ^ 2, a g-vector field {-on a finite-dimensional vector 
space V is called a Nambu-Poisson structure of order q on V if it satisfies the so- 
called fundamental identity. 


{F u ...,F q _ u {G u ...,G q }} = 

« (8.26) 
£{Gi ,..., Gi-u{F u . ■ • ,F q -u Gi},G i+u . ..,G q } , 

i=l 

for all functions F\...., F q _ \,G\,... ,G q £ cX(V). 

Remark 8.31. The definition is easily generalized to arbitrary (real or complex) man¬ 
ifolds by demanding that the ^-vector field satisfies the fundamental identity for lo¬ 
cal functions, which yields the notion of a Nambu-Poisson manifold. Replacing the 
algebra of functions &(V) by an arbitrary commutative associative algebra, leads 
to the abstract notion of a Nambu-Poisson algebra, which generalizes the notion of 
a Poisson algebra, as given in Definition 1.1. 

Example 8.32. Specializing Definition 8.30 to the case of q = 2, we find that a 
Nambu-Poisson structure of order 2 is a bivector field {•, •} which satisfies 


{F,{Gi,G2}} = {{F,Gi},G2} + {G 1 ,{F ) G 2 }} , 










8.3 Nambu-Poisson Structures 


223 


for all F, G \, Gi £ &(V ), which is precisely the Jacobi identity for {-,■}. Therefore, 
a Nambu-Poisson structure of order 2 is the same as a Poisson structure. In this 
sense, Nambu-Poisson structures are a generalization of Poisson structures. 

Given a Nambu-Poisson structure of order q f 2 on V, one can associate 

to q — 1 elements F \,... ,F q -\ of J^(V), a vector field S&F\,...,f , on V by defining, 
for G £ J^(V): 

[G] := {G,Fi,...,F q - 1} . 

It is called the Hamiltonian vector field associated to F ? _ i. The fundamental 

identity (8.26) says that all Hamiltonian vector fields 3Lr\ f are derivations of 

(J?(V), 

We show in the following proposition how Nambu-Poisson structures of or¬ 
der q— 1 can be constructed from Nambu-Poisson structures of order q. 

Proposition 8.33. Let be a Nambu-Poisson structure of order q f 3 on a 

finite-dimensional vector space V. Given H £ &(V), define a (q — \)-vector field 
on V by 

{■)••■!')H := {■>-■- > ■ 

Then is a Nambu-Poisson structure of order q — 1 on V. 

Proof The fundamental identity (8.26) for -} H takes the form 

{F\, ■ ■ ■ ,F q - 2 ,{Gi,... ,G q -\} H } H = 

<7-1 (8.27) 

^ {GiGi- 1 , {F\ .... ,F q -2,Gi}n,Gi + i ,..., G q - \}h , 

i= 1 

for all F\,... ,F 9 - 2 7 Gi , • ■ ■ ,G q -1 £ ^(V). To prove (8.27), substitute F q -1 = H and 
G q = H in the fundamental identity (8.26), to hnd 

{F 1 ,...,F q - 2 ,H,{Gi,...,G q -i,H}} = 

9-1 

X {Gi,.. •, G,_!, ,... ,F q _ 2 ,H, Gi},G i+ u ...,G q - U H} (8.28) 

1=1 

+ {Gi,...,G q -i,{Fi,...,F q -2,H,H}} , 

which is precisely (8.27), since the skew-symmetry of implies that the last 

term in (8.28) is equal to zero. □ 

We show in the following proposition that for c/-vector fields on a (7-dimensional 
vector space V, the fundamental identity is automatically satisfied. 

Proposition 8.34. Let V be a d-dimensional vector space, with d 2. Every d- 
vector field on V is a Nambu-Poisson structure of order d on V. 

Proof. Let be a (/-vector field on V. We need to prove that sat¬ 

isfies the fundamental identity (8.26). To do this, we consider the multilinear map 
: &(V) 2d ~ l —y ^(V), which is defined by 
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jr(F u ...,F d - U G u ...,G d ) 

■= {F l ,...,F d _ l ,{G l ,...,G d }} 

d 

- X 1 • ■ ■ > Gi- 1,{iq, • • ■, Fd- 1 1 Gi} , Gi+ 1, ...,G d } , 

i= 1 


for F \,... ,F d -i,G\,... ,G d £ JF(V). Obviously, the vanishing of jV is equivalent to 
the fundamental identity (8.26) for , •}. Moreover, since for al 1 /)...., F d _\ £ 
J?(V), the map 


&(V) d J?(V) 

(Gi,...,G d ) !->■ (Fi,...,F d _i,Gi,...,G d ) 


(8.29) 


is a skew-symmetric ^-derivation of ■ < F(V), as is easily checked directly from the 
definition of jY, the vanishing of jY is equivalent to 


'SK(F l ,...,F d _ l ,x u ...,x d )=0, (8.30) 


for all F\,... ,F d _\ £ ,X(V), where (x \,... ,x d ) is an arbitrary system of linear co¬ 
ordinates on V. If we denote % := {xi,... ,x</}, then the r/-vector field can 

be written, according to (8.1), as 


{■»•••,•}=* 



d_ 

dx d ’ 


(8.31) 


so that (8.30), which we need to prove, takes the form 


{Fi,...,F d -i,x}=X 


Y,^-{Fi,...,F d _ u Xi} . 
OXi 


(8.32) 


In order to prove (8.32) we compute its left-hand side from (8.31): 


{Fi,...,F d -ux} =X 


= X 


dF\ dF d _ 1 d% 


dxi 

dxi 

dx\ 

dF\ 

1 

os 

dX 

dx d 

dx d 

H 

\(~S 

d/q A • 

■ A d F d 

lAd^ 


dxi A • • • A ckrf 

d (x d/ 7 ! A • • • A dF d - \ 'j 


= (-i) d ~ 1 x 


d d 


cLyi A • • • A &x d 
(Cj dxi A • ■ ■ A dx,- A • • ■ A Ax d 


i=l 


dri A • • • A &x d 
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where 


Q := X (dFi A---AdF d _i) 


j)_ d_ 

dx\ ' dxj ’ ' dx d 


X (dFi A • • • A d/v/ i A dv 

(-lf^X (dFi A •••Ad/ 
(-1 ) d - f {Fu...,F d - U Xi} . 



We thus have obtained (8.32), so that satisfies the fundamental identity 

and is a Nambu-Poisson structure on V. □ 

Combining Propositions 8.33 and 8.34, we find the following proposition, which 
yields the Poisson structures of rank 2, which we introduced in (8.24). 

Proposition 8.35. Let V be a d-dimensional vector space and let X, <pt, • • •, tp d -2 G 
Jf(V) be d — 1 functions on V. A Poisson structure n is defined on V by 


d(F,G,<pu...,<Pd-2) 

d(xi,...,x d ) 



(8.33) 


for all F,G £ J^(V), where (xi,... ,x d ) is an arbitrary system of linear coordinates 
on V. The given functions <pi,..., <p ^-2 tire Casimir functions for n and the rank 
of n is 2 at all points ofV, except at the zeros of x and at the points m G V where 
d/77 <Pi ,... ,d m (p d -2 are linearly dependent (in those points the rank is zero). 

Proof. Repeated use of Proposition 8.33 on the d-vector field (Nambu-Poisson 
structure of order d) := X~^£[ A ■ ■ ■ A on V, yields a Nambu-Poisson 

structure n of order 2 , which is given by 


d(F,G,(p\,...,tpd-2) 

d(xi,...,x d ) 


{F, G} := {F,G, tpi,..., (p d -2} = X 


(8.34) 


Since n is a Nambu-Poisson structure of order 2, it is a Poisson structure (see Exam¬ 
ple 8.32). The skew-symmetry of •} implies that { F, <p,} = 0 for all F £ &(V) 
and 1 ^ i ^ d — 2, so that each one of <pi,..., tp d -2 is a Casimir function of n. 
If m £ V with x( m ) = 0 or d,„<pi A • • • Ad,„<p ,/_2 = 0, then it is easy to see from (8.25) 
that {F, G} (m) = 0 for all F. G G .FIV), so that the Poisson structure vanishes at in. 
Suppose now that m is a point of V for which x( m ) 7 ^ 0 an d d m (pi A • • • A d m (p d ^2 7 ^ 0. 
Then there exist i,j such that d m Xj A d m xj A d,„<pi A • • • A d ,„^/_2 7 ^ 0, so that 
{xj.JCy} (m) ^ 0. This shows that Rk m 7 T ^ 2; since we have d — 2 independent 
Casimir functions at m, the rank is at most 2 at in, so it is precisely 2. □ 
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It follows at once from Eq. (8.33) that, if the functions %, <pi,..., (p d -2 are polyno¬ 
mial functions on V , then the Poisson structure n is a polynomial Poisson struc¬ 
ture on V. If, moreover, for some fixed weights di,..., (D d of the linear coordinates 
xi,... ,x d on V, the functions / .(pi..... (pd -2 are weight homogeneous, then it also 
follows from this formula that the Poisson structure n is a weight homogeneous 
Poisson structure on V , of weight 


d-2 d 


gj(tt) = tn(x) + X - X ■ 

i= 1 i—1 


Remark 8.36. In the case of a d-dimensional manifold M, every d-vector field on M 
defines a Nambu-Poisson structure of order d and hence, upon fixing d — 2 functions 
<Pi,..., (p d 2 on M, a Poisson structure of rank two on M (assuming that there is at 
least one point where the differentials of these functions are independent). In local 
coordinates xi,... ,x d , a d-vector field takes the form 


r , d d 

A "' A dx d 


and the formula for the Poisson structure is given by 


{F,G}:=X 


d (F. G, <pi,. 

• • j <Pd- 2 ) 

d (xi,.. 

,x d ) 


so it is in local coordinates formally given by the same expression as in (8.33). 
A coordinate-free description of the Poisson structure can be given when M is an 
orientable manifold, so that there exists a volume form A on M. Then a Nambu- 
Poisson structure of order d is defined on M by letting 


{F l ,...,F d }:= X 


d/q A • • • A d F d 

A 


for all (local) functions F \..... F d on M. In particular, if we fix d — 1 functions 
X, (Pi, ■ ■ •, (pd-2 on M a 'id a volume form A, then a Poisson structure n on M is 
defined by 

dF A dG A d<pi A • • • A d(p d ~2 
{( } ■ X ^ i 

for all (local) functions F, G on M. The functions (pi,..., (p,i 2 are Casimir functions 
of n and the rank of n is two at all points of M, except at the zeros of / and at 
the points where the differentials of the latter Casimir functions are dependent. In 
this case, a simple proof of the fact that n is a Poisson structure can be given by 
extending, at points where the rank is two, the Casimir functions <p 1 ,..., (p d -2 to a 
system of local coordinates. 
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8.4 Transverse Poisson Structures to Adjoint Orbits 

In this section, we show that, in terms of a system of natural coordinates which we 
will construct, the transverse Poisson structure to a nilpotent orbit in a semi-simple 
Lie algebra is weight homogeneous (of weight —2). 


8.4.1 S-triples in Semi-Simple Lie Algebras 

In this section, we recall a few facts which we will use about complex semi-simple 
Lie algebra (see [99, 190] for details and proofs). Let (g, [■, •]) be a semi-simple Lie 
algebra over F = C; we denote the algebra of polynomial functions or of holomor- 
phic functions on g by J^(g). The Killing form of g is the symmetric bilinear form 
on g, defined for all x,y £ g by 

(x | y) := Trace (ad* o ad v ) , 

where we recall that ad v : g —> g is the linear map, defined by ad T z := [x,z], for 
all z G g. For a subspace n of g, the orthogonal complement of n in g with respect to 
the Killing form is denoted by n x . For x £ g, we denote g(x) := {y £ g | [x.y\ = 0}, 
the centralizer of x in g. An element x £ g is said to be nilpotent if the endomorphism 
ad v of g is nilpotent, i.e., if there exists a k £ N, such that ad^ = 0. According to the 
Jacobson-Morozov theorem, if e € g is nilpotent, then there exist h,f £ g such that 

[h,e] = 2e, [h,f] = -2f, [ ej\=h . ( 8 . 35 ) 

Every non-zero triple (/i,e,/), satisfying (8.35), is called an S-triple of g. In view 
of (8.35), the vectors h,e and / generate a Lie subalgebra of g, isomorphic to sL(C), 
which we denote by s. It leads to two decompositions of g: 

( 1 ) A decomposition of g into eigenspaces relative to ad/ ; , making g into a graded 
Lie algebra. Since each eigenvalue of ad/ ; is an integer, we have 

0 = 00 /. 

ieh 


where g, is the eigenspace of ad/, which corresponds to the eigenvalue i. For exam¬ 
ple, e £ Q 2 and / G 0-2- Forx £ g, and y £ g ; -, we have an inclusion ad r oad v (g/.) C 
g!+/+£, f° r every k, so that 


<g/1 Qj) = 0 if i + jjt 0. (8.36) 

(2) A decomposition of g as an s-module: 

0 = 0 ^ ! 

7=1 


(8.37) 
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where each V n . is a simple s-module, with ad/,-eigenvalues (also called ad/,-weights) 
rij , rij — 2, nj — 4,..., —itj, so that dimV nj = nj + 1. It follows that 

s 

^ itj = dimg — s . (8.38) 

7=1 

Moreover, s = dimg(e), since the centralizer g(e) of e is generated by the vectors of 
highest ad/,-weight of each V ltj . 


8.4.2 Weights Associated to an S-Triple 

We show in this section that every S-triple ( h,e,f) of g leads to a system of linear 
coordinates on g, centered at e, such that the Lie-Poisson structure on g is weight 
homogeneous with respect to some weight vector CJ, which has a natural Lie alge¬ 
braic interpretation: up to a shift of 2, it consists of the weights of g as an s-module. 
For every t £ C*, choose a complex number A/ such that exp(—A,) = t. Such a 
choice cannot be made in such a way that A, depends in a continuous way on t, but 
that will be irrelevant for what follows. We denote the adjoint group of g by G and 
we consider the map 

A : C* -*• G 

t i—^ exp(A,/?) . 

For a fixed t , the map Ad;y ( j : g —> g is well-defined (independent of the choice made 
for A,) and it acts on each of the eigenspaces g, of ad/, as a homothecy with ratio t~', 

Ad A(f )X = r l x, (8.39) 

for all x in g,-. Indeed, for all t £ C* and x £ g/, 

Ad i {t )X = Ad exp {Xth) x = exp(ad Xt h)x = exp(A,ad/,)r 

= ^ (iX,) k x = exp (iXt)x = t~‘x ; 
k~0 

also, replacing in this computation A/ by A r +2nny/—l, where n £ Z, clearly leads 
to the same result, which shows that the above choice of A, is irrelevant. It follows 
that 1 1 —y Ad^( ? ) is a (linear) action of C* on g. Since e £ g 2 , the action p of C* on g, 
defined for t £ C* and for y £ g by p t -y := t 2 Ad^i y, fixes e; the action p is known 
as Slodowy’s action. Let us denote for x £ g by F x the affine function on g, defined 
by 

F x {z) \={z-e\x) , 

for all z £ g. We consider a basis (x\.... ,x ( i) of g, where each Xk belongs to some 
eigenspace g, t , and we denote the function F X]c which corresponds to Xf : simply by f/,. 
For k = \. cl, the functions /-/. define linear coordinates on g, centered at e. For 
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x £ Qi, (8.39) and Ad-invariance of the Killing form imply that 

(Pt F x)(z) = {pt-i-z-e\x)=r 2 (^Ad X{t -i ) (z-e)\x'j 

= r 2 (z-e\ Ad^x) =r 2 (z-e\r‘x) = t~'~ 2 F x (z) . 

We claim that, if we define for x £ g, the weight <77 (F x ) of F x to be equal to i + 2, 
then the Lie-Poisson structure {•, -} 0 , which is an affine Poisson structure in terms 
of the coordinates F \,..., Fj, is weight homogeneous of degree —2 with respect to 
the weight vector (CJ(Fi),... ,Cff(Fj)) = (i i +2,... ,1^ + 2). To prove this, first recall 
from Section 7.2 that the Lie-Poisson structure {•,•} on g is given, for F. G £ 

{F,G} g (z) = (z\[V z F,V z G]) , (8.40) 

where we recall from (7.11) that V Z F, the gradient of F at z (with respect to (• | •)) 
is defined, for F £ JF(g) and z £ 0 by 

(V z F\u) = (d z F,u) , 

for all u £ g. Since V Z F X = x, for all x,z £ g, we have, for all x, y, z £ g, 

{Px,F y } a (z) = (z\ [x,y\) = F [x ,y}{z) + {e | [.r,v]) . (8.41) 

If x £ g,- and y £ gy, with i + j ^ —2, then (8.36) implies that (e \ [a',v]) = 0, so that 

®({^}g) - - ®(^y) = ®( F [x,y\) - Bf(F x ) - m(Fy) 

= i + j + 2 — (i + 2) — (j + 2) = —2 . 

This result extends to the case i+j = —2, since then 07 (F ^ y ]) =i + 7 + 2 = 0, which 
is the weight of the constant function (e| [.t,y]), and then (D({F x ,F y } g ) — 07 (F x ) — 
FS(Fy) = — (i + 2) — (j + 2) = —2. This shows, according to (8.11), that the Lie- 
Poisson structure on g is weight homogeneous of degree —2 with respect to the 
weight vector (ji T 2,..., L + 2). Notice that this weight vector contains, in general, 
both positive and negative integers. 


8.4.3 Transverse Poisson Structures to Nilpotent Orbits 

In this section we consider the transverse Poisson structure to a nilpotent orbit G 
in a semi-simple Lie algebra g. Such an orbit is by definition the orbit G ■ e of a 
nilpotent element e £ g under the adjoint action of G (the adjoint group of g) on g; 
in this case, all elements of G are nilpotent. Since G is a symplectic leaf of the 
Lie-Poisson structure on g (see Section 7.3.1), the transverse Poisson structure at 
e £ G is independent of the chosen point on the orbit; we speak of the transverse 
structure to the orbit. Recall from Theorem 5.28 that the transverse Poisson struc- 
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ture at e is the reduced Poisson structure on an arbitrary Poisson-Dirac manifold 
which is transversal to the symplectic leaf fJ at e. We show in the following propo¬ 
sition that, in terms of coordinates which we will construct, the transverse Poisson 
structure to a nilpotent orbit is polynomial and weight homogeneous of weight —2, 
just like the Lie-Poisson structure on g. Recall from Section 8.4.2 that the weight 
homogeneity of the Lie-Poisson structure on g was determined by the choice of an 
.S'-triple (li.e.f) of g which contains e. that this .S'-triple generates a Lie subalgebra 
s of g, isomorphic to sh(C) and that up to a shift of 2, the weight vector consists of 
the weights of g, as an s-module. 

Proposition 8.37. Let & = G • e be a nilpotent orbit in a semi-simple Lie algebra 
g and let ( h,e,f) be an S-triple of g which contains e. If n is a complementary 
subspace to g(e) in g, which is ad ^-invariant, [h. n] C n, then 

(1) N := e + n x is transverse to 0 at e; 

(2) N is a Poisson-Dirac submanifold of g; 

(3) The transverse Poisson structure on N is a polynomial Poisson structure which 
is weight homogeneous of weight —2, with respect to the weight vector (n \ + 
2,...,n s + 2 ). 

The integers n \,..., n s are the highest weights of g as an 5-module, where s denotes 
the Lie subalgebra of g, generated by h,e and f. 

Proof. First, let us point out that an ad/ ; -invariant complementary subspace n to g(e) 
exists, because the centralizer g(e) is generated by the highest weight vectors of 
each Vnj in the decomposition (8.37) of g. Also, it is clear that 


T e g = T e 0®T e N, 


since under the natural isomorphism T e g ~ g, the subspace T e G = T e (G ■ e) corre¬ 
sponds to ad g e = g(e) 1 and T e N corresponds to n 1 . In particular, N is transverse 
to & at e, which is (1). 

In order to show (2) and (3), we use a natural basis of g = g(e)©n. As we already 
pointed out, the centralizer g(e) of e in g admits a basis (xi,... ,x s ), consisting of the 
highest weight vectors of V, n ,...,V Hs in the decomposition (8.37) of g; recall also 
that the adf,-weight of xj is nj. Since n, which has dimension 2 r := dim A', is ad/,- 
invariant, we can also choose a basis (x s+ i,... ,x s+ 2 r ) for n, where each vector x s+ e 
is an eigenvector of ad/,; we denote the ad/,-weight of x s+ ( by V/, where I f I f 2r. 
The basis [x \ ,x s + 2 r ) of g leads to linear coordinates F\ ,... ,F s +2r on g, centered 
at e, defined by F^z) := {z — e\xf), for k = 1, ■ • • ,s + 2r and z€g. Since V Z F^ = x^ 
for k = 1y+ 2r, it follows from (8.40) that the Poisson matrix of {•, •} at z G g 
is given by 



where 
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A u(z) = (z| [xi,Xj]) 1 < i,j < s ; 

Bim(z) = (z| [xi,x s+m ]) 1 < i < s, 1 < m < 2r ; 

Dtm{z) = (z| [x i+ £,x i+m ]) 1 < £,m < 2/-. 

At e, both matrices A and />' vanish, so the rank of Die) is the rank of {-rig at e , 
which equals dim 0 = 2 r. It follows that Die) is invertible and hence that D(z) is in¬ 
vertible for z in a neighborhood V C A of e in g. According to Proposition 5.27, V is 
a Poisson-Dirac submanifold of g and the Poisson matrix Ay of the reduced Poisson 
structure {•,-} N is given, for n £ A, by 

X N (n) =A(n)+B{n)D(n)~ l B{n) J . (8.42) 

The functions F \,... ,F S , restricted to A, will be denoted by q \..... q s ; they yield 
linear coordinates (centered at e) for A and all other functions vanish on N , so 
that N can also be defined as the submanifold defined by F s+ \ = ■■■ = F s+ 2 r = 0. 
Since the weight of Fj is «,■ + 2, we define the weight of q, to be CJ ( q ,) := n, + 2, for 

i= I_, .v. Notice that these weights are all positive. 

We prove that the determinant of D is a non-zero constant function on N , which 
shows that the transverse Poisson structure {•,-} N is polynomial, in view of (8.42). 
Since the restriction of the polynomial function det( D) on g to /V is obtained by 
setting F x+ \ = ■■■ = F s+ 2 r = 0 and since the remaining coordinates q \.....q s have 
positive weight, it suffices to show that the restriction of det(Zf) to A is a weight 
homogeneous function of weight 0. A typical term of det(/.)) is, up to a sign, of 
the form D\ ai ... ihr.u-,, , where {«]...., GO, } = 2r}, so that its weight is 

given by 

2 r 2 r 2 r 

X ®(De,at) = Va e +2) = 2 ^ (V(+ 1) . 

1=1 e=i i=\ 

Since v £ + £j=i n i is the sum of all ad/,-weights, it is zero, which yields in 
combination with (8.38) 

2 r s 

X(W+1) =2 r~YjHi = 2 r- (dimg-s) = 0 . 

1=1 i=l 

This shows that every term of det(D), restricted to A, is of weight zero, hence det(D) 
is constant; since det(/.)(e)) / 0, this constant is different from zero and the trans¬ 
verse Poisson structure is polynomial. 

To finish, we show that the Poisson structure {•, - }^ is weight homogeneous of 
weight —2 with respect to CJ = (n\ +2,... ,n s + 2). According to (8.42) we need to 
show that for all 1 s the functions A,j and (BD 1 B r ) (/ are weight homoge¬ 

neous of degree GJ (qi) + GS(qj) — 2 = rii + nj + 2. For Aq this is clear, since A is part 
of the Poisson matrix of the Lie-Poisson structure on g, which we have seen to be 
weight homogeneous of weight —2. Similarly, we have that G7(6, m ) = n, + v m +2. 
Since 


® ( Bi m D m \ Bji) — rii + nj + v m + V( + 4 + 0 (D n J) , 
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it means that we need to show that 

®{D m \) = -v m -Vi-2. (8.43) 

d' 

A typical term of the element D~j, of the inverse matrix D 1 is of the form , 
where D’ afi =D« ]/3| ... , with 

a 2r -t} = {!;••• >2/-}\{^} and {j3i,...,j3 2r _i} = {1,...,2r}\{w} . 

Since det(D) has weight zero, we need to show that D' a ^ has weight — v m — Vi — 2, 
which is done in precisely the same way as the above proof that det(D) has weight 
zero. This gives us (8.43). □ 


8.5 Notes 

For higher order Poisson structures, starting with quadratic Poisson structures, there 
is no general theory and there is no immediate interpretation, as there is in the 
case of constant Poisson structures (in terms of bivectors) and in the case of lin¬ 
ear Poisson structures (in terms of Lie brackets). For a few subclasses of quadratic 
Poisson structures there is, however, a quite general theory and an interpretation. 
Namely, multiplicative quadratic Poisson structures are closely related to Poisson- 
Lie groups: the datum of a skew-symmetric r-matrix on an associative algebra leads 
to multiplicative quadratic Poisson structure, which makes the set of invertible el¬ 
ements into a Poisson-Lie group; see Section 11.1.6 for details. It also leads to a 
cubic Poisson structure, whose virtue seems at this point still very mysterious. Pois¬ 
son structures coming from r-matrices or A’-matrices are the subject of Chapter 10; 
see Section 10.3. 

See Dufour-Zung [63] for an extensive account on Nambu-Poisson structures. 
Transverse Poisson structures to general adjoint orbits in a semi-simple Lie alge¬ 
bra, with special emphasis to transverse Poisson structures to subregular orbits, are 
studied in Damianou-Sabourin-Vanhaecke [56]. 



Chapter 9 

Poisson Structures in Dimensions Two and Three 


Low-dimensional Poisson manifolds are often used as toy models, to obtain a better 
understanding of the theory of Poisson manifolds, as well as to illustrate their unex¬ 
pected complexity. In the two-dimensional case, for example, describing all Poisson 
structures on the affine space F 2 is deceivingly simple, because the Jacobi identity is 
satisfied for all bivector fields; however, their local classification is non-trivial, and 
has up to now only been accomplished under quite strong regularity assumptions 
on the singular locus of the Poisson structure, which can be identified with the zero 
locus of a local function on the manifold. As a result, the study of Poisson structures 
in two dimensions already takes us to the non-trivial singularity theory of functions 
of two variables! 

Dimension three is the smallest dimension in which the Jacobi identity for a 
bivector field is not always satisfied. In this dimension, the Jacobi identity can be 
stated as an integrability condition of a distribution, which eventually leads to the 
symplectic foliation, or as the integrability condition of a differential one-form, dual 
to the Poisson structure with respect to a volume form (assuming that the manifold 
is orientable). Despite the extra complexity which comes from the extra dimension, 
Poisson structures in dimension three have one key property in common with Pois¬ 
son structures in dimension two: their rank is equal to two (except when the Poisson 
structure is trivial). Many results about three-dimensional Poisson manifolds are es¬ 
sentially true because the Poisson structure is of rank two. A key example of such a 
result is the characterization of a regular Poisson structure of rank two in terms of 
its symplectic foliation. 

Poisson structures in dimensions two and three are presented in different sections 
(Sections 9.1 and 9.2). In both cases, we pay special attention to the global/local and 
geometrical/algebraic aspects of these Poisson structures and we prove at the end of 
each section a (partial) classification result. 

Unless otherwise stated, F is an arbitrary field of characteristic zero. 
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9 Poisson Structures in Dimensions Two and Three 


9.1 Poisson Structures in Dimension Two 

In this section, we study Poisson structures on manifolds or affine varieties of dimen¬ 
sion two. Since a Poisson structure is a bivector field or a biderivation, the smallest 
dimension which one can consider for studying non-trivial Poisson structures is di¬ 
mension two. In this case, the Jacobi identity is always satisfied, so that every bivec¬ 
tor field or skew-symmetric biderivation is a Poisson structure. We present Poisson 
structures in dimension two first from the global point of view, then from the local 
point of view and finally we discuss their formal classification. 


9.1.1 Global Point of View 


First of all, let M be a manifold (real or complex, depending on whether F = R 
or F = C) of dimension two and let & (M) be the algebra of smooth or holomorphic 
functions on M. According to Proposition 3.5, every bivector field n on M is a Pois¬ 
son structure because [it, lt\ s is a trivector field on M, hence is zero. We conclude 
that the space of all Poisson structures on M coincides with the vector space X 2 (M) 
of all bivector fields on M. In particular, two Poisson structures on M are always 
compatible (see Section 3.3.2). For every point m of M , the rank of n at m is zero or 
two. Discarding the case of the trivial Poisson structure, it follows that the singular 
locus of (M, it) coincides with the set of points of M where it vanishes. 

Next, let us consider a complex affine surface McC 11 of dimension two, 
equipped with its algebra &(M) = C[xi,... ,xf\l^ of regular functions. We show 
that every skew-symmetric biderivation it of J &(M) is a Poisson structure of M. 
To do this, we prove that every skew-symmetric triderivation of &(M) is zero; 
since [it, tt] s is a skew-symmetric triderivation of &(M), it follows that n is a Pois¬ 
son structure on M. Let us denote by M sm the set of all smooth points of M. Let P 
be a skew-symmetric triderivation on M and suppose that P is different from zero at 
some point m G M. Since P can be written as 


d d d 

Is ii<j<k<4 ax ' aXj aXk 


where Pijk ■■= P[xi,Xj,xic], this means that Puk(m ) f 0, for some i,j,k. It follows 
that P is different from zero in a neighborhood of m in M. Since M sra is dense 
in M, this means that P is non-zero in the neighborhood of some smooth point of M. 
However, as we have seen in Section 2.3.2, the set of smooth points of M carries 
a natural structure of a complex manifold, and every skew-symmetric triderivation 
of &(M) corresponds on it to a trivector field. Since M sm is a two-dimensional 
manifold, every trivector field on M sm is zero, hence P is zero on M sm , and we 
arrive at a contradiction. This shows that P vanishes at every point of M, hence 
that every skew-symmetric biderivation n of JF(M) is a Poisson structure on M. As 
in the case of two-dimensional Poisson manifolds, the rank of it can only take the 
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Fig. 9.1 The singular locus of the Poisson structure it = X ^ A f is the zero locus of i- e -» the 
curve defined by % = 0. 


values zero and two at the points of M, and the singular locus of (M, n) coincides 
with the set of points where n vanishes (assuming that n is non-trivial). 

Finally, consider F 2 , with standard coordinates (x,y), equipped with its algebra 
of functions j?(F 2 ); recall that J^(F 2 ) denotes the algebra of polynomial functions 
on F 2 if F is an arbitrary field, but can also be the algebra of smooth or holomorphic 
functions on F 2 if F = R. or F = C. Every skew-symmetric biderivation on J^(F 2 ) 
or bivector field on F 2 (i.e., every Poisson structure on F 2 ) is of the form 

n = X^r where % e ^(F 2 ) , (9.1) 

ox dy 

and by the above, every such n is a Poisson structure on F 2 . Hence, there is a one- 
to-one correspondence between the following three objects: the algebra ■'X (IK 2 ) of 
all functions on F 2 , the vector space X 2 (F 2 ) of all bivector fields on F 2 and the set 
of all Poisson structures on F 2 . The singular locus of n coincides with the zero locus 
of %, which is the curve {% = 0} C F 2 . See Fig. 9.1. 


9.1.2 Local Point of View 

Let M be a (real or complex) manifold of dimension two and let & (M) denote its 
algebra of smooth or holomorphic functions. Let (U,(x,y)) be a coordinate chart 
of M. According to (1.23), every bivector field on U can be written as 

= where % = n[x,y\ G &(U) . (9.2) 

ox dy 

We have seen in Section 9.1.1 that every bivector field on U is a Poisson structure. 
The rank of n is two at all points m (E U where X(m ) / 0 and is zero at all other 
points of U. 
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Let us show that, although the Jacobi identity is trivially satisfied in dimension 
two, and although all Poisson structures in dimension two are locally given by the 
simple formula (9.2), two Poisson structures in dimension two may, both from the 
algebraic and geometric points of view, be very different in the neighborhood of 
their singularities. 

To illustrate this, let (M, n) be a two-dimensional Poisson manifold and let m be 
an arbitrary point of M. We write n in a neighborhood of m in M as 


n = Xjr A 't > 

dx dy 


where x.y are local coordinates, vanishing at m, and where % := Tt[x,y\. We distin¬ 
guish the following three cases: 

(1) If x( m ) 7 ^ 0’ which means that the rank of n at m is two, then there exists, 
according to Weinstein’s splitting theorem (Theorem 1.25), a coordinate neighbor¬ 
hood U of m in M, with coordinates x,y, centered at m, such that, on U, 


d d 

K ~ dx A dy ' 


(2) If x( m ) = 0 but d ,„x 7 ^ 0, Example 7.27 tells us that n is linearizable at m, 
i.e., there exists a coordinate chart for M, still denoted by (U, (x.y) ) and centered 
at m, such that 

d d 


K = x— A — . 
dx dy 


(3) If x( m ) = 0 and d„,x = 0, then the zero locus of the function X has a sin¬ 
gularity at m. Let us consider the case of quadratic Poisson structures on C 2 . Two 
examples are given by 




2 d d 

and m := x~ A . 

dx dy 


Since the singular locus of n\ consists of the pair of lines y = ±x, while the singular 
locus of Ui consists of the (double) line x 2 = 0, it is clear that these Poisson struc¬ 
tures are (even locally, in the neighborhood of a point of their singular locus) not 
isomorphic. This simple example illustrates the fact that there are at least as many 
non-isomorphic Poisson structures on the plane, as there are non-isomorphic alge¬ 
braic curves in the plane. In fact there are more. In order to see this, consider the 
following two Poisson structures: 


K\ := (x 2 — y 2 ) — A —, and ny := 2(x 2 — y 2 ) — A — . 


dx dy 


dx dy 


Since they are proportional, they have the same zero locus, but they are not isomor¬ 
phic as Poisson structures, a fact which can easily be checked by using Proposi¬ 
tion 8.8. 
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As we will see in the next section, there is a partial local classification of Poisson 
structures on C 2 (or R 2 ), under the strong hypothesis that the singular locus of the 
Poisson structure admits a simple singularity (at the origin). 


9.1.3 Classification in Dimension Two 

In this section, we consider the classification problem for Poisson structures in di¬ 
mension two. Since the Jacobi identity is trivially satisfied in dimension two, the 
classification amounts to the simpler problem of classifying bivector fields in di¬ 
mension two, yet only partial results are known. The classification theorem which 
we will present below has the following restrictions: 

(1) The Poisson structures and the coordinate transformations which are consid¬ 
ered ar e formal', 

(2) The Poisson structures which are considered, are assumed to have a singular 
locus which admits a simple singularity at the origin; 

(3) The ground field is C. 

As is made explicit in the notes at the end of the chapter, some of these restrictions 
can be weakened. 

We first give an overview of the results and the ideas which will be presented in 
this section; full proofs will be given in Subsections A, B, C and D below. We begin 
by giving the definition of a formal Poisson structure on C 2 . 

Definition 9.1. A formal Poisson structure on C 2 is a Poisson bracket on the algebra 
of all formal power series in two variables C[[x,y]]. 

As we show in Subsection 9.1.3.1, every formal Poisson structure on C 2 is of the 
form a A with a € C[[.r,y]], and every such biderivation is a formal Poisson 
structure on C 2 . 

By definition, & formal coordinate transformation of C 2 is an algebra isomor¬ 
phism <J>: C[[x,y]] —> C[[x,y]] such that the formal power series 0(x) and 0(y) have 
no constant term. Two formal power series a,/3 S C[[x,y]] are said to be equivalent 
if there exists a formal coordinate transformation <J> of C 2 , such that 0(a) = /3. The 
following formal version of the inverse function theorem holds: if <J> is an algebra 
homomorphism such that the formal power series 0(x) and 0(y) have no constant 
term and whose Jacobian 


Jac 0 := det 


( d0(x ) 

dx 

d®(y) 
V dx 


d0(x) \ 
dy 

d®(y) 

dy / 


is invertible, i.e., its constant term is different from zero, then 0 is a formal coordi¬ 
nate transformation. 
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Let <5 be a formal coordinate transformation of C 2 . Given a formal Poisson struc¬ 
ture n on C 2 , there exists a unique formal Poisson structure on C 2 , denoted 0*n, 
such that 0 : C[[x, y]] —> C[[x,yJ] 

O : (C[[jc,y]],0>*7r) -> (C[[x,y]],7r) 


is a morphism (hence isomorphism) of Poisson algebras. Explicitly, 0*n is given 
by 

(<f>*7r)[j3,y] ■=0- l (n[0(p) 1 0(y)}) , 
for all /3, yG C[[*,y]]. Since 


0 t n = (0*7t)[x,y]-^ A-^ , 


it follows that, if we write n in the form n = a A ^, then 0* n takes the form 


0*n = 0 1 (a Jac(0)) A . 

dx dy 


(9.3) 


It leads to the notion of equivalence of formal Poisson structures (on C 2 ). 

Definition 9.2. Two formal Poisson structures n\ and Ki on C 2 are said to be for¬ 
mally isomorphic if there exists a formal coordinate transformation of C 2 , such 
that 712 = 0*7t\. 


We consider formal Poisson structures on C 2 , with a simple singularity at the origin, 
i.e., formal Poisson structures of the form a A where a £ C[[jt,y]] is a formal 
power series, without constant term, which admits a simple singularity at the origin 
(see Subsection 9.1.3.1 below for a precise definition of this notion). According to 
a theorem by Arnold, such a formal power series a is equivalent to a weight ho¬ 
mogeneous polynomial x £ C[x.y] (see Theorem 9.7 below). Combined with (9.3), 
this implies that every formal Poisson structure on C 2 is formally isomorphic to a 
Poisson structure of the form 


„ d d 
1 & dx A dy 


(9.4) 


where % £ C[x,y] is a weight homogeneous polynomial and /3 £ C[[jt,y]] is a for¬ 
mal power series whose constant term is different from zero. The next step in the 
classification is the following proposition, which states that the formal power se¬ 
ries /3 in (9.4) can be replaced, modulo a non-zero additive constant, by a weight 
homogeneous polynomial. 


Proposition 9.3. Let tz = xfi fp L be a formal Poisson structure on C 2 , where 
X £ C[x,y] is a non-constant polynomial, which is weight homogeneous with respect 
to the weight vector CJ = and /3 £ C[[x,y]] is a formal power series, with 

constant term 1. Then n is formally isomorphic to a Poisson structure of the form 
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„ ,33 

x{, + v) s7pTC 


where y/ G C[x,y] is a weight homogeneous polynomial of weight 0(x) — C7i — 02- 

See Subsection 9.1.3.3 below for a proof of this proposition. It follows that a Poisson 
structure which admits a simple singularity at the origin is formally isomorphic, up 
to a non-zero multiplicative constant, to a Poisson structure of the form 


„ , d d 

Xi ' + V) Sx A Sy' 


where x is °ne of the weight homogeneous polynomials which appear in Arnold’s 
classification theorem of formal power series with a simple singularity (Theo¬ 
rem 9.7) and 1 // G C[x,y] is an arbitrary weight homogeneous polynomial of weight 
0(x) — 0] —02- For each x i n Arnold’s list, one easily determines all possibili¬ 
ties for 1 //, which leads to the following classification theorem of formal Poisson 
structures on C 2 , which admit a simple singularity at the origin. 

Theorem 9.4. Let n = a A ^ be a formal Poisson structure on C 2 , where 
a G C[[x,y]] is a formal power series, which has a simple singularity at the ori¬ 
gin. Then, up to a non-zero multiplicative constant, n is formally isomorphic to a 
Poisson structure of the form rj A where rj G C[x, y] is one the polynomials 
which appear in the third column of the following table. 


Type 

k 

n 

Mk 

1 

x 2 +y 2k+\ 

Mk-l 

k ^ 1 

(.r 2 +y 2 *)(l+A/- 1 ) 

Dlk 

kZt 2 

(x 2 y + y 2k ~ 1 ) (1 + Xx + py k ~ 1 ) 

Dlk+\ 

kZz 2 

{x 2 y+y 2k ) (1 +Ax) 

e 6 


F’+y 4 

El 


(x 3 +xy 3 ) (l + Ay 2 ) 

E* 


x 3 +y 5 


Remark 9.5. The Poisson structures which appear in the classification theorem are 
not claimed to be all non-isomorphic. Special care has to be taken with respect to the 
phrase “up to a non-zero multiplicative constant”, which appears in its statement. In 
general, a formal Poisson structure n on C 2 is formally isomorphic to every Poisson 
structure of the form Xn, with X G C*, but there are exceptions. We already gave 
in Section 9.1.2 an example of two proportional quadratic Poisson structures which 
are non-isomorphic. In order to make a more general statement, let x be a weight 
homogeneous polynomial of C[x,y], with respect to the weight vector (0i , 0i) and 
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of weight ffi(x)- Let us consider the Poisson structure on C 2 corresponding to x, 
namely n := X A j-. Define, for arbitrary a £ C *, the formal coordinate transfor¬ 
mation of C 2 , which amounts to rescaling x and y as follows: 

& a (x):=a m 'x, 0 a (y):=a nh -y. 

According to (8.8) and (9.3), we have 

(0 a )^ = a^-^X^- x 

This formula permits us to conclude that, if U5{x) / 07[ + GJt, then every Poisson 
structure of the form An, with A £ C* is formally isomorphic to n. However, if 
U)(X) = ®i + then each of the formal coordinate transformations <I> a acts triv¬ 
ially on n\ in fact, as can be checked by using Proposition 8.8, the homogeneous 
Poisson structures n and An are, for A / ± 1, non-isomorphic. 


9.1.3.1 A - Formal Power Series and Simple Singularities 

In this subsection, we recall some basic notions about formal power series (in two 
variables) and we introduce some concepts which are needed to state the theorem of 
Arnold about the classification of formal power series with a simple singularity. 

A formal power series a £ C[[x, v]] can be written in a unique way as a = 
S ;j - eN a, 7 x ! y, so the datum of a family (<Xij)ijeN in C is equivalent to the datum 
of a formal power series in C[[jc,v]]. This elementary fact is important when deal¬ 
ing with the question whether certain operations yield well-defined power series: a 
formal power series is well-defined if for every i, j £ N the coefficient a (/ - is well- 
defined. For example, the product of two power series is well-defined, because each 
term of the product is given by a finite sum. Similarly, if a £ C[[v,y]] is a formal 
power series without constant term, then 

exp(a) 

16 N l - 

is a well-defined power series. A formal power series a £ C[[x,y]] can be evaluated 
at (x,y) = (0,0), which yields the constant term of the series, denoted a(0,0), but 
can in general not be evaluated at other values of x,y. With the standard addition and 
product of power series, it is clear that C[[x,y]] forms an associative algebra, whose 
invertible elements are the series a for which a(0,0) ^ 0. 

We define the order of a formal power series a £ C[[x,y]] as the minimum of 
the total degrees of each of its terms, denoted ord(a). When we are in a weight 
homogeneous context, we will also consider the order of a power series a with 
respect to a weight vector 07 = (07 1 ,072), where 07j and G >2 are the weights of the 
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variables x and y (see Section 8.1.3). Then ord^( a ). the order of a with respect to 
CJ, is by definition the minimum of the weights of each of the terms of a. 

As we said previously, a formal coordinate transformation of C 2 is an algebra iso¬ 
morphism 0 : C[[x,y]] —> C[[x,y]] so that the constant terms of <f>(x) and of 0(y) are 
zero. Also, recall that two formal power series a,/3 £ C[[x,y]] are said to be equiva¬ 
lent if there exists a formal coordinate transformation 0 of C 2 such that 0(a) = f). 
Notice that if a and /3 are two equivalent formal series of C[[x,y]], they have the 
same constant term. 

Definition 9.6. A formal power series a € C[[x,y]] satisfying a(0,0) = 0 is said to 
have a simple singularity at the origin, if a small enough neighborhood of a (for the 
Whitney topology, see [17]) intersects only a finite number of orbits associated to 
the equivalence of formal power series. 

We are now able to state Arnold’s classification in the case of formal power series in 
C[[x,y]], with a simple singularity. The names of the singularity types are borrowed 
from the classification theory of simple Lie algebras; see [147] for an explanation. 

Theorem 9.7 (Arnold’s theorem). Let a £ C[[x,y]] be a formal power series with¬ 
out constant term, which has a simple singularity at (0,0). Then a is equivalent to 
one of the weight homogeneous polynomials % which appear in the third column of 
the following table. 


Type 

k 

X 

A-k 

k ^ i 

x 2 +y* +1 

D k 

4 

X 2y + yt-l 

e 6 


x 3 +v 4 

Ei 


x 3 +xy 3 

E$ 


x 3 +v 5 


9.1.3.2 B - Formal Poisson Structures on C 2 

We have defined a formal Poisson structure on C 2 as a Poisson bracket on the al¬ 
gebra C[[x,y]] of formal power series in two variables. Since a Poisson bracket is 
in particular a skew-symmetric biderivation, we first study the algebra of skew- 
symmetric multi-derivations of C[[x,y]]. As we will see, the results are very similar 
to the case of the algebra of polynomial or holomorphic functions on C 2 . 

The formal partial derivatives and -j- clearly yield derivations of C[[x,y]]. 
Also, their wedge, A yields a skew-symmetric biderivation of this algebra. 
More general examples are constructed by taking a + /3 , respectively a-^A-j^,, 
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where a,/3 £ C[[x,y]] are arbitrary. We show in the following proposition that there 
are no other skew-symmetric k-derivations of C[[x,y]] (k ^ 1). 

Proposition 9.8. The spaces of skew-symmetric multi-derivations of C[[x,y]] are 
given by 


^(CM) = {a^+/3^|a,/3GC[[x,y]]| , 

X 2 (c[[x,y]]) = A |- | a £ C[[x,y]]J , 

= {0}, for all k^ 3 . 

Proof Let us prove this proposition for the case of the derivations of C[[x.y]], 
the case of the skew-symmetric biderivations and skew-symmetric /.'-derivations 
of C[[x,y]] (for k ^ 3) being analogous. To do that, we first point out that ev¬ 
ery derivation W of C[[x,y]] satisfies the following property: if y£ C[[x,y]], then 
ord(^ / [y]) is either — °° (i.e. W[y\ = 0) or ord(i W\y\) ^ ord(y) — 1. This can be 
done easily by recursion on ord(y), first in the particular case where y £ C[[x]] 
or y £ C[[y]], and secondly for an arbitrary y £ C[[x,y]], using the fact that every 

y £ <C[[x,y]], with ord(y) ^ 1, can be written in at least one of the following two 

forms: 

• y = xyi + yi , with y £ C[[x,y]], ord(yi) = ord(y) - 1 and y 2 £ C[[y]] ; 

• 7 = yj\ + 72, with 7i £ C[[x,y]j, ord(yi) = ord(y) - 1 and y 2 £ C[[xj] . 

Now, let y £ £ 1 (C[[x,y]]) and consider the formal power series a := y[x] and 
p := y\y\. We prove that y = a +/3 by showing that W := y — a — /3 f- 
is zero. First, W is a derivation of C[[x,y]] and W[x] = fy\y\ = 0, hence W vanishes 
on every polynomial in C[x,y]. Let now y £ C[[x, v]] be an arbitrary formal power 
series. Suppose that W[y\ 0 and let s := ord(#^[y|). We decompose the formal 
power series y as follows: y = y + y, where y £ C[x,y] is a polynomial of total 
degree at most s+ 1 and y £ C[[x,y]] is a formal power series of order at least.? + 2. 
Since W vanishes on all polynomials, /^[y] = W\y s ] + ^[y] = %], so that 

ord (iy\y\) = ord(^[y]) ^ ord(y) — 1 ^ s+1 = ord(l^' / [y]) + 1 , 

which is impossible. Therefore, "ff'\y\ =0 for all formal power series y and the 
equality y = a ^ + /3 follows. □ 

It follows from Proposition 9.8 that every formal Poisson structure n on C 2 is of 
the form: 

d d 

K = a^- Ay, (9.5) 

dx dy 

for some formal power series a £ C[[x,y]]. Moreover, X 3 (C[[x,y]]) = {0}, so that 
the Schouten bracket of every skew-symmetric biderivation of C[[x,y]] with itself 
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is zero, which implies that every such biderivation defines a formal Poisson struc¬ 
ture on C 2 . Thus, there is a one-to-one correspondence between the following three 
objects: the algebra C[[x,y]] of all formal power series in two variables, the vector 
space X 2 (C[[x,y]]) of all skew-symmetric biderivations of C[[x,y]] and the set of 
all formal Poisson structures on C 2 . Notice that the series a in (9.5) is given by 
a = v], so that a formal Poisson structure n on C 2 is completely determined by 

its value on the variables x and y. Given the above one-to-one correspondence, it is 
natural to transport the property that a function has a simple singularity, to the case 
of a formal Poisson structure on C 2 . 

Definition 9.9. Let n = a A ^ be a formal Poisson structure of C 2 , satisfying 
a (0,0) = 0. If a admits a simple singularity at the origin, then n is said to admit a 
simple singularity at the origin. 

To finish this subsection, we introduce a certain class of formal coordinate trans¬ 
formations of C 2 , which are constructed from derivations of C[[x,y]]. Let V be a 
derivation of C[[x,y]] and assume that for every /3 £ C[[x,y]] the series 3C[j3] is ei¬ 
ther zero or of order larger than the order of /3, with respect to a weight vector <77. 
For every k ^ 1 and for every /3 £ (C[[x, v]], the formal power series Y k \fi\ is either 
zero or of order at least k + ord^f/j). Therefore, for every i,j £ N, the coefficient 
of x‘yj in the infinite sum 


exp(r)(/3):=2-Ir*[/3] 

ken K - 

is determined by a finite number of terms, and we have a well-defined map 

exp(lL) :C[[x,y]] ->C[[ij]] . 

Clearly, the formal power series exp(lC) (x) and exp (y)(y) vanish at the ori¬ 
gin. We show that exp(lC) is an algebra homomorphism; i.e., that exp(lC)(/3y) = 
exp(lC)(/3) exp(iC)(y), for all /3,y £ C[[x,y]]. Since "V is a derivation of C[[x,y]], 
we have for all /3, y £ C[[x,y]], 


so that 


exp(r)(/3y) = X = 11 \{ l \v l - k m'Y k {y) 

ien 1 ' ieNk=o l -\ K / 

ienk=o 1 > 

= I GTi ^'(/3)^(r) = ex P (r)(/3) exp(r)(y). 

j,ke N J • K - 
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The equality which is proven in the above computation is an equality of formal 
power series (for a given /3 and y); since at every step, each term of the series is 
determined by a finite number of terms, the above manipulations of infinite sums 
are valid. Since the Jacobian of exp('T') equals 1 at (0,0), exp(T') defines a formal 
coordinate transformation of C 2 . 

An important class of derivations 'V which satisfy the above property, consists of 
the derivations where a is a formal power series without constant term and CJ 
is a weight vector. In this case, we have for every non-constant formal power series j3 
that ord ra (a<o®[/3]) = ordnj(a) -l-ord®)/)), so that exp(a<%) is a formal coordinate 
transformation of C 2 . Fixing a formal power series a without constant term, we will 
refer to the family (exp (ta<§‘ m )) teC as the formal flow of the derivation aS’m- For 
fixed t, the formal coordinate transformation exp (taXf^) of C 2 is called the formal 
flow of a S’® at t. 


9.1.3.3 C - Proof of Proposition 9.3 

The aim of this subsection is to prove Proposition 9.3. Throughout the subsection, 
CJ = (BJj .BP) is a fixed weight vector; weight homogeneity of a polynomial and the 
order of a formal power series are to be understood as being with respect to CJ. As 
before, S® denotes the weighted Euler derivation and we denote |BJ| := di + CJ?. 
We start with three technical lemmas. 

Lemma 9.10. Let n = xP A ^, be a formal Poisson structure on C 2 , where % 
is a (non-zero) weight homogeneous polynomial and /3 is a formal power series, 
satisfying /3 (0,0) = 1. Let a G C[[a',v]] be a formal power series without constant 
term and let (<f>, ), e c denote the formal flow of a Agj. For every t G C, the polynomial 
X G C[x,y] divides the skew-symmetric biderivation 

Proof According to (9.3), (^)*7T = yj^ A where y G C[[x,y]] is given by 

7= V (XP Jac<P,) = <f>r' 03 Jac0,) ®f\x) ■ (9-6) 

It therefore suffices to show that x divides <P, '(y) for every ( G C. To do this, we 
will show that there exists a one-parameter family (XfieC of formal power series in 
C[[x,y]], such that 

®f 1 (z) = AfZ . 

and such that moreover each coefficient of the power series A, depends polynomially 
on t G C. Suppose that (A, ) K -r is a one-parameter family of formal power series in 
C[[x,y]], which satisfies Ao = 1 and A r (0,0) 0, for every t G C. Then we have the 

following equivalences: 

«=► A itX = ®t(x) . 
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where p t := is a formal power series in C[[x,y]] (depending on t), since 

0t[Xt ) 

0 t (A*) (0,0) = A r (0,0) ^ 0 for all t. Our problem is therefore reduced to constructing 
a one-parameter family (Ht)teC of formal power series in C[[x,y]], such that 0t(%) = 
such that each coefficient of the power series ji, depends polynomially on t, and 
such that Ho = 1 and /i, (0,0) f 0 for all t G C. Under the latter hypothesis on fi t , we 
have the following equivalences: 1 

HtX = ®t{x) =0 

«=* -77^*) +77 (a^mlx]) = 0 

nr n< 

aS’wlx] = ®r‘ X 

where we have used in the second equivalence that ( 0t)teC is the formal flow of 
a S’®, tind the weighted Euler formula (8.10) in the last equivalence. Our problem is 
thereby reduced to solving the linear differential equation 

ll, = a{x)0 t {a)Ht , (9.7) 

with initial condition /ip = 1 ■ As in calculus, 


Ht ■■= exp 



is the unique solution. It is for each t a well-defined formal power series (since the 

t 

formal power series f 0 T (a)dl does not have a constant term) whose coefficients 

b 

depend polynomially on t, and it satisfies /T, (0,0) = 1, for all t £ C. This proves the 
announced existence of the family ( Ht)teC , and hence of the family ( X)teC > which 
proves that x divides (0 t )* n, for all t. □ 

Lemma 9.11. Let K = (/. jj^ A be a formal Poisson structure on C 2 and let us 
write a as 

a = Xs 0 +\m\ H fA(s r +|®| +a , 

where sq < si < ■ ■ ■ < s r £ Z and where Xs 0 +\m\i-■ ■ ’Xs r +\a\ are the first r + 1 
non-zero weight homogeneous terms of the formal power series a, of weight 
sq + |GT|,... ,s r + |d| and a is a formal power series in C[[x,y]] of order at least 


1 For a family (F,) tE c of power series in C[[x,y]], whose coefficients are polynomial functions 

of t, we denote by F ,, respectively by Jg F r dr, the formal power series obtained by differentiating, 
respectively integrating, each coefficient with respect to t. 
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s r + 1071 + 1. Assume that there exists a weight homogeneous derivation 'V = 
§~ x + ^2 ofC[[x,y]\, such that 

(xso+\m\ Yx A = ^+l®l dx A dy ' (9 ' 8) 

Let 0 be a formal coordinate transformation ofC 2 , defined by 0 := exp('fi). Then 
0*n = (3 A -j-, where ft is of the form 


P—Xs 0 +\m\~\ -^Zi r _i+|oj| +P i (9-9) 

with € <C[[x,y]] and of order at least s r + |CJ| + 1. Stated briefly, 0 eliminates the 
term Xs r +\m\ without modifying the terms of lower weight. 

Proof Let n = a A and suppose that there exists a weight homogeneous 
derivation y, satisfying (9.8), where Xi 0 +|aj| and Xs r +\m\ are the parts of a of weight 
so + |fij|, respectively of weight s r + |GJ|. Then "V\ and LA are weight homogeneous 
polynomials of weight tjj(y_) = s r — so + and USfff) = s r — sq + (D 2 . It implies 
that 0 := expf’L) is a well-defined formal coordinate transformation of C 2 ; explic¬ 
itly, 0 (x) and 0 (y ) are of the form 

u ( ,) =, + n+*. 

\a(y)=y + % + r 2 , 

where y is a formal power series in C[[x,y]] with ord^j (ffj > s r — sq + GJ; for i = 
1,2, so that 


GJ 




V dx 


V d y J 


— Sr Sq , 


dy 


dy. 


ord ra y >s r -so, ord ra >s r -s 0 


dx 


dy 


and 


Jac0 = 


dy dy dy dy 

- H —- -\ - - 

dx dx dy dy 

dy 2 dy 


dlA dy 2 

dx dx 


1 


dy dy 


It follows that the terms of a Jac 0, whose weights are at most s r + 1 (A |, are precisely 
the following: 


Zjo+|®| > ■ ■ ■ >Xs r _i+|®| tXs r +\w\ 


dy dy 2 

~df~ Xs <>+w + -fy&o+m ■ 
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Let /3 be the formal power series, defined by n = /3 A . We denote its term 
of weight i by y/j. According to (9.3), <P(/3 ) = a Jac 0, with & of the form (9.10). 
The terms of <J>(/3), and hence of /3, of weight i, smaller than s r + |GJ|, coincide with 
the corresponding terms of a Jac 0. Specifically, all are zero except for 


Xs 0 +\tn\ — V / so+|nj|!-">Xv_i+|ro| — V(s,.-i+l®l • (9.11) 

It follows that the term of weight s r + |GJ| of 0 ( /j) is given by 

Vsr+m + ^ [v 10 +|o|] = Vs r +\m\+V [Xs 0 +\m\] ■ 

Equating these terms with the terms of weight s r + |fij| in a Jac 0, we obtain 

( d ^ \ 

77 + 77 J Zv 0 +| 0 J| = Ys r +\w\ + V [Xs 0 +|ro|] • (9.12) 

Recall that V satisfies (9.8). Applied to x and y, this condition means that 


V [& 0 +|ro|] 


d-ti dr 2 \ 

dx ' dy ) ^ s ° + l®l Xs r +\w\ i 


which leads, according to equation (9.12), to = 0. Combined with (9.11), 

this shows that /3 is indeed of the desired form (9.9). □ 

The following lemma is an analog of Euler’s weighted formula for bivector fields 
onC 2 . 

Lemma 9.12. Let y/ e C[x,y] be a polynomial and let n = A be a Poisson 
structure on C 2 . If t jt and n are weight homogeneous with respect to some weight 
vector GJ = (GJi, Gb), then 


Se w g m n = { a(%)-\a\-Q{y/))y/n. (9.13) 

Proof. Under the stated assumptions on yt and n, we need to show that 

[x,y] = - |0| - ®(v0) YX ■ 

Using several times the weighted Euler formula (8.10), we compute 

(jzf^Tr) [x,y] = yrSmlx] - ^[Y^w[x],y] - n[x, Y^w{y)\ 

= Y®(x)X ~ Ghn[yrx,y\ - m 2 n[x, y/y] 

= (GJOt)-BJi-Ofe)^- (®1X^+Uhyj^)x 

= (®{x)-\®\-®(y))yx , 


which yields the desired result. □ 

Using the above three lemmas, we prove Proposition 9.3. 
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Proof (of Proposition 9.3). Let n = xP A -j- be a formal Poisson structure on C 2 , 
where % £ C[jc,;y] and p £ C[[x,j]] are as stated. Since /3 verifies /3 (0,0) = 1, we 
can write /3 = 1 + y/ s + p s , where t// v £ C\x.y] is a weight homogeneous polynomial 
of weight s and J3 S £ C[[x.yj | is a formal power series of order at least ,y + I. Let 
us first show that .v can be assumed to be at least equal to CJ(^) — |£tl|. Assume that 
s < (U(x) ~ I®I and consider the Lie derivative 

(*£'A |) = (”<*)- w -4x^4 a i ■ 

which follows easily from Lemma 9.12. Letting "V \= ySsS’a / [G> (x) — |®| — s), 
we have that (9.8) is satisfied, with r := 1 and Xs 0 +\®\ : = X and Xs r +\m\ '■= XYs- 
We can therefore apply Lemma 9.11, which shows that n is formally isomorphic 
to (X + ®A -j -, where a is a formal power series, of order at least W(x) + s + L 
The formal coordinate transformation (9.10) is in this case of the form explL, 
with y a polynomial times the weighted Euler vector field. Therefore, Lemma 9.10 
applies, showing that (£ + G!)J^Aj-isa multiple of X- hi conclusion, n is for¬ 
mally isomorphic to x (1 + Ps) A J4 where p s is a formal power series of order 
at least j+ 1. A repeated use of this procedure shows that n is formally isomorphic 
to x{l + A where /3 is a formal power series of order at least CJ(x) — |GT|. 

Let us now show that, using the same technique, the formal power series /) in 
^(1 —L /3) A can be replaced by its terms of weight (U(x) — |CJ|. To do this, 

let us write p = y/ + (p + j3, where yr is a weight homogeneous polynomial of 
weight W(x) — |C71, where (p is a weight homogeneous polynomial of weight at 
least UJ(x) ~ |®| + and where j3 is a formal power series, with ord ro /3 > GJ(<p). 
We first show how to remove the term cp from /3, without changing y/. Setting 
r := 2 and ^ 0 +|ro| := X and ^ + | ra | := XY it is verified, as above, that the vector 
field y := (p$ m /(Wpx) — |GT| — GT(<p)) satisfies (9.8), so Lemma 9.11 applies again, 
showing as above that n is formally isomorphic to ^(l + t/r + d)^A^,where y/ 
has weight SJ(x) — |CJ| and the order of a is at least GS(x) — |d|- 

Repeating this procedure, we can make the order of a arbitrarily large. To make 
a disappear, the procedure needs to be repeated an infinite number of times, i.e., 
we need to consider the algebra homomorphism <J> : C[[x,y]] —> C[[x, v]] which 
is obtained as the composition of an infinite number of the above formal coordi¬ 
nate transformations. However, at each step, the coordinate transformation is of the 
form (9.10), with "V\ and "Y of higher order than the Y\ and Ti which were used in 
the previous step, each term in 0(x) and in 0(y) will only depend on a finite num¬ 
ber of the formal coordinate transformations. Therefore, n is formally isomorphic 

to*(l + vO!;A^. □ 
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9.1.3.4 D - Proof of the Classification Theorem 

We are finally ready to give the proof of the classification theorem of formal Poisson 
structures on C 2 , which admit a simple singularity. 

r) r) 9 

Proof (of Theorem 9.4). Let 7t = a^A^bea formal Poisson structure on C , 
where a £ C[[jc,v]] is a formal power series, which has a simple singularity at the 
origin. According to Arnold’s theorem (Theorem 9.7) there exists a formal coordi¬ 
nate transformation 0. such that 0 ' ‘ (a) = %, where is a weight homogeneous 
polynomial, with respect to some weight vector G7 = (GJi, Uli)■ According to (9.3), 
0* n = XPjx A j-, where /3 £ C[[x,y]] is a formal power series, with /3 (0,0) ^ 0. 
Using Proposition 9.3, we can conclude that, up to a constant, n is isomorphic to 
^(l + t/r)J^Aj^, where % is one of the weight homogeneous polynomials which 
appear in Theorem 9.7 and where yr is a weight homogeneous polynomial of weight 
(B(x) — |GJ|. It suffices now to consider % in the list of weight homogeneous poly¬ 
nomials of Theorem 9.7 and construct the most general weight homogeneous poly¬ 
nomial y/ £ C[x,y] of weight GJ(^) — |GJ|, which amounts to finding all monomials 
x'yf with i,j £ N satisfying 

SJii + CL./ = ffi(x) — (S\ — G>2 ■ (9.14) 

The result is displayed in Table 9.1. □ 


Table 9.1 The different types of formal simple singularities which appear in Theorem 9.7, with 
the corresponding weight vector W = (Pti, GJt), the integers Cti and W 2 being the weights of the 
variables x and y. For each type, equation (9.14) and the monomials corresponding to the solutions 
of this equation are given. 


Type 

k 

X 

(Oh,Oh.) 

Equation (9.14) 

xV 

Aik 

k A 1 

x 2 +y 2k+ i 

(2k- +1,2) 

(2k+l)i + 2j = 2k- 1 

- 

Aik -1 

k A 1 

x 2 +y 2k 

(M) 

ki + j = k — 1 

yk~l 

P>2 k 

k>2 

X 2 y + y 2 *-l 

(*- 1 , 1 ) 

(k- 1 )i + j = k- 1 

x,/-> 

Diky\ 

k >2 

x 1 y + y 2k 

(2k— 1,2) 

(2k— \)i + 2j = 2k—\ 

X 

e 6 


x 3 +y 4 

(4,3) 

4i + 3/ = 5 

- 

Ei 


x 3 + .ry 3 

(3,2) 

31-1-2/= 4 

y 2 

Es 


-U + v 5 

(5,3) 

51 + 3/ = 7 

- 
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9.2 Poisson Structures in Dimension Three 

We now consider Poisson structures on manifolds of dimension three. In the two- 
dimensional case, we have seen that every bivector field is a Poisson structure, 
because the Jacobi identity is trivially satisfied. This is not the case in dimension 
three. However, like in the two-dimensional case, the rank of a bivector field, in 
particular of a Poisson structure, is at most two (hence zero or two), at every point. 
Section 9.2.1 is devoted to Poisson structures on F 3 , while Section 9.2.2 enlarges 
the discussion to real or complex manifolds of dimension three. Quadratic Poisson 
structures on C 3 will be classified in Section 9.2.3. In Section 9.2.4, we will consider 
singular Poisson surfaces in C 3 . 


9.2.1 Poisson Structures on F 3 


In this section, we study Poisson structures on the affine space F 3 , which is equipped 
with its algebra of functions, denoted by J^(F 3 ). If F is an arbitrary field, this al¬ 
gebra is the algebra of polynomial functions on F 3 ; however, if F = K (respectively 
F = C), then J?(F 3 ) may stand either for the algebra of smooth (respectively holo- 
morphic) or polynomial functions on F 3 , depending on the context. The standard 
coordinates on F 3 are denoted by (x,y,z). Every bivector field n on F 3 decom¬ 
poses as 


„ d d „ d d n d d 
n — P\ -j— At —I- Pi 3- A 3 —|- P 3 j— A -j— 
dy dz dz dx dx dy 


(9.15) 


where Pi := {y,z}, Pi := {z,x} and P 3 := {x,y}. It follows from item (iii) in Propo¬ 
sition 1.16 that this bivector field satisfies the Jacobi identity, and is therefore a 
Poisson structure on F 3 , if and only if 


{*> {?>£}} + {>’; {z,x}} + {z, {x,y}} = 0 , 


which is equivalent to 


Pi 








(9.16) 


Condition (9.16) can be compactly restated in vector notation. To do this, define a 
vector field on F 3 by := (P\. P 2 .P 3 ), and denote by (• | •) the standard inner 
product on F J and by curl the curl operator. Then (9.16) can be rewritten as 

( 7 *| curl 7 *) = 0 . (9.17) 


Condition (9.17) provides an elementary way to produce examples and to establish 
results about Poisson structures on F 3 by using well-known properties of vector 
analysis. For instance, recall the classical identity 
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curl (x~P) = X curl^ + grad^ x , (9.18) 

which is valid for every function % £ fP (F 3 ) and for every vector field ~P on F 3 ; in 
this formula, x stands for the vector product in F 3 and grad is the gradient operator. 
We use (9.18) to prove the following proposition. 

Proposition 9.13. Let n be a Poisson structure on F 3 . For every function x £ 
J^"(F 3 ), the bivector field is a Poisson structure on F 3 . 

Proof. We denote, as above, by ~P the vector field on F 3 , associated to n, so that x~P 
is the vector field associated to %n. One computes, with the help of (9.18), 

(X~P | curl (x~P) ) = X 2 I cm\-p)+x{~P | grad* x ~P) . 

By (9.17), the assumption that n is a Poisson structure gives the vanishing of the 
first term on the right-hand side of this equation, while the vanishing of the second 
term follows from the identity (A\BxA) =0, valid for all A. B £ IK 3 . This shows 
that condition (9.17) is satisfied for X~P■> so that the bivector field * 7 t is a Poisson 
structure on F 3 . □ 

Another classical identity which involves the curl operator is 


curl grad <p = 0 , 


valid for every function tp £ ^(F 3 ). It implies, in view of (9.17), that when the 
vector field P , associated to a bivector field n, is the gradient of a function, = 
grad tp, then 7 t is a Poisson structure. Substituted in (9.15), this means that 


K(p !— 


dtp d d 
dx dy ^ dz 


dtp d d 
dy dz ^ dx 


dtp d d 
dz dx ^ dy 


(9.19) 


is a Poisson structure on F 3 , for every function tp £ J^(F 3 ). Let A = dr A dy A dz 
denote the standard volume form on F 3 . Then it is clear from (9.19) that and dtp 
are related by 

= dtp , (9.20) 

which yields an alternative definition for jiq>. Also, this Poisson bracket comes from 
a standard Nambu-Poisson structure of order 3 on F 3 , upon using the function tp, 
as described in Proposition 8.35. Therefore, the Poisson bracket {F, G}^ of two 
arbitrary functions F, G £ ^(F 3 ) can also be written as 


_ dTAdGAdtp 
1 dr A dy A dz ' 

In particular, tp is a Casimir function for jiq>. Proposition 9.13 implies the following 
statement. 

Proposition 9.14. Let tp £ .:iA (F 3 ) be an arbitrary function on F 3 and consider the 
bivector field K (p on F 3 , defined by (9.19). For every function X £ & the bivec¬ 
tor field XKq is a Poisson structure on F 3 and it admits tp as a Casimir function. 
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This proposition motivates the next theorem. By a slight abuse of terminology, we 
call Casimir function of a bivector field n = {•,•} (not assumed to be a Poisson 
structure) every function tp £ J^(F 3 ) such that {F, <p} = 0 for all F £ J?(F 3 ). 

Proposition 9.15. Let n be a bivector field on F 3 and suppose that n admits a 
Casimir function tp. 

(1) If the differential of (p is different from zero in a dense subset qfF 3 , then n is 
a Poisson structure on F 3 ; 

(2) If the bivector field n is a polynomial Poisson structure, and if the Casimir 
function (p is a polynomial function for which the partial derivatives ^ 
and are relatively prime, then there exists a polynomial function % £ 
^ (F 3 ), such that K = %n<p, where K ( p is the Poisson structure defined in (9.19). 

Proof. The bivector field n is a Poisson structure on F 3 if and only if the Schouten 
bracket [n, n\ s is zero. Since 

l ^[n,n\ s [F,G,H} = {{F,G} 1 H} + {{G,H},F} + {{H,F},G} , 


for all functions F. G.ll € J^F 3 ), we have that, if (p is a Casimir function of n, then 
[;K , 7 r ] 5 [F. G , <p] = 0, for all F,G € JP^F 3 ). Let us show that this implies that, if (p is a 
Casimir function of n and dtp is non-zero on a dense subset of F 3 , then [n, n] s = 0, 
so that n is a Poisson structure on F 3 . Since [ n, 7r] s is a trivector field on F 3 , it can 
be written as 


^ =V T, A Ty A Ji 


(9.21) 


where y/ £ J^(F 3 ). Plugging F := x and G := y in [n, 7 r] s [F, G,tp] = 0 we obtain, 
in view of (9.21), y/^ = 0. Similarly, one obtains 1 //^ = y/'j / <p = 0, by plugging 
in the two other pairs of variables. Since, by assumption, dtp is non-zero on a dense 
subset of F 3 , it follows that y/ = 0 on F 3 , hence that the trivector field [n, 7r] s is zero 
on F 3 . This proves (1). 

We next prove (2). We assume that n is a polynomial Poisson structure on F 3 and 
we define polynomial functions P\. lb . P\ £ ■ C P (F 3 ) by 


d d „ d d „d d 

tt — P\ 3 — A 3 —I-P 23 -A 3 —h P 3 3 — A 3 - • 
dy dz dz dx dx dy 


Suppose that tp is a polynomial Casimir function of n. We apply the equation 
{F, tp} = 0, which is valid for all F £ fF (F 3 ), successively to F := x, F :=y and 
F := z. It gives the following relations between the functions Pi, P 2 and P 3 : 


Pi 


dtp 

dz 


P d( P P d( P_ p dtp 
Ft 3 5 P33— — Ai — 

dy dx dz 



Pi 


dtp 

dx 


(9.22) 
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Let us assume that the partial derivatives are relatively prime, and let Q 

denote the greatest common divisor of and . Then it follows from the third 
equation in (9.22) that there exists £ J^(F 3 ), such that 

QP\ =x'-^~ and QP 2 =X • (9-23) 

ox dy 

In view of the first (or the second) equality in (9.22), this implies that 

(9.24) 

Since Q and are relatively prime, Q divides . Define % by Qx = X' ■ We obtain 
in view of (9.23) and (9.24): 


d(p d(p , d(p 

Pi=x~ 5 ~> Pl = Xir 1111(1 p i = x^r- 
dx dy dz 


This proves (2). □ 

Remark 9.16. When <p is a non-constant weight homogeneous polynomial which is 
square-free, then the partial derivatives are relatively prime, so that the 

assumptions about (p in item (2) of Proposition 9.15 are satisfied. Let us prove this 
claim. If <p is weight homogeneous of weight U)((p) / 0, it satisfies the weighted 
Euler formula (8.10), 


, , d(p 

BJ(<P)<P = CJ iX^r— 

dx 


d(p d(p 

-GJ 2 y^- + ®3Z^r~ 
dy dz 


(9.25) 


where GJijGL and 0T are the weights of the variables x.y and z. Suppose that Q £ 
J^(F 3 ) is a non-constant irreducible polynomial function which divides the partial 
derivatives ^ and It follows from (9.25) that Q divides <p. Since Q is non¬ 
constant, at least one of the partial derivatives ^ and say is different 

from zero. Since the irreducible polynomial Q divides (p and its square Q 2 
also divides (p , so that (p is not square-free. Therefore, if (p is non-constant, weight 
homogeneous and square-free, then ^ and d j p are relatively prime. 

We finish this section with an example of Poisson structure on F 3 which is not 
of the form and which in fact does not admit Casimir functions defined on F 3 , 
except constant functions. Consider the bivector field on F 3 , defined by 


n := 




A 


d 

dz 


Note that it appeared already in Example 7.12. The associated vector field is given 
by ~P : (y,— x,0), whose curl is (0,0,—2), so that | curl(^) = 0, which means, 
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in view of (9.17), that n is a Poisson structure on F 3 . A function <p G 3F(M) is a 
Casimir function for n if and only if 


^=0 and 4?+4?=0. 

az ox ' ay 


The hrst equation means that (p does not depend on the variable z, while the second 
one implies, in view of the Euler formula (8.5), that (p is homogeneous of degree 0 
in the two remaining variables. According to Proposition 8.3, every homogeneous 
function of degree zero is constant, so every Casimir function of n is constant. It 
follows from Proposition 9.14 that n is not of the form X n <p* with Xi £ 


9.2.2 Poisson Manifolds of Dimension Three 

We now turn to Poisson structures on three-dimensional manifolds. Since the rank 
of a Poisson structure is an even number, smaller than or equal to the dimension of 
the manifold, the rank of every Poisson structure on a three-dimensional manifold 
is equal to two (except when the trivial Poisson structure is considered, in which 
case the rank is zero). Many properties of such Poisson structures hold true because 
their rank is two, rather than because the dimension of the manifold is three. We 
will therefore, in Subsection 9.2.2.1, first study the properties of rank two Poisson 
structures on manifolds of arbitrary dimension. 


9.2.2.1 A - Poisson Structures of Rank Two 

Let n be a bivector field on a manifold M. For every m G M, we consider the asso¬ 
ciated linear map : T* M —> T m M. As in the case of Poisson structures, the rank 
of Ttm, which is always even, is called the rank of n at m, and n is said to be a 
bivector field of rank two if the rank of n is at most two at all points of M and is 
two at least one point of M. We denote by Mp) the open subset of M of points at 
which the rank of n is two. If n is a bivector field of rank two on M, then the subset 
{nl,{T* n M) | m G M( 2 )} of the tangent bundle is a distribution of rank two on Mp). 
We show in the following proposition that the Jacobi identity for n is equivalent to 
the involutivity of this distribution. 

Proposition 9.17. Let n = {•,•} be a bivector field of rank two on a manifold M, 
and let M( 2 ) C M denote the open subset of points at which the rank of n is two. 

(1) Let U be an open subset ofM and let F and G be functions on U. Then, on U, 
we have 

[F, G} K = !%),■ A 3Tg ; (9.26) 

(2) The bivector field n is a Poisson structure on M if and only if the distribution 
{Km{T*M) | m G Mpj} on Mpj is involutive. 
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Proof. Suppose that n is a bivector field of rank two on M. Let F and G be arbitrary 
functions, defined on a non-empty open subset U of M. Let m be an arbitrary point 
of U. We show that 


{F, G} (m) n m = {3F P ) m A {& G ) m . (9.27) 

Suppose first that the tangent vectors (£F F ) m and {%■ b)m are proportional, say 
(^b)m = for some a £ F. Then the right-hand side of (9.27) vanishes 

at m, while 


{F,Gj (m) = {%'G)m[F] = a{3F P ) m [F\ =a{F,F}(m) = 0 , 

so the left-hand side of (9.27) also vanishes at m. Thus, equation (9.27) is satisfied. 

Assume now that the tangent vectors {SE P ) m and (^Lc)m are not proportional. 
Since the rank of n at m is two, these tangent vectors span n'i„(Tf n M), so that for 
every function H, defined on a neighborhood of m £ M, there exist a.b £ IK such 
that 

(&H)m = a{& F ) m + b{&G)m. (9-28) 

Applying (9.28) to F yields 

m m [F\ =a{3F F ) m [F]+b{3F G ) m [F\ =b{F,G}{m), 

and we obtain that {F,H} (, m ) = b {F. G} (/«). Similarly, applying (9.28) to G yields 
{G,F[} (m) = —a {F. G} (. m ). Substituted in (9.28), we obtain 

{F,G} (m)(,r H ) m = {F,H} (m)(3r G ) m - { G,H} (rn)(& F ) m . 

Since H is arbitrary, this proves (9.27) also when {Sf F ) m and are not pro¬ 

portional, thereby proving ( 1 ). 

We now prove (2). If n is a Poisson structure of rank 2 on M, then {nm(T* t M) | 
m G M( 2 )}, the distribution on Mp), defined by all Hamiltonian vector fields, is 
involutive because \S6 F , 3F(f\ = — &{ F} g} f° r functions F and G. Conversely, let 
n be a bivector field of rank two on M and assume that the distribution { nif T^M) \ 
m £ M( 2 )} is involutive. Let m be a point of M. If n m is zero, then the Schouten 
bracket [n 1 7r] s , evaluated at m, vanishes as well. If n m is different from zero, so that 
m £ M( 2 ), then there exist functions /-’. G, defined in a neighborhood U of m, such 
that {F, G} 7 ^ 0 on U. According to (1), n = V A on U, where Y := A 
direct computation, with the help of the graded Leibniz identity (3.42), gives 

l -[n,n\ s = YF[r,3f G ]F^ G . 

Since and Y are tangent to the distribution {n} n (T t *M) \ m £ Mp)}, assumed to 
be involutive, the bracket [Y, 3Fq\ is also tangent to the latter distribution. Hence, 
{[n,n\ s ) m S A 3 7 tl(T*M), for every m £ Mm. But the latter space is zero, since 
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nf n (T*M) is a two-dimensional vector space. In conclusion, the Schouten bracket 
of k with itself vanishes at every point in M, so that n is a Poisson structure. □ 

As a corollary, we obtain the following analog of Proposition 9.13. 

Proposition 9.18. Let n be a Poisson structure of rank two on a manifold M. For 
every function (p G M ), the bivector field (pn is a Poisson structure. 

Proof. A proof can be given by picking local coordinates and using Proposi¬ 
tion 9.13. We give a more geometrical proof. Consider the open subsets Mm and 
of M consisting of all points where the rank of n, respectively of (pn, is two. It 
is clear that M'^ C Mq) and that for every point m G /W' 2 ,, the vector spaces 

{(pn)i(T*M) and nl(T*M) 

coincide. The distribution on defined by the latter vector spaces is involutive, 
in view of item (2) in Proposition 9.17. Hence, the distribution on A/| 2j defined by 
the former is also involutive, which in view of the same proposition, implies that (pn 
is a Poisson structure on M. □ 

If in Proposition 9.18 the function (p is nowhere vanishing, the vector spaces 
((pn)i,(T*M) and n'm(TfM) coincide for all m G M, so that both Poisson structures 
have the same symplectic foliation. For regular Poisson structures of rank 2, the 
following inverse statement holds. 

Proposition 9.19. Let n\ and ni be two regular Poisson structures of rank 2 on 
a manifold M. If n\ and U 2 have the same symplectic leaves, then there exists a 
(unique) nowhere vanishing function % G J &(M), such that n\ = X n 2 - 

Proof. Suppose that n\ and %2 are Poisson structures which have the same sym¬ 
plectic leaves. For m G M, denote by their common symplectic leaf through m. 
If both Poisson structures are regular of rank 2, then on the one hand, T m 2? m is a 
two-dimensional vector space, so that A 2 T m S fi m is one-dimensional, while on the 
other hand both (n\ ) m and (7T 2 ) m are non-zero elements of A 2 7]„^„, so there exists 
a unique x( m ) G suc h that n\(m) = x ( m ) K 2 (m). Thus, under the above assump¬ 
tions, there exists a nowhere vanishing function x on M, such that n\ =X n 2 \ since '/ 
is given locally as the quotient of two non-vanishing functions, x belongs to &(M). 
□ 


9.2.2.2 B - Poisson Manifolds of Dimension Three and One-Forms 

Let M be a real orientable manifold of dimension three and let A be a vol¬ 
ume form on M. Recall from (4.19) that there is a natural &(M)- linear isomor¬ 
phism * : X k (M) i-g L2 i ^ k (M), defined for Q G X k (M ) by 


*Q ■= tgA . 
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In particular, to a bivector field n on M corresponds a differential one-form a := 
= i K X on M. In this subsection we wish to express the properties of n, for ex¬ 
ample the condition that n be a Poisson structure on M, in terms of the differential 
one-form a. Of course, this differential one-form depends on the chosen volume 
form: replacing A by F A, with F a nowhere vanishing function, amounts to replac¬ 
ing a by Fa. 

Proposition 9.20. Let M be a real orientable manifold of dimension three. Suppose 
that n is a bivector field on M. 

(1) Let A be an arbitrary volume form on M, and let a := i K A. Then n is a Poisson 
structure on M if and only if 

aAda = 0. (9.29) 

In this case, for every m £ M at which the rank ofn is two, the kernel of a m is 
the tangent space of the symplectic leaf of n through m; 

(2) The bivector field n is a unimodular Poisson structure if and only if there 
exists a volume form A on M, such that the differential one-form a := i K A is 
closed. 

Proof. Recall from Cartan’s formula (3.38) that if P and Q are two multivector fields 
on M, then 

[[*/>•> d] ,iq\ =i[p, Q ] s ■ 

Specializing to P := n and Q:= n, and applied to the volume form A, it yields 

2i n di n l = i [ XtK]s A . (9.30) 

Multiplied by the volume form A, and expressed in terms of a, (9.30) becomes 

2 (i n <\a)X = (i[n, K ] s A)A • (9.31) 

Now, for every bivector field P and for every differential 2-form ji , the fact that A is 
a top form implies that 2 

(i/>/3)A = /3 A ipX . (9.32) 

In particular, (;^da)A = da A i n A = da A a, so that (9.31) gives eventually: 

2da A a — A . 

As a consequence, da A a = 0 if and only if [n, 7r] s = 0, i.e., if and only if n is a 
Poisson structure on M. This proves the first part of item (1). 

Let us prove the second part of (1), i.e., that if the rank of n at m is two, then 
the spaces Ker(a m ) and T m .9' m coincide, where .'/ J m is the symplectic leaf of n, 
passing through m. Since both vector spaces are two-dimensional, it suffices to show 

- In the actual case where the dimension of M is 3, a simple proof of (9.32) can be given by taking 
local coordinates in which A = cbr A dy A dz. 



258 


9 Poisson Structures in Dimensions Two and Three 


the inclusion T m S^ m C Kera,„. The tangent space at m to F/ m is spanned by the 
Hamiltonian vector fields SC'f at m, where F is an arbitrarily function, defined in a 
neighborhood of m. Now, 

a(3 Ff) = {i K A) {Sfo) = X(n\ 3 Ff) , 

and n A = 0 because the rank of n is 2 (see (9.26)), so that (£Fp)m G Kera,„ for 
every m G M and for every function F, defined in a neighborhood of m in M. This 
completes the proof of (7). 

We now prove (2). Recall from (4.24) that the modular vector field 0 of n with 
respect to a given volume form A, can be expressed in terms of the divergence of n 
as O = — Div(7r). According to the definition of Div (see (4.18)) and the definition 
a := i n A, we have that 

*0 = — *Div(7t) = — d*7t = — d(,rA = —da , 

so that = 0 if and only if a is closed. Since a Poisson structure is unimodular if 
and only if there exists a volume form A with respect to which the modular vector 
field 0 is zero, this means that n is unimodular if and only if there exists a volume 
form A such that a := i K A is closed. This shows (2). □ 


9.2.3 Quadratic Poisson Structures on F 3 

In this section, we present a classification of quadratic Poisson structures on the 
affine space C 3 . Recall from Proposition 8.8 that two quadratic Poisson structures 
on F 3 are isomorphic if and only if there exists a linear isomorphism of F 3 , which 
sends one of the quadratic Poisson structures to the other one. As before, we denote 
the standard coordinates on F 3 by x,y,z, and we denote by A the standard volume 
form 

A := cLvAdvAds. 

Recall from Section 8.2.2 that the modular vector field, with respect to A, of a 
quadratic Poisson structure is a linear vector field (Proposition 8.23), and recall 
from Proposition 4.17 that its divergence with respect to A is zero. 

Specializing and adapting Proposition 8.26 to the three-dimensional case, yields 
the next proposition. By definition, a cubic polynomial function on F ' 1 is a homoge¬ 
neous polynomial function of degree three on FF 

Proposition 9.21. There is a one-to-one correspondence between quadratic Poisson 
structures on F 3 and pairs (0,<p), with 0 a linear vector field on F 3 , and (p a cubic 
polynomial function on F 3 , satisfying 

Div(<7>) = 0 and 0[(p\= 0. (9.33) 


This correspondence assigns to such a pair {0,(p) the Poisson structure, defined by 
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ft&.tp -— n<p g ^ ^ ® > (9.34) 

where £ is the Euler vector field, and K,p is the Poisson structure defined in (9.19). 

Proof. To start with, let us show that, given a linear vector field 0 on F 3 and a cubic 
function cp on F 3 , which satisfy (9.33), the bivector field 7r<t> <p defined by (9.34) is 
a Poisson structure. First, both £ A 0 and n ([ , are Poisson structures according to 
Example 8.15 and Proposition 9.14 respectively. As a consequence, 

2 2 2 
,,710^] s = -- [n (p ,£'A0] s = -- A £ . 

It suffices to prove that both of the remaining terms vanish. For the first term, by 
Proposition 8.4, the Lie derivative with respect to the Euler vector field of every 
quadratic Poisson structure is zero, so that .if// n (p = 0. The vanishing of the sec¬ 
ond term follows at once by applying the following identity, valid for every vector 
field y on F 3 , 

= Di v(y) n v + n r [ v ] (9.35) 

to y := 0 , upon using (9.33). We prove the identity (9.35) by showing that 

= Div(r) i K<f X + in r[if] A • (9.36) 

First, by item (2) in Proposition 3.11 and by (4.20), the left-hand side of (9.36) is 
given by 

iJZrKyk = =JSfyi^A+Div(r)i^A . (9.37) 

Therefore, it remains to be shown that d£-yi K(p X = in r , ? 4, which means, in view 
of (9.20), that fiffdtp = d (y[tp]); but this is clear since and d commute. This 
proves (9.35), and hence that the bivector field defined by (9.34) is a Poisson 
structure. 

Next, we show that the assignment (0,<p) >->• defined by (9.34), is surjec¬ 
tive. Let n be a quadratic Poisson bracket, and let 0 K denote its modular vector field. 
Proposition 8.26 implies that there exists a closed differential one-form a such that: 

n = -k~ x a- -£f\0 K . 

3 

By the algebraic Poincare lemma, there exists a function <p such that dtp = a; since 
a is a quadratic differential one-form, (p can be chosen (in a unique way) to be a 
cubic function. In view of (9.20), we have * -1 a = *~'d<p = n,p. Hence, n is given 
as in (9.34). We still have to check that the pair {0 K , (p) satisfies (9.33). According to 
Proposition 4.17, the divergence of the modular vector field 0 K is zero. According 
to Proposition 8.26, we have that = 0, so that d(<E> 7r [<jp]) = 0. Since 0n[(p] is 

a cubic function, this implies 0 K [<p] = 0. 
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We are left with the task of showing that the assignment, defined by (9.34) is 
injective. Since the divergence of Jt fp vanishes and according to Example 8.25, 

Div(7T<p i9 >) = Div ^ A 0^j = 0 — ^Div(0)d? = & , 

so that we can recover 0 as the modular vector field of n<i >(p . Since the cubic poly¬ 
nomial tp can also be uniquely recovered from n (p , both 0 and <p can be uniquely 
recovered from k<i >< p , which proves injectivity, hence bijectivity of the assignment, 
defined by (9.34). This completes the proof. □ 

Proposition 9.21 leads to an explicit description of the family of all quadratic 
Poisson structures on F 3 , as given in the following theorem. 

Theorem 9.22. Let n be a quadratic Poisson structure on C 3 . There exist linear 
coordinates on C 3 in which n takes the form 

7t = n (p -^S'A0 , 

where (0,tp) corresponds to one of the types I—VII in Table 9.2, where K (p is the 
Poisson structure 


dtp d d dtp d d dtp d d 
T<p ’ dx dy^ dz + dy dz^ dx~^ dz dx ^ dy ’ 


and where @ is the Euler vector field on C 3 . 

In order to prove this theorem, we first establish, in the following lemma, the list 
of all divergence-free linear vector fields on C 3 . Recall that in this section the di¬ 
vergence is always taken with respect to the standard volume form A = dxA dy A dz 
on C 3 . 

Lemma 9.23. Let 0 be a divergence-free linear vector field on C 3 . There exist lin¬ 
ear coordinates x,y,z on C 3 such that 0 takes one of the forms, given in the second 
column of Table 9.3. 


Proof. Recall from Section 8.2 that linear vector fields on a finite-dimensional vec¬ 
tor space V are in one-to-one correspondence with endomorphisms of the dual vec¬ 
tor space V*: more precisely, to a linear vector field 0 on V corresponds, as in 
(8.20), the endomorphism of V* defined by 

0(1) : v* — > V* 

F <5[F] . 

If we write 0 in terms of linear coordinates xi,. ■ ■ . x c i on V as 

d g 

([, = X OijXt 327 > 
ij= 1 J 


(9.38) 
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Table 9.2 Up to linear isomorphism, every quadratic Poisson structure on C 3 is of the form 
where & and <p are given in the second and third columns. 


Type 

0 

<P 

Parameters 

1 

a i x Tx +a ^~y^ Jra 'i z Tz 

bxyz 

Ql,<22,613 6 C* 
all at different 

d 1 T £?2 4 6(3 — 0; 
be C 

II 

+«4- 2 «4 

zG{x,y) 

ae C* 

G quadratic function 

III 


bxyz + cz 3 

a e C*; b,ceC 

IV 

axj x +(ay + x)j y -2azj z 

bx 2 z 

a e C*; b e C 

V 

x Hy+ylz 

bx 3 + cx(y 2 — 2 xz) 

b,ceC 

VI 

4 

G(x,y) 

G cubic function 

VII 

0 

G(x,v,z) 

G cubic function 


then A := (a ( y) G Matrf(C) is the matrix of 1 ) in terms of the basis (xi,... .Xj) 
for V*. Using the classical formula (4.21) for the divergence of a vector field, we 
find 

d d d 

Div(<5)= X 3 — {aijXi) = , 

i,j= 1 CJX J i= 1 

so that the divergence of <J> is a constant function, whose value is the trace of the 
endomorphism [ n particular, a linear vector field <J> on C 3 is divergence-free 
if and only if the corresponding endomorphism <&*’> of C 3 is traceless. There are 
seven types of such endomorphisms: 

• If all eigenvalues of ^ are different, then there are two possibilities, according 
to whether one or zero of these eigenvalues are zero, leading to types I and III 
in Table 9.3; 
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Table 9.3 There are, up to isomorphism, seven types of traceless endomorphisms of C 3 . For each 
type, its matrix takes in terms of a well-chosen basis the form indicated in the second column of the 
table. The range of the parameters which appear in the matrices is indicated in the third column. 


Type 

Matrix 

Parameters 

I 

diag(ai,02,o 3 ) 

01 , 02,03 6 C* 
all a/ different 

Ol +0 2 +03 =0 

II 

diag(o,o, —2a) 

oeC* 

III 

diag(o, —a,0) 

oeC* 

IV 

( 

a 1 0 

0 a 0 

0 0 —2a 


oeC* 

V 


f 0 i o\ 
0 0 1 
v 0 0 Oy 


- 

VI 


/o ° l\ 
0 0 0 
v 0 0 0/ 


- 

VII 

0 

- 


• If 1 * has precisely two different eigenvalues, then they are both different from 
zero, leading to types II or IV, according to whether is diagonalizable or 
not; 

• If all eigenvalues of 0 1 ' are equal, then they are all zero, so that 0' 11 is a 
nilpotent endomorphism. This leads to three types, the types V-VII. 

The conditions on the parameters in Table 9.3 are chosen such that every traceless 
endomorphism of (C 3 appears exactly once in the table. □ 

It is clear that the matrices which are given in the second column of Table 9.3 cor¬ 
respond to the linear vector fields on C 3 , listed in the second column of Table 9.2. 

Combining Proposition 9.21 and Lemma 9.23 leads to the announced classifica¬ 
tion of the set of quadratic Poisson structures on C 3 . 
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Proof (of Theorem 9.22). Let n be a quadratic Poisson structure on (C 3 . According 
to Proposition 9.21, there exists a pair ( 0. <p), with <5 a divergence-free linear vector 
field on C 3 , and <p a cubic polynomial function on C 3 , satisfying <P[<p] = 0, such that 
n is of the form (9.34). According to Lemma 9.23, there exist linear coordinates 
x,y,z on C 3 in which 0 takes the form corresponding to one of the types I-VI1 in 
Table 9.3. It therefore suffices to determine for each of these types the vector space 
of all cubic functions (p £ J^(C 3 ), satisfying 0\<p\ = 0. It is easy to see, by direct 
computation, that for each line of the table, the given function (p satisfies indeed 
0[<p] = 0. Let us show that if 0 is of one of the types I-V, there are no other such 
(p (for 0 of the other types VI and VII this is obvious). 

For the types I—III, 0 is the weighted Euler operator, with (not necessarily inte¬ 
gral) weight vector (a \, ai , < 23 ) with a 1+02 + 03 =0 for type I, with weight vector 
(a, a, —2a) for type II and weight vector (a, —a, 0) for type III. Therefore, for each 
of these types, the vector space of all polynomials annihilated by 0 is spanned by 
all monomials F satisfying 0\F\ = 0. Taking a cubic monomial F = x a> y ,Xl z“ 3 , 
this leads for type I to the equation a\a\ + 0.202 + 0.2112 = 0 , which has (1,1,1) as 
its unique solution, under the constraint oq + (X 2 + (*3 =3 (because deg(F) = 3), 
with all at £ C* being different. This leads to the monomial F = xyz. Similarly, the 
equation 0[F] =0 leads for type II to the equation a(o.\ + 0 . 2 ) — 2ao 3 = 0, under 
the constraint oq + 0,2 + (*3 = 3, which has as solution all triples (oq, oq, 1), with 
oq + (*2 = 2, corresponding to all monomials of the form zG(x.y), where G is a 
quadratic polynomial. Similarly, for type III, one looks for all triples (oq,(* 2 , 0 : 3 ), 
satisfying oq — oq = 0, which has (1,1,1) and (0,0,3) as its only solutions under 
the constraint oq + oq + (*3 = 3; it corresponds to the monomials xyz and z 3 . 

For 0 of type IV, one computes easily the images under 0 of the 10 monomials 
x a< y a iz a '‘ , with a j + 0.2 + 0:3 = 3, by using the fact that 0 is the sum of the weighted 
Euler operator (with weights (a,a,—2a)) and the operatorxj^. One sees that, be¬ 
sides for 0 (x 2 z) (which is zero), these images are linearly independent, proving 
that the kernel of 0 (restricted to the space of cubic polynomials) is spanned by 
x 2 z. Similarly, for 0 of type V, one easily checks that the images of the eight cubic 
monomials x ai y a 2 z a3 , with (oq,(* 2 , 0 : 3 ) f (3,0,0) and ((* 1 ,(* 2 ,(* 3 ) (2,0,1) are 

linearly independent. The kernel of 0 is therefore two-dimensional, and is spanned 
by x 3 and x(y 2 — 2 xz) ■ □ 


9.2.4 Poisson Surfaces in C 3 and Du Val Singularities 

We have seen two different ways of constructing (singular) Poisson surfaces. 

(1) Let G be a finite subgroup of SL 2 (C). The standard action of G on C 2 induces 
on the quotient surface C 2 /G a Poisson structure {•, -} C 2 / G , making it into a 
(singular) Poisson surface (see Section 6.3.4). 

(2) Let (p be an irreducible polynomial in three variables. The Poisson structure 
7 t (p = {•, •} on C 3 , introduced in (9.19), given by 
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d(p d d dtp d d dtp d d 
dx dy ^ dz dy dz ^ dx dz dx ^ dy 


(9.39) 


admits <p as a Casimir, hence the singular affine surface E (p C C~\ given by 
tp = 0, is a (singular) Poisson surface. 

The purpose of the present section is to show how these two constructions are re¬ 
lated. Namely, we will show that every Poisson surface C 2 /G of the first type is 
also of the second type E (p , for a polynomial tp which will be given explicitly (for 
each G). 

Before doing this, let us recall a few facts about the classification of finite sub¬ 
groups of SL 2 (C) (see [183] for proofs and details). Consider the list of subgroups 
Ak, for k Js 1, O p for k yt 4, or Eg,£ 7 ,Eg, whose generators are given in Table 9.4. 


Table 9.4 Every finite subgroup of SL2(C) is conjugated to precisely one of the subgroups, given 
in terms of generators in the second column of the table, where £ := e § and 77 := e 5 . 


Type of G 

Generators of G C SL2 (C) 

A k k^l 


( 2^T\K \ 

0 

y 0 e k +1 / 

D k 4 

(e^ 0 \ 

-sx, and 

V 0 

foi\ 

\ 1 °y 


e 6 

generators of £>4 and 

' e 1 

v £5 e y 


Ei 

generators of Ef, and 

£ 0 \ 

0 e 7 

Eg 

f-n 3 0 ^ 

V 0 -*) 

and ,■ , { ‘ ) 

' " \ 1 -n-v 4 ) 


Up to conjugation, every subgroup G of SL 2 (C) is conjugated to one of these sub¬ 
groups A\, A 2 , ..., £g. We then say that G is of type A\, A 2 , ..., E$. The quo¬ 
tient surface C 2 /G is singular at the image in C 2 /G of the origin o of C 2 , and at 
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no other point; a singularity obtained in this way is called a Du Val singularity or 
Kleinian singularity, depending on the reference. It is a classical result [183, 188] 
that the affine variety C 2 /G is, as an affine variety, isomorphic to Z (p , where cp is 
the polynomial, depending on the type of G, which appears in the second column of 
Table 9.5. 


Table 9.5 For each of the finite subgroups G of SL# 2 (C), the quotient surface C 2 /G is the zero 
locus of a weight homogeneous polynomial, given in the second column of the table. The third 
column indicates the weight vector with respect to which each of these polynomials is weight 
homogeneous. 


Type of G 

<P 

Weights 

A* k > 1 

x 2 +y 1 -f +l 

(k+\,k+l,2) 

Dk k 4 

x 2 +y 2 z+z k ^ 1 

(k- 1,* —2,2) 

E 6 

x 2 +y 3 +z 4 

(6,4,3) 

Ej 

x 2 + y 3 +yz 3 

(9,6,4) 

Eg 

x 2 +y 3 +z 5 

(15,10,6) 


Note that this means that, for each group G which appears in the table, the algebra 
of G-invariant polynomials is an algebra with three weight homogeneous generators 
Pi,Pi,Pi, and that every polynomial R £ C[X,Y,Z], satisfying R(P\,Pi,Pi) = 0, is a 
multiple of (p. The isomorphism C 2 /G ~ X, p is induced by the map C 2 —> C 3 , given 
by (Pi,Pi,Pi), as expressed in the following commutative diagram: 


C 2 


{PiAA) , 

-► C 3 


P l 

C 2 /G — 


(9.40) 


Recall from Section 5.1.2 that J^(C 2 ) G ~ J^(C 2 /G) (since G is a finite group). On 
the other hand, since Z (p is the affine surface of C 3 , defined by the polynomial <p, 
its algebra of functions &(Eq,) is given by C[x,y,z]/(<p). It follows that we have an 
algebra isomorphism 

JT(C 2 ) G ~C[x,y,z]/(cp) . (9.41) 

We show in the following proposition that the isomorphism C 2 /G ~ Z <p is actu¬ 
ally an isomorphism of Poisson varieties. 

Proposition 9.24. Let G be a finite subgroup 0 /SLi(C) and let {• ,-}c 2 /g ( ^ enote 
the Poisson structure on C 2 /G, induced by the action of G on C 2 . The Poisson stir- 
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face (C 2 /G,{- , - }c 2 /g) ™ isomorphic, as a Poisson variety, to the Poisson surface 
(Eq,, {■, •} ( p), where tp is the polynomial, associated to G, as indicated in Table 9.5. 

Proof. Consider the isomorphism E : C 2 /G —► E (p , given in (9.40). We show that 
E is a Poisson isomorphism, with respect to the stated Poisson structures (up to 
a constant). According to Corollary 6.20, C 2 /G has a unique singular point, the 
point p(o), where o is the origin of C 2 . Since the origin of (C 3 is clearly a singular 
point of Eq,, it follows that it is the image of p(o) under E and that it is the only 
singular point of Eq, (the latter fact can also easily be verified by direct computation). 
According to the latter corollary, the Poisson structure {•, -} C 2 / G on C 2 /G has rank 
two at every point of C 2 /G, except for the singular point p(o), where its rank is 
zero. The Poisson matrix of {• ,-} v is given, in terms of the generators x,y and z, 
of 5?(Eq,) as 


/ 




0 

dtp 

dtp 


dz 

dy 


dtp 

0 

dtp 


dz 

dx 


dtp 

dtp 

0 

V 

dy 

dx 


The rank of this matrix is two, except at the point(s) of Eq, for which = 

= 0, i.e., at the singular points of Eq,. Since the origin of Eq, is its only singular 
point, the rank of {•, •} is two at all points, except at the singular point of Eq, (where 
the rank is zero). 

Using the isomorphism E : C 2 /G — > Eq,, we can transport the Poisson structure 
{' i '}c 2 /G on C 2 /G to a Poisson structure on Eq,, which we denote by {■ . ■ On the 
smooth surface Eq, \ {p(o)} both Poisson structures {•, ■} and {•, are of rank 2, 
hence according to Proposition 9.19 there exists a nowhere vanishing holomorphic 
function ^ on Eq,\ {p(o)} such that {•,•},,,= X {•»■} 'q,- For arbitrary F,G G .^(Eq,) 
such that {F, G}^ f 0, we have that 

= {F,G} (p 
z {F,G};’ 

so that % is actually a rational function on Eq,. Since its divisor of zeros and its di¬ 
visor of poles are both discrete (they contain at most the point p(o)), % is constant. 
This implies that (Eq,, {•,-j^,) and (C 2 /G, p {•, fipi/o) are isomorphic Poisson va¬ 
rieties for some /i S C*. In view of Remark 6.19, this constant p can be chosen 
equal to 1 . □ 
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9.3 Notes 

The classification in dimension two given in this chapter follows Monnier [150, 152], 
a variant of Arnold’s proof [16]. In these references, the proof is more general than 
the proof given here, since the case when R is taken as the ground field is also 
considered, and with some extra work it is shown that the classification is actually 
non-formal, i.e., the formal coordinate transformations can be realized by smooth 
(or analytic) local coordinate transformations, when the given Poisson structure is 
smooth (or analytic). The question of having a global rather than a local classi¬ 
fication in the context of varieties or manifolds remains a real challenge; for an 
important contribution in this direction, see [173], in which a classification of topo¬ 
logically stable Poisson structures on real surfaces is given. 

The classification of quadratic Poisson structures in dimension three, detailed in 
Section 9.2.3 above, has been obtained independently by Dufour-Haraki [60] and 
Liu-Xu [129]. For the relation between Poisson structures and differential forms, in 
the presence of a volume form, see [88]. 


Chapter 10 

^-Brackets and r-Brackets 


The theory of integrable systems gave birth to interesting constructions, which yield 
new Poisson structures on a given (finite-dimensional) Lie algebra g, upon using 
some extra structure on the Lie algebra, roughly speaking a matrix. There are two 
distinct formalisms for doing this, depending on whether this matrix is viewed as 
a linear map R : g —► g, in which case R is called an /Lmatrix, or as an element 
rtE g 0 g. in which case r is called an /--matrix. In their basic form, the new Poisson 
structures are Lie-Poisson structures, so it will be assumed that the reader is familiar 
with the basic theory of Lie-Poisson structures, as developed in Chapter 7. 

For a given linear map /?: g —>■ g, which satisfies a condition which will be ex¬ 
plained in detail, a new Lie bracket on g is defined by letting [x,y] fl := + 

[jc,/fy]), for all x,y G g. The new Lie bracket on g leads to a Poisson structure on g*, 
which is referred to as an /^-bracket on g*. Upon identifying g with g*, which is usu¬ 
ally done by using a non-degenerate symmetric bilinear form, the /^-bracket on g* 
becomes a Lie-Poisson structure on g. 

A tensor r £ g 0 g can be viewed as a zero-chain on g, with values in g (/> g, so 
its coboundary S°(r) : g —> g 0 g admits as transpose a linear map y,-: g* 0 g* —g*. 
When r satisfies a condition, which will also be explained in detail, y, defines a Lie 
algebra structure on g*. hence leads directly to a Lie-Poisson bracket on g, i.e., no 
identification of g with g* is needed to define this Lie-Poisson structure on g. This 
Lie-Poisson bracket is called an /--bracket. 

Section 10.1 is devoted to the construction of the /^-bracket on g and on g*, with 
special emphasis on the main example, which comes from Lie algebra splittings. In 
Section 10.2, we discuss the case of /--brackets and we show how /^-brackets and 
/--brackets are related. The construction of higher degree brackets, from an /Lmatrix 
or /--matrix, is given in Section 10.3. For the connection with Poisson-Lie groups, 
we refer to Chapter 11. 

In this chapter, F is an arbitrary field of characteristic zero, g is a finite- 
dimensional Lie algebra over F and J^(g) denotes the algebra of polynomial func¬ 
tions on g, but it may also be taken as the algebra of smooth, respectively holomor- 
phic, functions on g, when F = K, respectively when F = C. 


C. Laurent-Gengoux et al., Poisson Structures, 

Grundlehren der mathematischen Wissenschaften 347, 

DOI 10.1007/978-3-642-31090-4.10, © Springer-Verlag Berlin Heidelberg 2013 
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10.1 Linear ^-Brackets 

As we have seen in Chapter 7, a Lie algebra structure on a finite-dimensional vector 
space leads to a Poisson structure on its dual vector space. We consider in this sec¬ 
tion Lie algebras which are equipped with a second Lie algebra structure, obtained 
from the original one by using an A-matrix. as explained below. In this case, the dual 
vector space comes equipped with a second Lie-Poisson structure, whose proper¬ 
ties are in general quite different from the properties of the original Lie-Poisson 
structure. 


10.1.1 R-Matrices and the Yang-Baxter Equation 

We first give the general definition of an A-matrix and discuss its relation with the 
Yang-Baxter equation. 

Definition 10.1. Let (g, [-,-]) be a Lie algebra and let R : g —>■ g be a linear map. If 
the skew-symmetric bilinear map [•,•]«: g x g —» g, defined for x,y € g by 

[x,y\R := \ {[Rx,y] + [-L^y]) , (io.i) 

defines a Lie bracket on g, then A is called an R-matrix for g. Then g, equipped with 
the two Lie algebra structures [•, •] and [•, -]^, is called a double Lie algebra. 

The standard terminology A’-matrix and the notation Rx instead of R(x) are used 
because one often thinks of R (and also x) as being a matrix. 

We show in the following proposition that the conditions which express that a 
linear map R : g —^ g is an A-matrix for g, can be rewritten in a symmetric form, 
using a bilinear map on g, which depends quadratically on R. 

Proposition 10.2. Let (g, [• ,•]) be a Lie algebra. A linear map A : g —> g is an R- 
matrixfor g if and only if 

Vx,y,zeg: [B R (x,y) ,z] + O (x,y,z) = 0 „ (10.2) 

where Br £ Horn(g A g, g) is defined, for x,y G g, by 

B r (x,y) := [Rx,Ry]-R{[Rx,y] + [x,Ry]) . 

Proof. Forx, y,7 6 g, we have 

(x,y,z) 

= 2 [[Ax,y] + [x,Ry] ,z] s + O ( x,y,z ) 

= [A([Ax,y] + [x, Ay]) ,z] + [[A.v,y] + [x, Ay], Rz] + 0 (x,y,z) 

= [tf([Kx,;y] + [x,^y]) ,z] + [[Ry,z ], Ax] + [[z,Ax], Ay] + o (. x,y,z ) 


(10.3) 
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= ([ fe ,y] + [x,Ry]) - [Rx,Ry] ,z\ + 0 (x,y,z), 

where we have used the Jacobi identity for [•, •] in the last step. This shows that the 
Jacobi identity for [•, -]r is equivalent to (10.2). □ 

It follows from the proposition that, if there exists a constant c £ F such that 
B R (x,y) = c \x,y\ for all x,y £ g, then R is an R-matrix for g. Given c £ IK. the 
equation 

Vx,y£g: B R (x,y) =-c[x,y\ , (10.4) 

viewed as an equation in R. is called the modified Yang-Baxter equation. When g is 
a complex (respectively real) Lie algebra and c f 0, then a rescaling of R in (10.4) 
yields c = 1 (respectively c = ±1). When c = 0, one speaks of the Yang-Baxter 
equation. Sometimes one adds the adjective classical, to distinguish these equations 
from the quantum Yang-Baxter equation. We warn the reader that the terminol¬ 
ogy Yang-Baxter equation, with or without adjectives, is used for many equations 
which are closely related to, but not equivalent to, the above Yang-Baxter equation 
(see [108]). 

Given a Lie algebra (g, [•, •]), a linear map T : g —> g is called an intertwining 
operator of g if T [x.y] = [Tx,}/] = [x, Ty], for all x,y £ g, where we have written Tx 
as a shorthand for T(x). An intertwining operator of g can be used to construct a 
new R-matrix for g, starting from a given R-matrix for g, as given in the following 
proposition. 

Proposition 10.3. Let (g, [• ,•]) be a Lie algebra and let R be an R-matrix for g. If 
T : g —> g is an intertwining operator of g, then the linear map RoT is an R-matrix 
for g. 

Proof. Suppose that R is an .R-matrix for g and that T is an intertwining operator 
of g. According to Proposition 10.2, we need to show that 

(Tx,Ty),z\ + 0 (x,y,z) = 0 , (10.5) 

for all x,y,z £ g, where we have used that B Ro t ( x,y) = B R ( Tx, Ty), which is valid 
because T is an intertwining operator of g. If T is invertible, then (10.5) is equiva¬ 
lent to 

T [B r (Tx, Ty) ,z] + 0 (.x,y,z) = 0 , (10.6) 

which holds for all x,y,z £ g, because T is an intertwining operator of g and in view 
of (10.2). If T is not invertible, pick an arbitrary a £ F and replace in (10.6) T by 
T + al 0 . The identity 

(T + al 0 ) [ B r (Tx + ax, Ty + ay) ,z] + 0 (wY-s) = 0 (10.7) 

holds because T + al„ is also an intertwining operator. Since (10.7) is a cubic poly¬ 
nomial in a and since it holds for all a £ F, all of its coefficients as a polynomial 
in a are equal to zero. This gives the following equations: 
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[B R (x,y),z] + 0 ( X,y,z ) = 0 , 

[B r (Tx, y) + B r (. x , Ty),z] + T [B R (x, y), z] + O (x, y, z) = 0 , 

[B R (Tx,Ty),z] + T([B R (Tx,y)+B R (x,Ty),z])+ O (. x,y,z) = 0 , 
T[B R (Tx,Ty),z]+0(x,y,z) = 0. 

In view of the first line, the second line becomes 

[B R (Tx,y) +B R (x,Ty),z] + 0 (x,y,z) = 0 ; 

next, substituting this in the third line yields (10.5). □ 

If T is an intertwining operator of g and R is a solution of the Yang-Baxter equa¬ 
tion, then the /^-matrix RoT is also a solution of the Yang-Baxter equation, since 
B r ,,t (x.y) = B r (Tx. Ty) for all x,y £ g. However, the corresponding property for 
solutions of the modified Yang-Baxter equation does not hold in general. 


10.1.2 R-Matrices and Lie Algebra Splittings 

The main, and historically first, example of an /^-matrix comes from a Lie algebra 
splitting. If (g, [■, •]) is a Lie algebra and g is written as a vector space direct sum 
0 = 0+ ©0- °f two Lie subalgebras g + and g_ of g, then g + ®g_ is called a Lie 
algebra splitting. It leads to two projections P\ : g —>• g | and P : g — > g_. For 
x £ g, we abbreviate P + (x) to x+ and P (x) to x_. A Lie algebra splitting leads to 
an .^-matrix for g, as described by the following proposition. 

Proposition 10.4. Let (g, [•,■]) be a Lie algebra and let g = g + ©g_ be a Lie algebra 
splitting, with corresponding projections P± : g —> g±. The involutive endomorphism 
R := P + — P- of g is a solution of the modified Yang-Baxter equation (10.4), with 
c = 1, namely 

[Rx,Ry)-R{[Rx,y] + [x,/ty]) = - [x,y] , (10.8) 

for all x,y £ g. In particular, R is an R-matrix for g. 

Proof. Let g = g + ® g_ be a Lie algebra splitting and let R:= P + — P be the dif¬ 
ference of the corresponding projection maps. For x,y £ g, we have 

[Rx,Ry\ + [x,y\ = 2([x+,y+] + [x_,y_]), 


while 


R{[Rx,y\ + [x,Ry]) = R(2[x+,y + \- 2[x_,y_]) = 2([x+,y + ] + [x_,y_]), 

where we have used in the last step that g + and g are Lie subalgebras of g. This 
proves that R satisfies (10.8). □ 
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Notice that, when R = P + — P comes from a Lie algebra splitting, then an alterna¬ 
tive formula for the /^-bracket [•, ■]/,• is given, for x,y S 0 . by 

[x,y\ R = [x+,y+] - [x-,y~] ■ (10.9) 

This elementary fact has important consequences, as we will see in the next sec¬ 
tion. Notice that (10.9) can be used to give an elementary direct proof of the Jacobi 
identity for [■, •]/?, without using Propositions 10.2 and 10.4. 

Remark 10.5. More generally, suppose that g = 0+ © flo ® 0- is a vector space 
decomposition of a Lie algebra g, where g + and g are Lie subalgebras, go is 
abelian and is contained in the normalizer of g + and of g , i.e., [go,0±] C g±. Let 
R £ End(g) be defined for x £ g by Rx := x + -X-, where x+,xo and x- stand for 
the projections of x on g + , go and g_ respectively. Then one finds, as in the proof of 
Proposition 10.4, that 

[Rx,Ry] + [x,y] = 2 [x+,y+] + 2 [x_,y_] + [x 0 ,y] + [x,yo] 

= R([Rx,y] + [x,Ry}) , 

for all x,y £ g. It follows that, as in the case of a Lie algebra splitting, R is a solution 
of the modified Yang-Baxter equation (10.4), with c = 1. 


10.1.3 Linear R-Brackets on g* and on g 


If we assume that the Lie algebra (g, [•,•]) is finite-dimensional, every /v’-matrix for g 
leads to a Lie-Poisson structure on g*, called an R-brackeV, the trivial case /? = l fl 
is usually excluded, because it corresponds to the canonical Lie-Poisson structure 
on g*. According to (7.5), it is given for all F,G £ J^(g*) at E, £ g* by 


{F,G} r (^):= (Ud sF,dsG] R ) 

= ^,[R(d^F) ^G] + [d^F,R(d^G)]) , 


where we recall that d^F is viewed in this formula as an element of g, under the 
canonical isomorphism between g and its bidual. Also, (•, •) stands for the canonical 
pairing between g* and g. When R = P + P comes from a Lie algebra splitting 
0 = 0+ © 0-> this formula can, according to (10.9), also be written as 


{F,G} JJ (^) = (^[(d s F) +> (d 5 G) + ])-(§,[(d 4 F)_,(d5G)_]) . (10.10) 


Upon using, as in Section 7.2, a non-degenerate symmetric bilinear form (• | •) on g, 
we can transfer the /^bracket to g, which leads according to (7.10) for a general 
/L matrix R to 
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{F, G}^ 0 (x) = \{x\[R (V X F ), V. r G] + [V X F,R (V,G)]> , 

for F, G £ and x £ 0 . When R comes from a Lie algebra splitting 0 = 0+00-, 
this bracket becomes 


{F,G }* i8 (*) = (*| [(V,F) +J (V,G) + ])-(x | [(V,F)_,(V,G)_]) , (10.11) 

for F,G £ JF ( 0 ) and r£ 0 . 

An important property of the latter /^-bracket is that it restricts to two natural 
subspaces of 0 , namely the orthogonal complement 0 of 0 +, respectively g of 0 _, 
with respect to (• | •) (see (7.13)). It is given in the following proposition. 

Proposition 10.6. Let ( 0 , [■,•]) be a finite-dimensional Lie algebra, equipped with 
a non-degenerate symmetric bilinear form (• | •}, and let R be the R-matrix for 0 , 
associated with a Lie algebra splitting 0 = 0 + © 0 _. Then the orthogonal comple¬ 
ments 0 ^: and 0_ are Poisson submanifolds 0 /( 0 ,{• ,-} R ). An explicit formula for 
the restricted Poisson bracket on 0 ^: is given, for F,G £ JF (0-) at x £ gi, by 


{F,G}- 


(V*F) + ,(V,G)_ 


( 10 . 12 ) 


where F and G are arbitrary extensions of F and G to 0 . An analogous formula 
holds for the restricted Poisson bracket on 0 ^;. 

Proof It is clear from formula (10.9) for the /^-bracket which comes from a Lie 
algebra splitting that [ 0 +, 0 ] fi C 0 + and that [0 —, 0 1 R C 0 -. Therefore, g + and 0 
are both Lie ideals of ( 0 , [■, -]j?) and we may conclude, according to Proposition 7.5, 
that 0 [ and 0 are both Poisson submanifolds of ( 0 , {•,'}« B ). Equation (10.12) 
follows at once upon combining Eqs. (7.14) and (10.11). □ 

We finish this section by giving two simple, but important, examples of /^-brackets. 

Example 10.7. Consider the Lie algebra splitting of 0 := 0 l rf (F), given by 

0 =4f ® A d =0+©0- , 

where 0 + := Af (respectively g := Af) denotes the Lie algebra of upper trian¬ 
gular matrices (respectively of strictly lower triangular matrices). Letting (x|y) := 
Trace(.ry), we have that 0 ^: = (A^) = Af, the vector space of all lower triangular 

matrices in 0 . If F is a linear function on 0 , then V A /'’ = V/-’ is independent of x £ 0 
and it follows from (7.12) that it is given by (VF |y) = F(y), for all y £ 0 . Denoting 
by x,j the linear function which picks the element (i,j) of a matrix, it follows that 
Vx jj = E ji, the matrix whose only non-zero entry is a 1 at position ( j. i). According 
to (10.12), the Poisson bracket on Af is therefore given by 

{xij,x k( }_ (x) = (x| [Eji,E ek ]) , 


where j f i and f f k. 
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This example is easily generalized to arbitrary semi-simple Lie algebras: upon 
choosing a Cartan subalgebra 1). such a Lie algebra 0 can be decomposed as 
0 = n_ © I) © n+, where each one of the four subspaces n± and b± := n± © 1 ) is 
a Lie subalgebra of 0 . Thus, 0 = b+ © n_ is a Lie algebra splitting. With respect to 
the Killing form, nf = b_ and we have on the latter vector space a linear Poisson 
structure. 

Example 10.8. Another natural Lie algebra splitting of 0 l f /(F) is given by 0 i d (F) = 
Af © 0 _, where 0 - stands for the Lie subalgebra of skew-symmetric matrices. Us¬ 
ing again (x|y) := Trace(xy), we have that is the vector space of all symmetric 
d x d matrices, which inherits a Poisson structure from the Lie algebra splitting. 


10.2 Linear r-Brackets 

In the previous section, we have seen that a linear map /?: 0 —>■ 0 leads, under certain 
conditions, to a new Lie-Poisson structure on 0 *, and hence on 0 , when 0 * and 
0 have been identified. In the present section, we describe a similar construction, 
starting from an element r £ 0 © 0 , which gives, under certain conditions, directly a 
Lie-Poisson structure on 0 . 


10.2.1 Coboundary Lie Bialgebras and r-Matrices 

Let r be an element of 0 0 0 , where ( 0 , [•,•]) is a finite-dimensional Lie algebra. 
In this section, we explain how there is naturally associated with r a linear map 
0 — i' 0 0 0 , whose transpose defines, under some conditions, a Lie algebra structure 
[•, -] r : 0 * © 0 * —> 0 *. To do this, we need a natural representation of 0 on the tensor 
algebra 7*0 of 0 and we need to make explicit the Lie algebra cohomology of 0 , 
with values in this representation; see Section A. 1 in Appendix A and Section 4.1.1 
for the basic definitions of tensor algebra, respectively of Lie algebra cohomology. 

A natural representation of a Lie algebra 0 on its tensor algebra 7*0 is obtained 
by extending, for every x £ 0 , the linear map ad Y : 0 —> 0 to a (graded) derivation (of 
degree zero) of 7 * 0 . Explicitly, for a monomial yi ® y 2 <8 • • • <£>y p £ 7 * 0 , 

p 

ad^(ji 0^2 0 * * * ®y P ) •= . (10.13) 

i= 1 

The Jacobi identity for [•, •] implies that the linear map ad : 0 x 7*0 —»• 7 * 0 , defined 
by (10.13), is a representation of 0 on 7 * 0 . Combined with the natural projection 
map 7*0 —► A* 0 , we obtain the adjoint representation of 0 on A *0 which, as we have 
seen in Section 5.1.3, can be written in terms of the algebraic Schouten bracket: 
ad X Y = for allx £ 0 and all Y £ A* 0 . Elements Y of 7*0 or of A *0 for which 
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ad X Y = 0, for all x £ g, are called ad-invariant ; for example, elements of degree one 
are ad-invariant if and only if they belong to the center of g. 

It is clear from (10.13) that ad A can be restricted to g 0 g, which yields a rep¬ 
resentation of g on g <g g. It allows us to consider, for p £ N, the vector space 
C p (g) := Hom(A p g,g (gg), of skew-symmetric p-linear maps on g, with values in 
the representation space g 0 g. According to Section 4.1.1, C*(g) carries a cobound¬ 
ary operator 8 l : C*(g) —»• C * +1 (g). Applied to /- £ gg> g ~ C°(g), we obtain a linear 
map y r := S°(r) : g —> g & g, which is given by 

jAx) = ad A r , 

for all x £ g. The transpose to y r is a linear map y T : g* g g* ~ (g ® g)* —>■ g*, which 
we view as a bilinear map g*xg*->g*, still denoted by yj. Explicitly, 

(V= (| ®r?)(ad. x r) (10.14) 

for all .teg and q. I] eg*. We will be interested in the case in which the bilinear 
map y T defines a Lie algebra structure on g*. 

Definition 10.9. Let (g, [-,-]) be a finite-dimensional Lie algebra. A bivector r € 
g < 8 > g is called an r-matrix for g if the transpose yj of y r = S°(r) : g —> g <g> g is a 
Lie bracket on g*. In this case, r leads to a Lie bracket on g*, denoted by [•, -] r , and 
defined by 1 

<[€,*?],-,*> : = (€ At],ad A r) (10.15) 

for all , rj S g* and x € g. This bracket is called the Lie bracket, associated with r, 
and (g, -] r ) is called a coboundary Lie bialgebra. 

As the terminology suggests, coboundary Lie bialgebras are a particular case of 
Lie bialgebras, but we will only consider this more general class when we discuss 
Poisson-Lie groups, see Chapter 11. 

We will give necessary and sufficient conditions on r £ ggg so that (g, -] r ) 

is a coboundary Lie bialgebra. Our proof will be based on the following proposition. 


Proposition 10.10. Let (f> : V —> V AV be a linear map, where V is a finite- 
dimensional vector space. Denote by $ : A*V -A A* +1 L the extension of (j) to a 
graded derivation of A*V of degree 1 and let (j) T : V* A V* — > V* denote the trans¬ 
pose map to (j). Then (j) T satisfies the Jacobi identity (so that (j) T defines a Lie algebra 
structure on V*) if and only if(j) o 0 = 0. 

Proof. Recall from Section A.5 in Appendix A, in particular Example A.3, that (j> 
extends uniquely to a derivation 0 of f' m V of degree 1 , where the derivation property 
means that 

1 We use here and below the natural pairing (■,■) between A p g* and A^g, introduced in (5.10). 
When p = 2, it is given, for all E 0* and for all xi,X 2 £ 0, by (£,\ A fy,x\ Rxf) = 
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^(X AY) = 0(X)AL + (-l) p XA0(L) , (10.16) 

for X G A P V and Y G A*V. It follows from (10.16) that 0 o 0 = 0 if and only if 
0(0(v)) = 0 for all v G V. Now, for all |,T], £ € V*, 

(0(000),4 ahaC) = (0(v),^ t (^ati)ac) + O(4,o,C) 

= (v,<^ T (0 T (4Ar])AC) + O (4 ,t?,C)) , 

so that 0 o 0 = 0 if and only if 0 T satisfies the Jacobi identity. Step (*) requires a 
proof. Let X G A 2 V, which we suppose to be of the form X = v A w, with v,w G V 
(in general, an element of A 2 V is a linear combination of such monomials). In view 
of the graded derivation property (10.16) we have, for all £, ,T], £ G V*, that 

( 0(*)>4 AT1A0 

= (0 (v) A w — 0 (w) A v, | A t] A 4) 

= <0(v), 4 A 7?) (w, C) - <0(w), 4 A ?]) (v, 0 + 0 (4, T ], C) 

= (v,0 T (4Atl))(w,C)-(w,0 T ((S Atj))<v,C) + C3 (4,t?.4) 

= (vAw,(j) T (Z An)AC) + 0 (4,0,0 
= (x,0 T (4 Arj)AC^ + (5 (4 ,t?,4) ■ 

This proves (*). □ 

We are now ready to give necessary and sufficient conditions on r, implying that 
(fli [•)■])[*) ']/■) is a coboundary Lie bialgebra. They will be expressed in terms of 
the algebraic Schouten bracket [[•, •]] on A *0 (see Section 3.3.3). We denote for s G 
0 ( 8)0 by i + (respectively ,v j its symmetric (respectively skew-symmetric) part. For 
example, if x,y G 0 , then (x®y)~ =xAy, viewed as an element of A 2 0 . 

Proposition 10.11. Let ( 0 , [•,•]) be a finite-dimensional Lie algebra and let r be an 
element 0/0 <8 0 - Then r is an r-matrix for 0 if and only if r satisfies the following 
two conditions: 

(1) r + is ad-invariant; 

(2) [[r^,r~]] is ad-invariant. 

In this case, the Lie bracket associated with r is given by 

([£nVi) r -> x ) = At?,ad^r _ ) , (10.17) 

for all <q,r\ G 0 * andx G 0 . 

Proof. Let q. rj G 0 * and let x G 0 . Then 

( fj (4,0 ) + yj ( n , 4 ),*) = (4 <8 V ) (ad A - r) + ( rj <8 4 ) (ad* r) = 2(£ 8 7] ) (ad* r+) , 

(10.18) 
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where we have used that (ad* r) + = ad* r + ; to verify the latter, write r + as a sum of 
elements of the formygizizigiy. It follows from (10.18) that yj is skew-symmetric 
if and only if r + is ad-invariant. 

Suppose now that r + is ad-invariant. Then y r (x) = ad*r = ad x r~ = y.-(x) for 
all x £ g, so that y, depends only on a := r . Thus we are given a skew-symmetric 
element a £ g A 0 and we wish to prove that the Jacobi identity for y a is equivalent 
to the ad-invariance of [[cqaj. In view of Proposition 10.10, it suffices to show that 
the ad-invariance of [[«,«]] is equivalent to % o y a = 0 (on A*g; equivalently, on g). 
Combining (10.13) and (3.46), we find that 

7 a W = adl* a = [x,a]] = -[a,x]] , 

for all x £ g. Since % and —[[a, •]] are both graded derivations of degree 1 of A*g, it 
follows that %{X) = —[[a, A - ]], for all X £ A*g. Therefore, y a o y„ = 0 if and only if 
[[a, [[a,x]]]] = 0, for all x £ g. In view of the graded Jacobi identity for [[■, •]], 

[[x, la, a}}}} + la, [[«,x]]]] - [a, [[x,a]]]] = 0 , 

so that [[a, [[«,x]]]] = 0 , for all x £ g, is equivalent to [[x, [[a,aj]] = 0 , for all x€g, 
which is precisely the ad-invariance of [[«,«]]. □ 

The simplest way to satisfy both conditions in Proposition 10.11 is to demand that 
r is skew-symmetric and satisfies [[r, r]] = 0 . 


10.2.2 Linear r-Brackets on g 

Suppose that r £ g <8) g is an r-matrix for a finite-dimensional Lie algebra (g, [■,•]). 
Recall from Definition 10.9 and Proposition 10.11 that this means that the bilinear 
map, defined for x£g and E,, T] £ g* by 

(l%,V} r ,x) ■■= (Z A tl,ad x r) = (% A T],ad x r-) , (10.19) 

defines a Lie algebra structure on g*. Then g inherits a linear Poisson structure {•, -} r 
from [•, -] r , since g ~ (g*)* is then the dual of a Lie algebra. According to (7.4), the 
Poisson bracket of two functions F,G £ ,^(g) is given by 

{F, G} r (x) = <[d*F, d x G] r ,x) = (d X F A d x G, ad v r~) , (10.20) 


for all x€g. This leads to the following proposition. 

Proposition 10.12. Let (g, [•,•]) be a finite-dimensional Lie algebra and let r be an 
r-matrix for g. Let (ei,..., ed) be a basis for g and let (^i,..., E,d) be the dual basis. 
The Poisson matrix of {■ ,-} r at x £ g, with respect to the coordinates E ,\,..., ^/, is 
the matrix of ad x r~ in the basis (ei,..., e,/). 
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Proof. By definition, the matrix of ad A r g g Ag in the basis (e\.... .ef) is the 
skew-symmetric matrix defined by 

ad v r = Yj a U e i A e j ■ 

Combined with (10.20), this means that the coefficients of the matrix can be com¬ 
puted by 

a u = (^A^',ad T r“) = {^,^} r (x) , 
as was to be shown. □ 

A compact formula for the collection of Poisson brackets can be given 

when g is the Lie algebra of an associative algebra (or is a subalgebra of such a Lie 
algebra 2 ). To show this, let us assume that we have an associative product on g and 
that \x,y\ = xy — yx for all x,y £ g. Then 

ad v r“ = [[x,r~]] = [l®x + x(g) 1, r~] , 

where the latter bracket stands for the commutator in g ® g. Then 

{S®S} r (x)= [l®r+.r®l,L] , (10.21) 

where the left-hand side is the bivector, defined by 

{H®5} r (jt):= Y {&£j} r ( x ) e i Ae j ■ 

1 <(< j<d 

In this formula, (e\ ,..., efi) is a basis of g and (^i,..., ^<f) is its dual basis. Equa¬ 
tion (10.21) is known as the first Russian formula. 

The first Russian formula is very useful for explicit computations, in particular 
when g is realized as a Lie subalgebra of gl^F) ~ Mahv(F). Then this formula 
can be thought of as an equality of matrices of size N 2 . Indeed, there is a standard 
algebra isomorphism between Matyv(F) ® Mapv(F) and Mat^F); to describe it, 
we use the classical elementary matrices whose only non-zero entry is a 1 at 
position (i,j), but we use the convention that numbering starts from zero, in order 
to simplify the formula. Then the N 2 elements E,j with 0 i,j < N form a basis 
of MatAr(F) and the N 4 elements E,j ®E k (, with 0 ^ i,j,k,£ < N are a basis of 
Mativ(F) ®MatAr(F). The isomorphism Mat^(F) ® Mat^(F) —> Mat^F) is given 
by mapping Ejj<S)E k ( to It is an isomorphism of associative algebras, 

since 

(Eij ® E k i)(Eitf ® E k i(t) = 8jy8c tk tEjji0E ki i , 

while 

EiN+kjN+eEi'N+k'j'N+e' = &i,i’8^ k i E iN+k j N+ p . 


2 Since 0 is finite-dimensional, g is isomorphic to a subalgebra of g(y(F), for some N, which is the 
Lie algebra of the associative algebra Mat„(F) of square matrices of size N. 
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10.2.3 From r-Matrices to R-Matrices 

In this section, we show how /^-matrices and /--matrices on a finite-dimensional 
quadratic Lie algebra g are related. Denoting the bilinear form of g by (• | •), we 
have an isomorphism % : g —> g*, defined by {x(x),y) := (x|y), for all x,y £ g. This 
leads also to an isomorphism 

X®ig :g<8>g—>g*®g — End(g) , 

which allows us to associate with every element of g 0 g a linear map g —> g. We 
recall that, for a given linear map R : g —> g, we denote its adjoint with respect to 
(• | •) by R*. In formulas, this means that 

(Rx\y) = ( x\R*y) , 

for all x.y £ g. If R = R (respectively R* = — R). then R is said to be symmetric 
(respectively skew-symmetric). Obviously, R can be decomposed uniquely as R = 
R + +R_, where R + is symmetric and R. is skew-symmetric. 

Proposition 10.13. Let (g, [-,-]) be a finite-dimensional quadratic Lie algebra and 
let x ■ Q g* be the isomorphism which is induced by the bilinear form on g. Let 
r £ g 0 g and R £ g* 0 g — End(g) be two elements related to each other by 

K = 4(Z®1 B )W (10.22) 

(or. equivalently, r = 1 ® 1 0 )(R))- Then, R is a skew-symmetric R-matrix for g 

if and only if r is a skew-symmetric r-matrix for g. In this case, X ■ (0, [-, *]i?) —>• 
(g*i [' i ']/■) is a Lie algebra isomorphism, where [■, -]r is the Lie bracket on g, asso¬ 
ciated with R, and [•, -] r the Lie bracket on g*, associated with r. 

Proof. We decompose r = 'L a s u 0 t a , which we write in this proof as s a 01 „ in 
order to simplify the formulas: in the sequel of the proof, a sum over a is implicit 
in all formulas which contain a. Using this notation, it follows from (10.22) that 
Rx = 4 ( s a | x ) t a for x £ g. It implies that R*x = 4 (t a \ x) s a and hence that r is skew- 
symmetric if and only if R* = —R, i.e., R is also skew-symmetric. Let us suppose 
that R (and hence r) is skew-symmetric. We show that 

X OdW = \x(x),x(y)\r > (10.23) 

for all x,y £ g, which is, in view of the definition (10.1) of [•, -]r, equivalent to 
showing that, for all x,y,z £ g. 

\ (i Rx ,y\ + l x , R y\ U) = <[zWj(y)],^) • ( 10 . 24 ) 

With the above formulas for R, the left-hand side in (10.24) can be written as 
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2 ({s a | x) [t a ,y\ + (f a |y) [■*«,*] |z) =2{{s a \x) ([f a ,y] |z) + (f a |y) ([*«,*] |z)), 

(10.25) 

while the right-hand side in (10.24) is given, in view of (10.19), by 

(teW.ZWlr.z) = (x{x)Ax(y),ad z r~) 

= (X M A X (y), [z, s«] ® t a + s a ® [z, *«]) 

= (x\ [z^a])(y|ta) + (x|^«}(y| [z,ta]) 

-(y| [z,ia])<^|fa}-<y|ia)<^| [z,t a ]) , 

which is the same as (10.25), because (• | •) is ad-invariant and r is skew-symmetric. 
This proves (10.23), which yields at the same time that [■, -]r is a Lie bracket if and 
only if [•, •],- is a Lie bracket, and that x is then an isomorphism of Lie algebras. This 
completes the proof, since saying that [•, -]/e (respectively [• ,-] r ) is a Lie bracket is 
tantamount to saying that R is an /^-matrix (respectively r is an /--matrix). □ 

We leave it as an exercise for the reader to check that, under the assumptions of 
Proposition 10.13, the operator Br, defined in (10.3), is expressible in terms of the 
bracket [[r~,r~]], defined in (3.46), as 

{z\B R (x,y)) = (x(x)Ax(y)Ax(z)Jr-,r~f) , 

for allx,y,z £ g. It implies that [[/-“, r~]] = 0 if and only if B R (x,y) = 0 for alLr,y £ g, 
i.e., if and only if R is a solution of the Yang-Baxter equation. 

Example 10.14. Let (g, [•,•]) be a finite-dimensional Lie algebra, equipped with a 
non-degenerate symmetric bilinear form (•!•). Suppose that g = g+ ©g_ is a Lie 
algebra splitting, where each of the factors is isotropic: (g + | g + ) = (g_ | g_) = {0}. 
Let R be the linear endomorphism of g, given by R := P + — P-, where P + and P are 
the projections onto g + and g respectively. According to Proposition 10.4, R is an 
/Lmatrix. For i£g, we denote x + := P+{x) andx_ := P (x). Then the Lie bracket 
associated with R is given, for all x,y € g, by 


[*,y]/f = [jc+,y+] - [x-,y~] ■ 


Since g + and g_ are isotropic, R is skew-symmetric. Let (£i,...,£</) be a basis 
of g + . There exists a (unique) basis (ci,... .e c i) of g which is dual to it with respect 
to (• | •), i.e., (e,-1 Ej) = Sij for i, j = 1,... ,<f; indeed, both g + and g_ are isotropic 
and (• | •) is non-degenerate. The endomorphism R can be described, for all x e g, by 

d d 

R( x ) = X ( e; I x ) e < ~ X I x ) ei > 

i= 1 i= 1 

so that R = Y?i=\ X( e i) ® £/ — Sf=i X( £ i) ® as an element of g* <g» g. It follows that 
the r-matrix r := lix 1 < 8 > l B )(/f), associated with R , is given by 
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1 * 

r = ^ Zj e i A £ i ■ 


(10.26) 


Example 10.15. The above example can be easily generalized to the case of a de¬ 
composition 0 = 0+ ® 0o © 0-7 as in Remark 10.5. It is assumed, as in the cited 
remark, that g + and g are Lie subalgebras of g and that go is abelian and is con¬ 
tained in the normalizer of g + and of g . Moreover, it is assumed that g comes 
equipped with a non-degenerate symmetric bilinear form (• | •) with respect to which 
both g + and g are isotropic and orthogonal to go. Recall that the endomorphism R 
of g, defined for x G g by Rx := x + — x_, where x+,xo and x_ stand for the projec¬ 
tions of x on g+,go and g_ respectively, is a solution of the modified Yang-Baxter 
equation (10.4), with c = 1. In view of the above assumptions, 


(Rx | y) = {.x+ -x_|y) = (x+|y_)- (x- \y+) = (x |y_ -y+) = - (x\Ry) , 


for all x,y £ g, so that R is skew-symmetric. Let (ei,..., e,j ) be a basis of g + . There 
exists in view of the above assumptions a (unique) basis (ei,...,e</) of g which 
is dual to it with respect to (• | •}; a basis of go is not needed in the formulas which 
follow. As in the previous example, R and the corresponding r are explicitly given by 


d 


d 


R = ® Si - X X&) ® , 


1 v 

r = ^ 2j e ‘ A e ‘ ■ 


i= 1 


Example 10.16. Starting from a particular case of Example 10.15, we construct an 
R -matrix for su,/ and we compute the corresponding / -matrix. We consider s(./(C) 
decomposed as sl^C) = g+ © go © g-, where g + (respectively g_) consists of the 
strictly upper (respectively lower) triangular matrices in st,/(C) and go consists of 
the diagonal matrices in st £ /(C). Viewed as a real vector space, slj(C) contains 



as a Lie subalgebra. Consider on sld(C) the R-matrix associated to the above de¬ 
composition, given in Example 10.15 and let R' := 1\J — 1 R. which is an R-matrix 
for s( f /(C), because R' is a multiple of R. Notice that R' leaves su f / invariant, since 
x+x J = 0 implies that x+ +xl = 0, which in turns yields \J— 1R.y+\/— l(R.r) T = 0. 
It follows that R' can be restricted to su,/ and is an R-matrix for su,/. We con¬ 
sider the symmetric bilinear form onsu^, given by (x,y) i—>■ (x| v) := 91 (Trace(xy)). 
It is non-degenerate, hence induces an isomorphism % between su f / and its dual, 
and R' is skew-symmetric with respect to (•!•}. Define, for all 1 < i < j < d, 
the skew-symmetric matrices Aij := ~ Rji)- the symmetric matrices Sjj := 

Eij + Ep) and the diagonal matrices //,■ := (£,■,• — Ei+ i,(+i). These matri¬ 

ces form a basis of su,/, with the set of all Sij and Ay forming an orthogonal set, 
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with (S t j 15,;) = (A-ij | Ay) = —1. The restriction of R 1 to stv vanishes on diagonal 
matrices, and satisfies 


R\Aij) = 2S u and tf(S y ) = -2Ay , 

so that it is given by 

R' = 2 X XiSij^Aij- 2 X 

1 ^i<j^d 1 ^i<j^d 


As a consequence, the corresponding /--matrix r' is given by 


r'= X SijAAij. 

I Sji< jS s d 


10.3 ^-Brackets and r-Brackets of Higher Degree 

In this section we show that, under some assumptions, an /£ matrix leads not only 
to a linear Poisson structure (see Section 10.1), but also to a quadratic and a cubic 
Poisson structure. For each of these Poisson structures, the finite-dimensional Lie 
algebra g, which underlies the construction, is assumed to be the Lie algebra of an 
associative algebra: we suppose that we have an associative product on g and the Lie 
bracket on g is defined, for all x,y £ g, by [x,v] := xy—yx. It is moreover assumed 
that g comes equipped with a non-degenerate symmetric bilinear map (•!•), which 
satisfies, for all x,y,z £ g, 

{xy\z) = {x\yz) ■ (10.27) 

Notice that this property implies that (• | •) is ad-invariant. 

Example 10.17. The key example which the reader should keep in mind is that of 
g := g[^/(F), which is the Lie algebra of Mat f /(F), the associative algebra of d x d 
matrices with coefficients in F. The symmetric bilinear form (•]•), which is defined 
by (x| y) := Trace(xy), for allx,y E g, satisfies (10.27). 

We start with the construction of the quadratic /^-bracket. 

Proposition 10.18. Let (g,[•,•]) be a finite-dimensional Lie algebra, associated 
with an associative algebra, equipped with a non-degenerate symmetric bilinear 
map (•!•), which satisfies (xy | z) = (x | yz), for all x,y,z€ g. Let R : g —> g he an ar- 
bitraiy linear map. IfR and R_ are solutions of the modified Yang-Baxter equation 
(10.4), with the same constant, then the bivector field on g, defined for L,G £ ^(g) 
and x £ g by 


{F,G}f (x) := j([x,V. v F] \R(xV X G + V x Gx)) 

~ 3 ([x> V.vG] | R(xV x F + W x Fx)) , 


( 10 . 28 ) 
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is a quadratic Poisson structure on g. IfH is an Ad-invariant function on g, then its 
Hamiltonian vector field with respect to this Poisson structure is given by 

x=[R(xS7 x H),x) . (10.29) 

Proof It is clear that {•, -}^, as defined by (10.28), is a quadratic skew-symmetric 
biderivation of (g), i.e., it defines a bivector field on g. We need to show that 
{•, -}x satisfies the Jacobi identity, which amounts to verifying that, if I ], If and If 
are linear functions on g, then for all x € g, 

{{Fi,F 2 }%,F 3 } Q r (x)+0 (1,2,3) =0. (10.30) 

In order to organize this verification, it is useful to write R = R + + R-, where R + 
is symmetric and R is skew-symmetric. Since (10.28) depends linearly on R. we 
have that {•, -}® = {• , •}_, where {■, -} + and {•, •}_ are the bivector fields, 

defined as in (10.28), but using R± instead of R. Since Rf = R + and R*_ = —R , 
these two bivector fields can be written as 

{F,G} + (x) = (R+(xV x F) | V,Gx) - {. R+(V x Fx ) \xV x G) , 

{F, G}_ (. x ) = (R C V x Fx) | V x Gx) - (R {x V X F) \ x V. v G) , 

for all F. G € tiP(g). For the linear functions F,- (i= 1,2,3), their gradient V x Fj € g is 
independent of x ; we therefore simply denote V t f/ by f. When computing (10.30), 
we will need V x {F\. F 2 } + and V x {F\ , F 2 } Since {F\. F 2 } + and {F\. Fj}_ depend 
quadratically on x, these gradients are easily computed from (10.31), giving 


y,{FuF 2 } + =R + (xf 1 )f 2 +f l R + (f 2 x)-f 2 R + (fix)-R+(xf 2 )f l , 
V. v {Fi,F 2 }_ = R-(fix)f 2 -R-{f 2 x)fi+fiR-{xf 2 )-f 2 R-(xfi) . 

Using in two subsequent steps that R is skew-symmetric and then that R satisfies 
the modified Yang-Baxter equation, we compute 

{{Fi,F 2 }_,F 3 }_(x)+0 (1,2,3) 

= {[R-{xf x ),R-(xf 2 )\ \xff)-{[R-(fix),R-(f 2 x)\ |/ 3 x} + 0 (1,2,3) 

= (BR_(xfi,xf 2 ) |x/ 3 ) - ( B R _(f l x,f 2 x) | fix) 

= -c{[xfl , xf 2 ] I xff)+c{ [/1 x,/ 2 x] I fox) 

= 0 , 


which shows that {•,•}_ is a (quadratic) Poisson structure. In particular, when 
we write (10.30) in terms of R + and R only three terms survive: the Jacobiator 

of {■»■}+. 
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{{*i,F 2 } + ,F 3 } + -K5 (1,2,3) 


= {[R+{fix),R+{f 2 x)] \xf 3 ) - {[R + {xfi),R+(xf 2 )} |/ 3 x) + 0 (1,2,3) , 


and the following two other terms: 


(10.33) 


{{FuF 2 } + ,F 3 }_ + {{F u F 2 }_,F 3 } + + 0(1,2,3) (1Q34) 

= 2 ( R + [xfi,xf 2 ) R _ \fyc)-2(R+ [fix,f 2 x] R _ \xf^ + 0 (1,2,3), 

where the Lie bracket [-,•]«_ is defined as in (10.1), using R instead of R: for 

x,y&Q, 

[x,y] R _ : = 2^ R - X ’ y } + ■ 

Clearly, (10.33) and (10.34) sum up to zero (which yields (10.30)), if 
l -R + : ( 0 , [-,.]*_) ->( 0) [-,.]) 

is a homomorphism of Lie algebras. Written out, this means that it suffices to prove 
that 

[R+x,R + y\ -R+ [R-x,y\ —R+ [x,R-y] = 0 , (10.35) 

for all x,y £ g. We define a linear map B* R : g ® g —> g by requiring that for all 

x,y,zGQ, 

(B R (x,y)\z) = {x\B R (y,z}) ■ (10.36) 

Explicitly, B* R is given, for x,y £ g, by 

B* R (x,y) = R* [Rx,y]-R* [x,R*y] - [Rx,R*y] . 


Notice that 

B* R (y,x) - B* R (x,y) 

= 2([R + x,R+y] - [R-x,R-y]-R* [R-x,y]-R* [x,/?-?]), 

so that 

B R _{x,y) + ^B* R (y,x) - ^B* R {x,y) 

= [R+x,R+y}-R+[R-x,y\-R+[x,R-y} , 

which is the left-hand side of (10.35). Since R is a solution of the modified Yang- 
Baxter equation (with constant c), we have that B R (x,y) = — c [x,y], for all x,y £ g. 
But R is also a solution of the modified Yang-Baxter equation (with the same con¬ 
stant c) which, combined with (10.36) yields that B R (x,y) = —c [x,y], for all x,y £ g. 
Substituted in (10.37), this yields (10.35). Thus, (10.33) and (10.34) sum up to zero, 
which proves (10.30), hence {•,-} R is a (quadratic) Poisson structure. 
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Finally, let H be an Ad-invariant function on g. We show that its Hamiltonian 
vector field is given by the Lax equation (10.29). To do this, recall from Sec¬ 
tion 5.1.4 that the Ad-invariance of H implies that [V f f/,x] = 0 for all r£g, hence 
that j (x¥ x H + W x Hx) = xV x H. Therefore, if F G jF(g) and x £ g, then 

(d x F,(^ h ) x ) = {F,H}%(x) = l - ([xy x F]\R{xV x H + V x Hx)) 

= ([x, V^F] | R(xV x H)) = (V x F\[R(xV x H),x\) 

= (d x F,[R(xV x H),x\) , 


which proves (10.29). □ 

If, in addition to the hypotheses of Proposition 10.18, R is assumed to be skew- 
symmetric, then the formula (10.28) for the quadratic bracket takes the simpler form 

{F,G}% (x) = <F(V*Fx) | W x Gx) - (R(xV x F)\xV x G) , (10.38) 

for all F, G £ jF(g). In the particular case where R comes from an r-matrix r£g 0 g, 
as explained in Section 10.2.3, this formula takes a particularly simple form. In 
order to establish it, we decompose r~ = ■'•'a ® t a and use, as in the proof of 

Proposition 10.13, the convention that a sum over a is implicit in all formulas which 
contain a. Recall that with this notation, 

</&|y)=4<j a |x)(f a |y> , (10.39) 

for allx,y e g. For F, G € ^"(g), the bracket (10.38) can be rewritten, using (10.39), 
as 


{F,G}^(x) = 4(s a \y x Fx)(t a \'V x Gx)-4(s a \x'V x F) (f a |xV. v G) 

= 4 (' V X F | xs a ) (V. v G | xt a ) - 4 (V X F \ s a x) (V X G \ t a x) 

= 4 (d x F.x.s a ) (d x G,xt a ) — 4 {d x F,s a x) (d x G,t a x) 

= 2 (d x F A d x G,xs a ® xt a - s a x ® t a x) 

= 2(d/AdjG,[i®i,%®t B ]) 

= 2(d x F/\d x G,[x®x,r-]) . 

We choose a basis (ei,...,ej) of g, with dual basis (<4,... ,4?) of g*. Then 
{4,4/}f (x) = 2(4 A^A [x®x,r“]), so that {<4,4/'}f (x) is twice the coefficient 
of e,- ® ej in [x® x, r“]. It follows that, if we define 

{3f£}?(x):= £ {^ j } Q R (x)e i Ae j , 

then we find the following compact formula 

{5®£}f (x) = 2[x®x,r~] , 


(10.40) 
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which is known as the second Russian formula. As in the case of the first Russian 
formula, this formula can be thought of in terms of matrices in Mat A ,2 (F), upon using 
the standard algebra isomorphism between Matyv(F) ®Mahv(F) and Mat A , 2 (F). 

For the cubic R-bracket, the context is the same as in the case of the quadratic 
R-bracket, but the assumptions are weaker. 

Proposition 10.19. Let (g. [•••]) be a finite-dimensional Lie algebra, associated 
with an associative algebra, equipped with a non-degenerate symmetric bilinear 
map (• | •), which satisfies (xy | z) = (x \ yz), for all x,y,z £ g. Suppose that R : g —> g 
is a linear map, which is a solution of the modified Yang-Baxter equation (10.4). 
The bivector field on g, defined for F,G £ J^(g) and x £ g by 


{F,G}^(x) := ([x,V. T F] | R{x'W x Gx)) - ([x,V. v G] \R(xS7 x Fx)} 


(10.41) 


is a cubic Poisson structure on g. If H is an Ad-invariant function on g, then its 
Hamiltonian vector field with respect to this Poisson structure is given by 

x = [R(xV x Hx),x] . 


Proof. The proposition can be proved in the same way as in the case of the quadratic 
R-bracket (Proposition 10.18). Actually, the proof of the Jacobi identity for {•,•}« 
requires less computation, as one does not need to split up R into its symmetric 
and skew-symmetric parts and as the formula for the cubic bracket (10.41) has only 
half as many terms as the formula for the quadratic bracket (10.28). For linear func¬ 
tions F \, F 2 , F 3 £ J^(g), whose gradients (at any point) are denoted by /1 ,/i,/ 3 , first 
compute from (10.41) that at x £ g one has 

V.AFuF 2 } C r = R* [x,fi]xf 2 +f 2 xR* [xji] + \.h,R(xf 2 x)\ - {f x o f 2 ) , 


which yields, with some extra work. 


{{Fi,F 2 }£,F 3 }%0 (1,2,3) 


xy x {F u F 2 } c R R(xf)x) 

+ 0 ( 1 , 2 , 3 ) 


[x,h] \r(xS7 x {Fi,F 2 }rX 


= {[xj\] \BR(xf 2 x,xf3.x)) + O (1,2,3) 
= -c([^,/i] I [xf 2 X,xf 3 x]} + O (1,2,3) 


= 0 . 


This completes the proof. □ 

To finish this section, we show how the linear, quadratic and cubic /^-brackets are 
related. The Lie algebra g is, as above, the Lie algebra of an associative algebra, 
with unit e. On g, we can therefore consider the vector fields To, Y\ and "IS, given at 
all x £ g by 
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(%) x -=e, {V\) x -=x, {Vi) x -=J- 

For a linear function Fong, this means that 

W) x [F] = Fie), W) x [F] = F(x) , {Y 2 ) x [F\ = Fix 2 ) . 

for every x E g. In particular, 'V\ is the Euler vector field, which was defined in 
Section 8.1.2. For * = 0,1,2, we write 2zfj- for the Lie derivative with respect to 'f. 

Proposition 10.20. Let (g, [• ,•]) be the Lie algebra of an associative algebra, with 
unit e, which is equipped with a non-degenerate symmetric bilinear map (• | •), which 
satisfies (xy \ z) = (x | yz), for all x,y,z& g. Let R be a solution of the modified Yang- 
Baxter equation, with constant c E F, and suppose that its skew-symmetric part R 
is also a solution of the modified Yang-Baxter equation, with the same constant c. 
Then the linear, quadratic and cubic Poisson structures on g, associated with R, 
namely {•, -} s , {■, -}® and {•, •})), are related by Lie derivatives, as indicated in 
the following commutative diagram: 




^2 , 



Moreover, for a fixed such R, the three Poisson structures and 

{•, -}^ are compatible. 

Proof. Since 'f\ is the Euler vector field, the Lie derivatives of the linear, quadratic 
and cubic structures with respect to "F\ give a multiple of these Poisson structures, up 
to a constant, which is respectively —1,0 and 1 (see Proposition 8.4). This yields the 
two vertical arrows in the diagram. For each of the Lie derivatives ,i£\) and .16\, the 
computation is very similar, so we will only do it for one of them, namely we show 
that —_S? 2 {• )•}« 0 = {• >'}«■ Let F u F 2 be linear functions on g and let f\ := VF| 
and f 2 := V If , as before. According to the formula (3.7) for the Lie derivative of a 
biderivation (p = 2), we need to show that 

{Fi,F 2 }% = -Fi [{Fi.Fz}^] +mF l \,F 2 } Rs + {F h y 2 [F 2 ]} Rs . (10.43) 

To do this, first notice that for a linear function F on g, one has (V ( f’ | y) = F(y), 
independently of x G g (so we write / for V v F) and 'F 2 [F](x) = F(x 2 ) = (/lx 2 ). It 
follows that, for all x,y G g, 

(V. v (r 2 [F]) |y) = ^ F((x + ty) 2 ) = F(xy) + F(yx) = (xf + fx\y) . 

at |r=0 
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Therefore, for all linear functions f on g, we have 


V.v ( Y 2 [f 7 ] )=xf + fx. 


One computes similarly that V A - (Y\ [F]) — f and that \ x {Yq[F}) = 0, but these for¬ 
mulas are only needed for the verification of the other cases. Since {Fi,F 2 } r g is a 
linear function on g, the right-hand side of (10.43), evaluated at x, is given by 

-<^l \fuf2] R ) + (x\ \^MFi])j2] R )+{x | [/i,v. v (r 2 [F 2 ])y 
= - (* 2 \[fuf2] R ) + {x\[xfl+flX,f 2 ] R } + (X | [/l, Xf 2 + flx] R ) 

= \ \R(xf 2 +f 2 x)) - ^ {[x,f 2 ] \R(xfi +fix )) , 


which is precisely {Fi,F 2 }^ (see (10.28)). 

The compatibility of the three Poisson structures follows easily from the relations 
in the diagram (10.42) and the properties of the Schouten bracket. Recall from Sec¬ 
tion 3.3 that, in terms of the Schouten bracket, two Poisson structures n and n’ are 
compatible if [ n , n’] s = 0, while the Lie derivative with respect to a vector field Y 
is expressed as Jzfy 7T = [Y, 7u] 5 . Clearly, \5£fK, 7r] s = [[Y, 7f] 5 ,7u] s = 0, since [•, 7r] s 
is a coboundary operator (since n is a Poisson structure, see Section 4.1.2). Thus, 
on the one hand, {•, -} x and {•,-} R are compatible, on the other hand, {•,-} R and 

{•, -} R are compatible. In order to see that 3 {•, -} s and {•,■}« are a l so compatible, 
let us denote the three Poisson structures by n R , n R and n R and compute, using the 
graded Jacobi identity for the Schouten bracket (Proposition 3.7), 


\^R i Hr ] 5 


Hr, 


Y 2 ,k? 


JsJs 


r 2 , 


Q 

Hr i Hr 


Sis 


n%,[n R ,Y 2 } s 


is 


= 0, 


where we used in the last step that n R and Kr are compatible, and that [ Y 2 , n R \ s = 
— n R (which is a Poisson structure!). □ 


10.4 Notes 

/^-matrices and /--matrices have their origins in the theory of integrable systems, 
but also play a fundamental role in the theory of quantum groups. They first ap¬ 
peared in the contexts of the Adler-Kostant-Symes theorem, exhibiting the Lie al¬ 
gebraic structures which underlie the integrability of both the Toda lattices and the 
Korteweg-de Vries equation, see Adler [2], 

The term “quantum group” is a generic name which is used for several types 
of non-commutative algebras, usually Hopf algebras, i.e., algebras (rather than 
groups!) endowed with an algebra structure on the dual. Quantum groups are in 

3 In general, the notion “is compatible with" is not transitive. 
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general constructed from solutions of the quantum Yang-Baxter equation, just as 
Poisson-Lie groups are constructed from solutions of the modified classical Yang- 
Baxter equation. These constructions are related, since a solution of the Yang- 
Baxter equation admits an / -matrix as its first order term, while Poisson-Lie groups 
appear as limits of quantum groups. For the theory of quantum groups, we refer to 
the classical books of Kassel [103] or Majid [ 142], 

The notion of an /--matrix has been generalized to the general context of Lie 
algebroids. The resulting object is called a (classical) dynamical /--matrix; it depends 
on parameters, turning some of the conditions which it has to satisfy into differential 
equations. See Etingof-Varchenko [69, 70] and Liu-Xu [130], 



Chapter 11 

Poisson-Lie Groups 


A Poisson-Lie group (G, n) is a Lie group G which is equipped with a Poisson 
structure n. The Poisson structure is demanded to be compatible with the group 
structure, in the sense that one requires the product map G x G — > G to be a mor¬ 
phism of Poisson manifolds, where G x G is equipped with the product Poisson 
structure. 

To a Lie group G there corresponds a Lie algebra g, which is the tangent space 
to G at e, where the Lie bracket [■, -] 0 on g is inherited from the Lie bracket on the 
space of (left-invariant) vector fields on G. If, in addition, G comes equipped with a 
Poisson structure, the Lie algebra g inherits the structure of a Lie coalgebra, which 
amounts to a Lie algebra structure [•, -] 0 * on the dual vector space g*. In the case 
of a Poisson-Lie group (G, n), the fact that the multiplication in G and the Poisson 
structure on G are compatible, implies a compatibility between the two Lie brackets 
[-,-] 0 and [-,-] 0 *: the transpose to [-,-] 0 * is a derivation of the Lie bracket [-,-] 0 . 
Formalizing this property leads to the notion of a Lie bialgebra. 

Thus, to every Poisson-Lie group, there corresponds a Lie bialgebra. Moreover, 
to every homomorphism of Poisson-Lie groups there naturally corresponds a homo¬ 
morphism of Lie bialgebras, hence the correspondence between Poisson-Lie groups 
and Lie bialgebras is functorial. Most importantly, the converse also holds. As we 
know from Lie’s third theorem, every finite-dimensional Lie algebra is the Lie alge¬ 
bra of some Lie group, which can be chosen to be connected and simply connected. 
This Lie group can be made into a Poisson-Lie group if the Lie algebra is a Lie 
bialgebra. 

Poisson-Lie groups are introduced in Section 11.1, while their infinitesimal 
analogs, Lie bialgebras, are introduced in Section 11.2. The above correspondence 
between Lie bialgebras and Poisson-Lie groups is discussed in Section 11.3. Us¬ 
ing dressing actions, we study the symplectic leaves of Poisson-Lie groups in Sec¬ 
tion 11.4. 

All Lie groups in this chapter are real (F = K) or complex (F = C). 
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11 Poisson-Lie Groups 


11.1 Multiplicative Poisson Structures and Poisson-Lie Groups 

A Poisson structure on a Lie group G makes G into a Poisson manifold. For reasons 
which will be given later in this chapter, one demands the following compatibility 
relation between the Poisson structure on G and the group structure of G. 

Definition 11.1. A Poisson structure n on a (real or complex) Lie group G is said 
to be multiplicative if the product map /i : G x G —> G is a Poisson map, where 
G x G is endowed with the product Poisson structure. The pair (G, n) is then called 
a Poisson-Lie group. 

A map : G —> H between two Poisson-Lie groups (G, n) and (H, n') is called 
a Poisson-Lie group homomorphism if it is both a Poisson map and a group homo¬ 
morphism. 


11.1.1 The Condition of Multiplicativity 

We give in the following proposition two useful characterizations of the multiplica¬ 
tivity of a Poisson structure on a Lie group. Recall that for g £ G the maps of left 
and right translation L„ and R g in G are defined by L g {h) := gh and R g (h) : = hg. for 
all h £ G. 

Proposition 11.2. Let G be a Lie group. For a Poisson structure n on G, thefollow- 


ing 

three conditions are equivalent: 


(i) 

n is multiplicative; 


(ii) 

For all g,h £ G: 



n gh = A 2 {T g R h ) n g + A 2 {T h L g ) n h ; 

(11.1) 

(iii) 

The map ¥': G — > A 2 g, which is defined for all g £ G by 



Y(g) :=A 2 (T g R g -0%, 

(11.2) 


is a cocycle of G, with respect to the adjoint representation of G on A 2 q, i.e., 


P(gh) = P(g) + Ad g H'(h), 

(11.3) 


for all g, h £ G. 

Proof. We first prove that (i) and (ii) are equivalent, which amounts to proving that 
p : G x G —>■ G is a Poisson map if and only if (11.1) holds for all g,h € G. Let us 
denote the product Poisson structure on G x G by 77; according to (2.11), the value 
of n at (g,h) £ G x G is given by the bivector 

n ( g ,h) = A 2 {T g i h ) n g + A 2 (T h i' g ) n h , 


(11.4) 
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where i/, and i' are the inclusions of G into G x G given by i) t : g >—> ( g,h ) and 
i' : h i—^ (g. h) respectively. According to (1.32), fl is a Poisson map if and only if 

ftgh A (T^g f^^i) Tl^gh) i (11-5) 

for all g,h G G. According to (11.4), and using the identities fl o i h = R h and 
jloi 1 = L g , the right-hand side of (11.5) is given by 

A 2 {T {g , h) ll)n { g th) = A 2 (T {gh) n) (A 2 (T g i h ) K g )+/\ 2 (T (g}h) n) (A 2 (T h i' g ) n h ) 

= A 2 {T g (n o i h )) n g + A 2 (T h (n o i'g)) n h 
= A 2 (T g R h ) n g + A 2 {T h Lg) n h , 

which is precisely the right-hand side of (11.1). This proves that (i) and (ii) are 
equivalent. 

In order to show that (ii) and (iii) are equivalent, we fix g. h A G and we apply 
the isomorphism A 2 (Tg^R^-i) to both sides of (11.1), giving 

A {TghR(gh )- 1 ) n g!i 

= A“(7g/i R(gh)- 1 ) A“ (TgRh)iig-\- A {TghR(gfy-i) A ( Ti,Lg)jih , 

and we show that the latter equation is, term by term, equation (11.3). For the first 
two terms, this follows from the definition of ¥' and from the identity 

R (gh)-' oR h = R g-u namely 

A { R gh R (gh)- l )^‘gh ~ T'(gZz) , 

R2 ( T gh R (gh)-i)( R2 ( T g R h)n g ) = A 2 (T g Rg-i)n g = *F(g) . 

For the third and final term, recall that the map C g is conjugation by g, so that 
C g = Rg-i o Lg, leading to the identity R ( g i,)-i °Lg=C g o R h j , which in turn yields 

A {TghR( g h)-i){A (T/,Lg) 7ih) = A (Th(R^ gh y\oLg))jih 

= A 2 (T h (C g oR h -i))n h = A 2 (T e Cg)(A 2 (T h R h -i)n h ) 

= Ad g V(h) , 

where we have used in the last step that A(T e C g )(x) = Ad g x for all x € g and g € G. 
This proves that condition (11.1) is equivalent to condition (11.3). □ 

In item (iii) of Proposition 11.2, we used the term cocycle , which is borrowed from 
the terminology used when introducing the concept of cohomology for Lie groups. 
We will not develop Lie group cohomology in this book, we rather restrict ourselves 
to giving the general definition of a cocycle of a group (strictly speaking a 1-cocycle) 
and proving the one result on group cocycles which we will use. 
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Definition 11.3. Let p: G x V -> V be a representation of a Lie group G on a finite¬ 
dimensional vector space V. A cocycle of G in V is a smooth (or holomorphic) 
function ¥': G —> V, satisfying 

'F(gh) = 'F(g)+p(g,'F(h)), (11.6) 


for all g, h £ G. 

Proposition 11.4. Let G be a connected Lie group, let p : G x V — > V be a represen¬ 
tation of G on a finite-dimensional vector space V and let W C V be a G-invariant 
subspace. Suppose that *F : G — > V is a cocycle of G in V. 

(1) IfT e 'F(x) = 0 for all x £ g, then *P = 0; 

(2) IfTe^ix) £ W for all x £ g, then 'P(g) £ W for all g £ G. 

Proof. The tangent map of the cocycle relation (11.6) with respect to the variable h 
at the point h = e is given by 


Tf¥ o T e L g = p g o Tf¥ , 

so that the vanishing of TfiP implies the vanishing of 7 „P o T e L g , and therefore 
of Tg'P, for all g £ G. Since G is assumed to be connected, this implies that T / is 
a constant function. Since 'P(e) = 0, as follows from (11.6), T / vanishes at each 
point, which shows (1). If W is a G-invariant subspace, then we have an induced 
representation G x V/W V jW and *F induces a cocycle of G in V/W. In view 
of (1), the latter cocycle is zero as soon as its tangent map at e is zero, i.e., as soon 
as Te^Pff) £ W for all x £ g, which proves (2). □ 

See (181] for more information on group cohomology. 


11.1.2 Basic Properties of Poisson-Lie Groups 

We start with an interesting feature of Poisson-Lie groups. Let (G, n) be a Poisson- 
Lie group with Lie algebra g. The Poisson structure n vanishes at the unit e of G, 
hence leads to a linear Poisson structure on g, i.e., a Lie bracket on g*. This structure 
will play a mayor role in the sequel of this chapter. 

Proposition 11.5. Let (G, n) be a Poisson-Lie group. 

(1) n vanishes at e; 

(2) The linearized Poisson structure ofn at e is the linear Poisson structure n\ on 
g = T e G, whose value atx £ g is given by (n\) x = T e '¥(x), where *P : G —► A 2 g 
is the cocycle, defined as in (11.2); 

(3) The inverse map inv : G —> G is an anti-Poisson map. 

Proof. Substituting e for g and h in (11.1) amounts to n e = n e + n e , hence n e = 0, 
which yields (1). According to Proposition 7.22, g = 7(G inherits from n = {-,■} 
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a linear Poisson structure n\ = {-, •} j - For functions F, G on g, defined in a neigh¬ 
borhood of the origin o £ g, the linearized Poisson bracket { F. G} , and the original 
Poisson bracket {F, G} are, according to Proposition 7.22, related for every x £ g 
by 1 

{d e {F,G},x) = {d e F,d e G} l (x) = {d e FAd e G,(jti) x } , (11.7) 

where d e F, d e G and d e {F. G} are viewed as (linear) functions on g = T e G, and (n\ ) x 
is identified with an element of A 2 g. Alternatively, in terms of the map *F : G —> A 2 g 
defined in (11.2), the Poisson bracket { F. G } at g A G can be written as 

{F,G}(g) = (d g FAd g G,n g ) = {d g F Ad g G, A 2 (T e R g )'F(g)^ , 

which yields, upon putting g := exp(rx) and taking the derivative with respect to t 
at t = 0, 

{d e {F,G} ,x) = (d e F AdeGJe'FW) , (11.8) 

where we have used that 'P(e) = 0. Comparing (11.7) with (11.8) leads to the desired 
equality 

{K 1 ) x = T e '¥(x), (11.9) 

proving (2). To say that inv is an anti-Poisson map means that inv : (G, n) -A 
(G ,—n) is a Poisson map: for every ggG, A 2 {T g mw)n g = — n„-i. To prove that 
the latter holds, let geG, substitute g 1 for /i in (11.1), and use n e = 0, to find that 

0 = A ( T g R g -i) K g + A {T g -iL g )n g -i . 

Combined with T g inv = —T e L g -i o T g R g - 1 (see (5.2)), this leads to 

A 2 (T g im)n g = A 2 (T e L g - 1 )(A 2 (T g R g -i)n g ) 

= — A 2 (T e L g -i)(A 2 (T g ~iL g ) 7t g -i) 

= ~ A 2 (T g -i {L g -\ °L g )) n g ~i 
= -n g ~i , 

which proves that inv is an anti-Poisson map. □ 

Comparing Definitions 5.32 and 11.1, we see that a Poisson structure n on a Lie 
group G is multiplicative if and only if left translation L:GxG->Gisa Poisson 
action. We show in the following corollary of Proposition 11.2 that this condition 
does not imply, in general, that the map L g (left translation by a given element g A G) 
is, for every g G G, a Poisson map. 

Proposition 11.6. Let (G. K) be a Poisson-Lie group. For every g £ G, the following 
conditions are equivalent: 

(i) tt g = 0; 

(ii) The map L g : G —> G, left translation by g, is a Poisson map; 

1 We use here and below the natural pairing (■, ■) between A p g* and A p g, introduced in (5.10). 



296 


11 Poisson-Lie Groups 


(iii) The map R g : G —> G, right translation by g, is a Poisson map. 

Proof. For g £ G, left translation by g is a Poisson map if and only if, for all h £ G, 

n gh = R 2 (T h L g )n h . (11.10) 

In view of (11.1), which says that n is multiplicative, (11.10) is tantamount to 
A 2 (T g R/ 1 )n g = 0, which is equivalent to n g = 0, because the linear map 'Tlf, is 
an isomorphism. This proves the equivalence off/) and (ii). The proof of the equiv¬ 
alence of (i) and (iii) is similar. □ 


11.1.3 Poisson-Lie Subgroups 

We consider in this section the notion of a Poisson-Lie subgroup of a Poisson-Lie 
group (G, n). Recall that a Lie subgroup of G need not be a closed subset of G and 
that there is associated to n a map f' : G —> A 2 g, defined for g £ G by 'P(g) := 

A 2 (T g R g -i)n g . 

Proposition 11.7. Let (G. n) be a Poisson-Lie group. For a Lie subgroup H of G, 
with Lie algebra [), the following conditions are equivalent: 

(i) Hiifl Poisson submanifold of (G, n); 

(ii) For every h £ H, the bivector 'P(h) belongs to A 2 b- 

Under these conditions, the pair (H, n') is a Poisson-Lie group, where n' denotes 
the restriction of n to H. One then says that H is a Poisson-Lie subgroup of G. 
When H is connected, the conditions (i) and (ii) are also equivalen t to the following 
condition: 

(iii) For every x £ b, the bivector T e '¥(x) belongs to A 2 !). 

Proof. In view of Proposition 2.12, H is a Poisson submanifold of G if and only if 
7th £ A 2 7/ ; H for every h £ H. Since A 2 7) ; H = A 2 (T e R /,) (A 2 !)), the equivalence of (i) 
and (ii) follows. 

Suppose that H is a Poisson submanifold of G and consider the product map 
on H. It is the restriction of the product map on G to H, hence it is a Poisson map. 
It follows that H itself is also a Poisson-Lie group. 

Suppose now that H is connected. It is clear that (ii) implies (iii). Let us show 
the inverse implication. Since *P : G —> A 2 p is a cocycle for the adjoint repre¬ 
sentation of G in A 2 0 , its restriction to H is a cocycle for the adjoint represen¬ 
tation of H in A 2 0 , which admits A 2 h C A 2 g as an H-invariant subspace. By as¬ 
sumption, T e '¥(x) £ A 2 b for all x £ h- According to Proposition 11.4, this implies 
that P(h) £ A 2 b for all h £ H, which is condition (ii). □ 

We show in the following proposition that the datum of a Poisson-Lie group and of a 
Poisson-Lie subgroup leads, under a topological assumption, to a Poisson structure 
on the (left) quotient space. 
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Proposition 11.8. Let (G, n ) be a Poisson-Lie group and let (H, n' j be a Poisson- 
Lie subgroup of G. Suppose that H is a closed subgroup of G, so that the left coset 
space H \G is a smooth manifold. There exists a unique Poisson structure on H \G, 
such that the canonical projection p : G —> H\G is a Poisson map. Moreover, the 
right action of G on H\G is a (right) Poisson action. 

Proof. Consider the left action of H on G which is the restriction of the product 
map on G. Since H is a Poisson submanifold of G, the product H x G is a Poisson 
submanifold of G x G, hence the left action of H on G is a Poisson action. Since 
the quotient space of this action is precisely H\G, according to Proposition 5.33, 
the quotient space H\G inherits a unique Poisson structure from (G, n) such that 
the canonical projection p : G —> H\G is a Poisson map. Since the product map 
p : G x G —>■ G is a Poisson map, the induced map (H\G) xG-l (H\G) is also a 
Poisson map, hence the (right) action of G on H\G is a Poisson action. □ 


11.1.4 Linear Multiplicative Poisson Structures 

Let V be a finite-dimensional vector space (over R or C). Addition of vectors in V 
defines a group structure on V which makes V into an abelian Lie group. Using 
Proposition 11.2, we characterize multiplicative Poisson structures on V as linear 
Poisson structures on V. 

Proposition 11.9. Let V be a finite-dimensional vector space. A Poisson structure 
on the Lie group (V, +) is multiplicative if and only if it is a linear Poisson structure. 

Proof. Recall that a Poisson structure n = {•,•} on V is linear if and only if the 
Poisson bracket of every pair of linear functions on V is a linear function on V (see 
Section 7.1). By continuity, a real smooth (or complex holomorphic) function H 
on V, which satisfies 

H(v + w) = H(v) +H(w) , 

for all v, w £ V, is a linear function on V. Therefore, n is a linear Poisson structure 
on V, if and only if 


{F, G} (v + w) = [F, G} (v) + {F, G} (w) , (11.11) 

for all v, w £ V and for all linear functions F. G £ V*. We have on the one hand that 
{F,G} (v + w) = (d v+ /Ad v+B ,G,% #J ) (11-12) 

and on the other hand, since F and F o R w differ by a constant (namely F(w )), that 

{U,G}(v) = (d v F A d„G, Ttf) 

= (d v (FoR w ) Ad v (GoR w ),n v ) 

= (dv+w-U A d v +vt>G, A 2 (T v R w ) Ttv) . 


(11.13) 
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Substituting (11.12) and (11.13) in (11.11) we conclude that n is a linear Poisson 
structure on V if and only if 

n v+w — ( T V R W ) k v -f- A~ (T W L V ) k w , 

for all v, w £ V. Since the latter condition is precisely condition (ii) in Proposi¬ 
tion 11 .2, this shows that n is linear if and only if n is multiplicative. □ 

Since the dual of a finite-dimensional Lie algebra admits a canonical linear Pois¬ 
son structure (the Lie-Poisson structure), it follows from the above proposition that 
the dual of a finite-dimensional Lie algebra is in a canonical way a Poisson-Lie 
group. 


11.1.5 Coboundary Poisson-Lie Groups 

An important class of Poisson-Lie groups are those constructed out of /--matrices. 
Recall from Proposition 10.11 that if g is a Lie algebra and r is an /--matrix for g, 
then its skew-symmetric part a := r~ £ A 2 g is such that [[<a,«]] is ad-invariant. We 
show in the following proposition that this condition admits a natural connection 
with Poisson-Lie groups. Recall from Section 5.1 that if G is a Lie group with 
Lie algebra g, we denote for x £ g by it (respectively *x) the right-invariant (re¬ 
spectively left-invariant) vector field on G, whose value at e is x, and similarly for 
elements X £ A*g. 

Proposition 11.10. Let G be a Lie group with Lie algebra (g, [•, •]) and let a £ A 2 g. 
On G we consider the bivector field n, defined by n := IcT — if. The pair (G, n) is 
a Poisson-Lie group if and only //[[a,fl]] is an Ad-invariant element. In particular, 
if G is connected, then (G, n) is a Poisson-Lie group if and only if a is an r-matrix. 

Proof. It follows immediately from Proposition 5.2 that the Schouten bracket of 
n := icT — if with itself is given by 

[it,n] s = [io" — ~ct 

In view of item (3) in Proposition 5.3, we can conclude that n, as defined above, is 
a Poisson structure on G if and only if \\a.a]} is Ad-invariant. It remains to be shown 
that n is moreover multiplicative. The map W : G —> A 2 g associated with n as in 
item (iii) in Proposition 11.2 (i.e. defined, for all g £ G, by 'F(g) := A 2 (T g R g -i) K g ) 
is given by 


'P(g) = Ad g a — a 


(11.14) 




11.1 Multiplicative Poisson Structures and Poisson-Lie Groups 


299 


as one computes using the following description of the bivector field itT — it at a 
point ggG: 

n g = A 2 {T e L g )a - /\ 2 (T e R g )a . 

For every g,h £ G, we can therefore check that 

x F(gh)=Adg h a-a = Adg h a-Adga + Adga-a = 'I / (g) + Adg'F(h) , (11.15) 

which, in view of the equivalence of items (i) and (iii) in Proposition 11.2, implies 
that n is multiplicative. Therefore, (G. n) is a Poisson-Lie group if and only if 
[[a,fl]] is Ad-invariant. If G is connected, then this is, according to Proposition 5.3, 
equivalent to [[a,fl]] being ad-invariant, i.e., to a being an /--matrix. □ 

The previous proposition leads to the following definition. 

Definition 11.11. A Poisson-Lie group (G, n) is said to be a coboundary Poisson- 
Lie group if n is of the form n = tT fit for some element a £ A 2 g. 

For a given coboundary Poisson-Lie group (G, n) there may exist two different 
elements a\,a 2 £ A 2 g such that n = and n = ft) — a). However, in such a 

case, we have 

->• <!- 

Cl\ — Cl2—tt\ — &2 

so that a\ and a 2 differ by an Ad-invariant element in A 2 g. Therefore, for a 
given coboundary Poisson-Lie group, the element in A 2 g which appears in Defi¬ 
nition 11.11 is defined only up to addition of an Ad-invariant element in A 2 g. 

Remark 11.12. The expression (11.14) of l F in terms of a, namely that 'F(g) = 
Ad„ a — a for all g £ G, has the following cohomological interpretation: it says that 
T' is a 1-coboundary (in fact, of a) for the chain complex which underlies the group 
cohomology of G with coefficients in A 2 g. It explains the terminology coboundary 
Poisson-Lie group, introduced above. Also, since every 1-coboundary is a cocycle, 
the cohomological interpretation of *P yields an alternative proof of (11.15), which 
shows that •F is a cocycle. 


11.1.6 Multiplicative Poisson Structures on Vector Spaces 

In this section, we explain how the notion of a multiplicative Poisson structure on 
a Lie group G is related to the notion of a multiplicative Poisson structure on a 
finite-dimensional vector space V, equipped with a product /i, a notion which was 
introduced in Section 8.2.1. For the present discussion, we will assume that the 
product /i is associative and admits a unit e; we will therefore refer to (V.p) as an 
associative algebra with unit. An element v £ V is said to be invertible if it admits a 
right inverse, i.e., there exists w £ V such that p(v, w) = e. 

Proposition 11.13. Let (V, p) be a finite-dimensional associative algebra with unit, 
and let Vinv denote the set of all invertible elements in V. 
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(1) V) nv is a (non-empty) Zariski open subset ofV and the restriction of p to Vj nv 
defines the structure of a Lie group on V lw , whose Lie algebra is isomorphic 
to V, with Lie bracket given by [x,y\ = p(x,y) — p(y,x) for all x,y € V; 

(2) If n is a multiplicative Poisson structure on (V,p), in the sense of Sec¬ 
tion 8.2.1, then the restriction n' of n to V; nv is a multiplicative Poisson struc¬ 
ture on the Lie group Vi nv , making (V; nv , tt') into a Poisson-Lie group; 

(3) Let a € A 2 V be a skew-symmetric r-matrix for V. The quadratic bivector 
field n on V, whose value at x €V is given by 

k x := 2[x®x,a] (11.16) 

is a multiplicative Poisson structure on V. The Poisson-Lie group (V m s,n'), 
where n' denotes the restriction of n to V[ nv , is the coboundary Poisson-Lie 
group (Vinv,2 (&--&)). 

Proof. Since p is assumed to be associative, the invertible elements are precisely the 
elements v£V for which the linear map L v : V —> V, defined by L v (w) := p(v,w), 
is an isomorphism, i.e.. 


Vinv = {v S V | detL v ^ 0} . 


Since p is a bilinear map, v i —> L v is a linear map, and hence v i —> detL, is a poly¬ 
nomial function on V (it is homogeneous of degree dim V ). It follows that V mv is a 
Zariski open subset of V; it is non-empty since it contains the unit e of p. Defining 
R v : V —> V by R v (w) := p(w,v), we have that R v is an isomorphism if and only if L v 
is an isomorphism. Indeed, if L v is an isomorphism, so that there exists vv (E V with 
p(v,w) = e, then we have, in view of the associativity of p, 

=p(w\p(v,w)) = w , 


so that Ker/?,, = {0}, i.e., R v is an isomorphism (recall that V is finite-dimensional). 
Therefore, the invertible elements of (V,p) form a group, with e as unit. As an 
open subset of V, the group (V IIK .p ) inherits a manifold structure from V ; since p 
is a bilinear map, it restricts to a smooth map p' on Vi nv , hence (V lm ,p r ) is a Lie 
group. For x,y £F~ T e V, we need to show that their Lie bracket [.ivy] is given by 
p (x,y) — p (y,x). Under the canonical isomorphism V ~ T e V we have, by definition, 
[x,y\ = \^, 4 y} e and (p(x,y) — p(y,x)) e = p(x,y) — p(y,x). It therefore suffices to 
show that 

r* ,Y] =h(x,y)-p(y,x) • (11-17) 

Let F : V —» F be a linear function. For v (E V we have that 


i x[F](v)=x e [FoL v \ = lim — =F(p(v,x)), 


so that *x[F] = F oR x . It follows that 
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[^,V][F] = <F[V[F]]-y[^[F]] 

= Fo(RyO R x - R x o Ry) 

= F o R^ x ^_^ y ^ 

= ln(x,y)-n(y,x))[F], 

for all linear functions F on V. leading to (11.17). This shows (1). 

Let n be a multiplicative Poisson structure on ( V. jJ). Recall from Section 8.2.1 
that this means that the product map /i is a Poisson map. Since Vj nv is an open subset 
of V , the restriction n' of n to Vi nv is a Poisson structure and the restriction p' of p 
to yi nv , i.e., the product map of the Lie group (Vi nv ,p'), is a Poisson map. This shows 
that {V lm .,K r ) is a Poisson-Lie group, which is the content of (2). 

Let a be a skew-symmetric /--matrix for V, which is the Lie algebra of the 
connected Lie group (V lm ,.p). According to Proposition 11.10, (V mv , XT — it) is 
a coboundary Poisson-Lie group. We show that the quadratic bivector field 2 n 
on V, defined by (11.16), takes at every point of V lnv the same value as the bivec¬ 
tor field 2(1 a —7?*). To do this, we identify all tangent spaces to V with V, so that 
the derivative of left translation by x £ Vi nv is the linear map T e L x : V —> V, given 
for z £ V by T e L x (z) = xz, since L x is a linear map. Thus, the left-invariant vector 
field z of z £ V is given at x £ V) nv , by z x = xz. Similarly ~t x = zx. It follows that, 
for a bivector zi A zi £ A 2 V, 

(it AZ2)* =xzi Axz 2 , (zi /\Za) x = z\xf\Z2X , 

for all x £ Vinv, in particular 

1 a~ x — lf x = (x<g)x)a — a(x<g)x) = [x®x,a] . (11.18) 

This shows our claim. Since n and 2(1 a — it) have the same value at every point 
of V[ nv , the restriction of n to V; nv is multiplicative, hence n itself is multiplicative, 
showing (3). □ 

Example 11.14. We show that the bivector field on V = Mat £ /(F), which we dis¬ 
cussed in Example 8.22 is associated with an /--matrix, which proves that it is a mul¬ 
tiplicative Poisson structure. Let V be equipped with the non-degenerate ad-invariant 
bilinear form (x \ y) = Trace(xy). We denote the elementary matrices of V by £) ; -, 
and we introduce linear coordinates Qy on V by defining, for a matrix x £ Mat,/(P), 
^ij(x) := (Ep |.x), so that £,ij{x) =Xij, when x is written as (xiy)i</j<d. An arbitrary 
matrix can be decomposed as the sum of a strictly upper triangular, a diagonal, and 
a strictly lower triangular matrix: this decomposition satisfies the requirements of 
Example 10.15 so that 

r:=\ X E ab AE ba (11.19) 

1 ^a<b^d 

2 We know from Section 10.3, in particular from the second Russian formula (10.40), that n is a 
Poisson structure, but this fact is not used in the proof. 
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is an r-matrix on the Lie algebra Mat f /(F). With the help of this r- matrix, a Pois¬ 
son structure n on Matd(F) can be constructed as in Proposition 11.13. Let us ex¬ 
press the coefficients of the Poisson matrix of n with respect to the linear coordi¬ 
nates i %jj. For all i,j,k, 1 = 1 and all x G Mat f /(F), we find using the explicit 

formula (11.19) for r and (11.18) for the corresponding Poisson structure, 

= 2 (%ij A %klA x ® x > r ]) 

= j A ^>kl i [-X ® E a b A Efa] ^ 

a<b 

= j A i xE a b A xEfy a E a frX A E{, a x ^ 

a<b 

= S ( s j,b s e,a ~ Sj. a 8e,b - Si, a 8k,b + a) ^u{x)E, kj (x) 

a<b 

where £ij is 1 if i > j , is — 1 if i < j and is 0 if i = j. It is the quadratic Poisson 
structure which we met in Example 8.22. 


11.2 Lie Bialgebras 

In this section, we consider Lie algebra structures on a finite-dimensional vector 
space g, on its dual vector space g* and on their product 0 := g x g*. We will often 
view g and g* as subspaces of 5, via the natural identifications g~gx {0} and 
g* ~ {0} x g*. By a slight abuse of notation, (x. 0) and (0, q ) are often abbreviated 
to x and E,. We will make a notational distinction between the three Lie brackets 
which will be considered: we will write [•,•]„, [•,•]„*, and [•, -] 0 for the Lie bracket 
on g, on g* and on 0 respectively. We will however use the same notation ad* for the 
coadjoint actions of g on g* and of g* on g. In view of the definition of the coadjoint 
action (see Section 5.1.3), 

(<M*>:y] 0 ) = -( ad ^/ 3 ; ) and ([£,, t?] 0 * ,xj = - ^r/,ad |xj , ( 11 . 20 ) 

for all x,y G g and for all ^, 77 G g*. 

We will find it often convenient to view the Lie algebra structure [•, -] 0 * on g* as 
a structure on g. This is done by taking the transpose of [•, -] 0 * : g* A g* —> g*, which 
can be considered as a linear map 8 : g —> g A g. Precisely, 5 is defined by 

(£ AT],S(x)} = ^,T7] 0 . ,x) , (1L21) 

for all iGg, and for all E ,, 77 G g*. We will use the natural bilinear form (• | -)g on 0, 
defined for all x,y G g and for all c,. I] G g* by 
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<(*,$)l(y,!?)>„:= («,)’) + (*,*) ■ 


It is clear that (• | -}o is symmetric and non-degenerate. 


( 11 . 22 ) 


11.2.1 Lie Bialgebras 

The following proposition will justify the definition of a Lie bialgebra. 

Proposition 11.15. Let q be a finite-dimensional vector space. Suppose that ■, -] g 
and [■ ,-] g » are Lie brackets on g and g* respectively. On 0 := g x g*, consider the 
non-degenerate symmetric bilinear form (• | •) o, given by (11.22 ). Then the following 
conditions are equivalent: 

(i) There exists a Lie bracket on 5, with respect to which (• | -)j> is ad-invariant, 
such that the natural inclusions g 0 and g* ^ 0 are Lie algebra homo- 
morphisms; 

(ii) The skew-symmetric bilinear map [■, •] o :5xi ) given, for all x,y £ q and 

for all ^,1) G g*, by 

[{*,%), O', t? )] 0 := ([*,)'] 0 + y- ad* x, [|, tj] g , + ad* rj - ad* £), (11.23) 

satisfies the Jacobi identity; 

(iii) The transpose 8 : g —> A 2 g of the Lie bracket [•, -] g * : A 2 g* —> g*, defined by 
(11.21), satisfies for x,y G g the derivation property 

s (W] g ) = ■ (11.24) 

If any of these three equivalent conditions is satisfied, the Lie bracket on 0, which 
satisfies the conditions demanded in (i), is unique and is given by (11.23); moreover, 
it makes (b, (■ | -)q) into a quadratic Lie algebra. 

The proof of this proposition will make use of the following lemma. 

Lemma 11.16. Let g be a finite-dimensional vector space, equipped with Lie brack¬ 
ets [-,-] g and [-, -] 0 * on g, respectively on g*. The skew-symmetric bilinear map 
[• ,-]o : b x 0 —> 5, defined in (11.23), has the following properties: 

(1) For all d\ ,di,di G 0: 

<di I [*,*]»), = ([di,d 2 ], !*>„ ; (11-25) 

(2) [•, •] o satisfies the Jacobi identity if and only if for flliijGgS' 5, and for all 

eg* 4 b.- 

(Mt, I K,riU o + (b^] 0 I MU 0 + <[<^] O I MUo =0. (11.26) 

Proof. Let d\ = for i = 1,2,3. In view of the definition of [•,-]o, of (■ | -)a 

and of the coadjoint actions of g on g* and of g* on g. 
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(dll [d 2 ,d 3 ] a ) 0 = (€l,[*2,*3] 0 ) + ([€l,&] 0 *,*3) + O (1,2,3) . 

Since the latter expression is invariant with respect to a cyclic permutation of the 
indices 1,2,3, it follows that 

(d\ | [d 2 ,d 3 ] o ) 0 = (</ 3 | [<fi,£/ 2 ] 0 ) 0 = ([di,d 2 ] 0 |d 3 ) 0 , 

which proves (1). Let <p denote the 4-linear map from 0 to itself, defined for all 
di,... ,d4 € 0 by 


<p(di,d2,d 3 ,d4) := (^o(di,d 2 ,d 3 ) |<3?4 ) 0 , 

where is the Jacobiator of [•, -]o, i.e., Jfxs is given, for all d\ .ch-di, £ 5, by 

c/x>{di, d 2 ,d 3 ) := [[di,d 2] 0 ,d 3 ] 0 + [[d 2 ,d 3 ] 0 ,di ] 0 + [[d 3 ,di] 0 ,<^ 2] 0 • (11.27) 

Since = 0 if and only if [-, -]0 satisfies the Jacobi identity, and since (• | -)a is 
non-degenerate, (p = 0 if and only if [-,-] 0 satisfies the Jacobi identity. 

In order to prove (2), we therefore only need to show that (11.26) holds for all 
x,y £ 0 and all ^,17 £ g*, if and only if <p = 0. Since a ^x>{d\,d 2 ,df) = 0 when 
r/i,(/ 2 ,d 3 all belong to g or all belong to g*, we have that (p(di,d 2 ,di,d 4 ) = 0 when 
di,d 2 ,di all belong to g or all belong to g*, whatever the value of t /4 € d. The 
skew-symmetry of ^ 5 , combined with (11.25), implies that cp is skew-symmetric. 
Therefore, (p(di,d 2 ,d 3 ,d 4 ) = 0 as soon as at least three of the dj all belong to g, 
or all belong to g*. It follows, since cp is 4-linear, that <p = 0 if and only if 
(p(d\,d 2 1 d 2 ,d 4 ) = 0 , whenever two of the d, belong to g and the two other belong 
to g*; but that is, in view of (11.25), precisely the condition that (11.26) holds for 
all x,y £ g and all |, 77 6 g*. This establishes the proof of (2). □ 

We are now ready to give the proof of Proposition 11.15. 

Proof. We first prove that (i) and (ii) are equivalent. Suppose first that (ii) is sat¬ 
isfied. Then the Lie bracket, defined by the explicit formula (11.23) has in view 
of (1) in Lemma 11.16 the properties announced in (i). Suppose next that there ex¬ 
ists a Lie bracket [•, •] on h, with the properties announced in item (i). We show that 
[•, •] = [•, -]o, i.e., [•, •] is given by the explicit formula (11.23). In view of (i), [■, •] 
and 0 agree when both arguments are taken either from g or from g*, so we only 
need to show that 

[x, q ] = (— ad* x, ad* rj), (11.28) 

for allx £ g and all t] £ g*. For (z,y) £ g x g*, we have in view of (11.25), combined 
with the properties of [•,•], assumed in (i), that 

(Ml lfcr))o = ([(*>0), (0, rj)] | (z,0) + (0,y)) 0 

= ((M 8 . 0 ) K°, t ?)) o + (( 0 J i 7>7] b *) IM)) a 

= (t7,M 0 ) + ([r?,y] 0 ‘,*) 
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= ((-ad*x,ad*q)|(z,y)) 0 . 

Since (• | -) 0 is non-degenerate, this shows (11.28), hence that if there exists a Lie 
bracket on 0, satisfying (i), then it is given by (11.23). In particular, it shows that (i) 
and (ii) are equivalent. 

We now prove the equivalence of items (ii) and (iii). In view of item (2) of 
Lemma 11.16, we need to show that (11.26) holds for all x,y £ g, and for all 
4,q £ g*, if and only if (11.24) holds for all x,y £ g. We claim that, to do this, 
it suffices to show that the following formulas hold, for all x.y £ g, and for all 

eg*: 


(4 A q, [[5(x),yJ) = (ad* 4,ad* x) - ^ad( q, ad| x^ . (11.29) 

Indeed, using (1 1.21 ), (11.29) and the definitions of [•, -] j> and (• | -)g, we find that 

^4 Aq,5([x,y] 0 ) — [[5(x),yJ — [[x,5(y)j) 

= ([4 1 *l] 0 *, [x, y] 0 ) - (ad* |, ad* x) + ^ad* q, ad| x^ 

+ (ad* 4 , ad* y) - ^ad* q, ad^ yj 

= <[*,y]o I [4,'7] 0 ) D + (b,4]o I [ x ! ? i]o}a + ([4 j x ]o I ty.nU® - 

for all x,y £ g, and for all 4, q £ g*- In order to show (11.29), use (5.13) and the 
derivation property of the coadjoint action of g on A 2 g*: 

(4 Aq,[[5(x),y]]) = - (4 Aq,ad y 5(x)> = (ad*(4 Aq),5(x)) 

= (ad* 4 A q + 4 A ad( q, «5(x)> 

= ([ ad v^n] 0 * + [4,ad; q] r ,x) 

= (ad* 4 , ad* x) - ^ad* q, ad| x^ . 


This proves (1 1.29) and hence also the equivalence of (ii) and (iii). □ 

Proposition 11.15 motivates the following definition. 

Definition 11.17. Let g be a finite-dimensional vector space, let [-,•]„ be a Lie 
bracket on g and let [-,-] g * be a Lie bracket on g*. The triple (g, [•,-] g , [■, -] 0 *) is 
said to be a Lie bialgebra if it satisfies any one of the equivalent conditions given 
in Proposition 11.15. In this case, the Lie algebra (D. [•, -] 0 ), where [-,-]o is the Lie 
bracket on 0 := g x g*, given in (11.23), is called the double of the Lie bialgebra 
(fll [' ! '] 0 ’ [' J 

Suppose that (g, [•,-] 0 , [■, -] g *) and (h, [■, •](,, [•, •](,») are two (finite-dimensional) 
Lie bialgebras. A linear map (!) : g —> 1] is called a homomorphism of Lie bialgebras 
if both 0 : (g, [- ,-]g) ( 5 , [' and its transpose (j) T : ([)*,[•,-] h .) -> (g*,[-,-] 0 *) 

are Lie algebra homomorphisms. 
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Example 11.18. Let (g,[-,-] 0 ) be a finite-dimensional Lie algebra. When g* is 
equipped with the trivial Lie bracket ([•, -] g * := 0), then the triple (g, [•, -] p , [•, -] g *) is 
a Lie biagebra, since item (iii) in Proposition 11.15 is trivially satisfied when 8=0. 
Dually, let V be any finite-dimensional vector space, whose dual vector space V* is 
equipped with a Lie bracket [•,-}y . Making V in a trivial way into a Lie algebra by 
putting [•, -]y := 0, the triple (V, [•, -] v , [•, -Jy*) is a Lie bialgebra. 

Example 11.19. Let g be a vector space of dimension two and let [• ,-] g and [• ,-] 0 * 
be Lie brackets on g and on g* respectively. The triple (g, [•, -] 0 , [•, -] g *) is a Lie bial¬ 
gebra. In view of Example 11.18, this is clear when at least one of the Lie brackets 
[•, -] 0 or [•, -] 0 » is the trivial bracket. Suppose therefore that none of these brackets is 
trivial and denote by V , respectively W the image of the maps [-,-] 0 : A 2 g —»g 
and [-,-] 0 * : A 2 g* —> g*. Both V and W are one-dimensional because g is two- 
dimensional. If W is the annihilator of V, i.e., (W. V) = 0, there exists a basis (x. y) 
of g in which 

[x,y] s =x and [x*,y*] gt = y*, 

where (x*, y *) is the basis of g* which is dual to (x.y). Then <5( x) =0 and <5(y) = 
xA y and one sees that condition (iii) in Proposition 11.15 is satisfied. Otherwise, 
there exists a basis (x,y) of g in which 

[x,y] 0 =x and [x*,y*] 0 « = Ax* , (11.30) 

for some A € F*. In this case 8 (x) = A x A y and 8 (y) = 0, so that we arrive at the 
same conclusion. 

Remark 11.20. For every A,/i G F and every Lie bialgebra (g, [•,-] g , [•,-] 0 *), the 
triple (g,A[-,-] 0 ,/J [- ,-] 0 *) is a Lie bialgebra. It is clear that it is isomorphic to the 
original one if A = p £ F*, under the isomorphism A1 B : g —> g. However, in general, 
it is not the case when A^)J, even if both A and p are different from 0. For instance, 
for two different values of the parameter A, the Lie bialgebra structures described 
by (11.30) are not isomorphic. 


11.2.2 Lie Sub-bialgebras 

The notion of a homomorphism of Lie bialgebras, given in Definition 11.17, leads 
naturally to the notion of a Lie sub-bialgebra. 

Definition 11.21. Let (g, [•, -] g , [■, -] g *) be a finite-dimensional Lie bialgebra. A sub¬ 
space f) of g is called a Lie sub-bialgebra if (i admits the structure of a Lie bialgebra, 
such that the inclusion fi g is a homomorphism of Lie bialgebras. 

It is clear that the Lie bialgebra structure on a Lie subalgebra is completely deter¬ 
mined by the Lie bialgebra structure on the ambient Lie bialgebra. The fact that the 
transpose of the inclusion map (g =—^ g needs to be a Lie algebra homomorphism, 
admits a natural reformulation, which leads to the following proposition. 
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Proposition 11.22. Let (g. [•, •] 0 , [■, - g *) be a finite-dimensional Lie bialgebra. A 
subspace b o/g is a Lie sub-bialgebra of( g, [•, -] B , [•, -] 0 *) if and only if the following 
two conditions are satisfied: 

(1) The vector space f) is a Lie subalgebra of (g, [•, -] g ); 

(2) The annihilator f) x of ti is a Lie ideal o/(g*, [■, •] 0 *). 

Proof. For b a subspace of g, let;: (i g denote the inclusion map, with transpose 
; T : g* —)•[)*. If a Lie sub-bialgebra structure on b exists, making the inclusion map 
into a homomorphism of Lie bialgebras, then the Lie bracket on f) is the restriction 
of the Lie bracket on g (and condition (1) is satisfied); also, ; T : g* —► b* is a Lie 
algebra homomorphism, so that its kernel 1) is a Lie ideal of g* (and condition (2) 
is satisfied). 

Conversely, if the two conditions are satisfied, the Lie brackets on g and on g* 
induce Lie brackets on b (by restriction) and on if (by taking the quotient with 
respect to fp), hence equip b and iy with two Lie brackets [■,-]q and [■ ,•][,*. Since 
the transpose 8' of [• ,■](,» is the restriction of 8 to b, item (Hi) in Proposition 11.15 
implies that these brackets define a Lie bialgebra structure on b- By construction, i 
is a homomorphism of Lie bialgebras. □ 


11.2.3 Duality for Lie Bialgebras 

We now come to the notion of duality for Lie bialgebras. 

Proposition 11.23. Let (g, [•, -] 0 , [•, -] 0 *) be a Lie bialgebra, where g is a finite- 
dimensional vector space. The triple (g*, [• ,-] 0 », [• ,-] 0 ) is a Lie bialgebra, called the 
dual of the Lie bialgebra (g, [■, -] 0 , [•, -L*). The natural isomorphism S : g x g* — X 
g* x 0> given for all (r,i?)6gxg* by S(x, £,):=(£, ,x) is a Lie algebra isomorphism 
of the doubles of these two Lie bialgebras. 

Proof. In item (i) in Proposition 11.15, the Lie algebras (g, [■ ,-] 0 ) and (g*, [• ,-] 0 *) 
play a symmetric role, hence the first part of the proposition is clear. The isomor¬ 
phism S : g x g* —>• g* x g which sends (x,^) to (%,x) is then clearly a Lie alge¬ 
bra isomorphism between the doubles of the Lie bialgebras (g, [•, -] 0 , [•, -] 0 ») and 
(fl*) [• [•,-]g), which is the second part of the proposition. Notice that S arises 

as the composition of the isomorphism g x g* ~ (g x g*)*, induced by (• | -) 0 , with 
the natural isomorphism (g x g*)* — g* x g. □ 

It is clear that the dual of the dual of a (finite-dimensional) Lie bialgebra is just the 
Lie bialgebra itself. It is also obvious from Definition 11.17 that the transpose of a 
homomorphism of Lie bialgebras is a Lie bialgebra homomorphism between their 
dual Lie bialgebras. We leave it as an exercise to the reader to show that, if b is a 
Lie sub-bialgebra of g, then there exists a (unique) Lie bialgebra structure on the 
quotient space g*/b X suc 'h that the projection map g* —>• g f /b 1 is a Lie bialgebra 
homomorphism. 
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11.2.4 Coboundary Lie Bialgebras and r-Matrices 

In Section 10.2.1, the notion of a coboundary Lie bialgebra was introduced. As 
the terminology suggests, coboundary Lie bialgebras are Lie bialgebras, as we will 
see in the next proposition. Recall that, given (g, :[•,-] 0 ) a Lie algebra, an element 
r £ g ® 0 is a called an /--matrix when the transpose of the map <5 : x h-> ad v r, which 
is a linear map 0 * ® 0 * —> 0 *, defines a Lie bracket on 0 *. Recall also that the Lie 
bracket on 0 * which is associated to an /--matrix r is denoted by [•. ■],- and is explicitly 
given by (10.15). The corresponding triple (g, [■, •]„, [•, -] r ) was called a coboundary 
Lie bialgebra in Definition 10.9. 

Proposition 11.24. Let (g, [•, • g ) be a Lie algebra, and let r € g 0 g be an r-matrix 
of g. Then the coboundary Lie bialgebra (g, [•, -] 0 , [•, •],.) is a Lie bialgebra. 

Proof. Consider the coboundary Lie bialgebra ( 0 , [• ,-] 0 , [■, -] r ), where r is an r- 
matrix of g. Since both [-,-] 0 and [•,•],- are Lie brackets, we only need to verify 
that condition (Hi) in Proposition 11.15 holds, where we recall from (11.21) that 
8 : g —> g A g is the linear map, defined by 

<§A77,5(*)) = <[€>7?] r >*> . 

for all x £ g and all £, r) £ g*. According to (10.17), 

([^ T l] r ^) = (^ AT ?,ad i r“) , 

so that <5 (x) = ad, r~, where r~ denotes the skew-symmetric part of r. Using the 
fact that ad is a Lie algebra representation of g (on g A g), 

5([*,y] 0 ) = ad^ -y]^ r~ = ad*ad v r~ - ad y ad* r~ = ad* 5 (y) - ad-y 8(x) 

for all x,y £ g. This proves that condition (iii) in Proposition 11.15 holds, hence that 
(fl,h-] 0! [vjr) is a Lie bialgebra. □ 

Not every Lie bialgebra is a coboundary Lie bialgebra. When the Lie algebra g is 
abelian, recall from Example 11.18 that (g*, [•, -] g = 0, [•, -] 0 *) is a Lie bialgebra for 
every Lie bracket [•, -] 0 * on g*. Such a Lie bialgebra cannot be a coboundary Lie 
bialgebra, unless [•, -] 0 * is trivial. 

We show in the following proposition that the double of a Lie bialgebra is a 
coboundary Lie bialgebra. Thus we can embed every Lie bialgebra in a coboundary 
Lie bialgebra, a fact which will be useful when we prove, in the next section, that 
every Lie bialgebra is the Lie bialgebra of a Poisson-Lie group. 

Proposition 11.25. Let (g, [•,■] 0 ,[■,•] 0 *) be a finite-dimensional Lie bialgebra. On 
its double (5, [■ ,-]a), there exists a skew-symmetric r-matrix a £ A 2 0, with corre¬ 
sponding Lie bracket [■, -] a on 0*, such that (g, [■, -] 0 , [•, -] 0 ») is a Lie sub-bialgebra 
o/(5, [•, -]a, [•, •]„). In terms of a pair of dual bases (e \,... ,e^) and (fii,... ,£,/) for 
g and for g* respectively, a is given by a= j Xf=i e i A £ i- 
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Proof. There is a natural Lie algebra splitting of 5, given by 5 = g* © g, where g and 
g* have been identified with Lie subalgebras of h via g ~ g x {0} and g* ~ {0} x g*. 
The corresponding A'-matrix of D is given by R(x. q) = t, — x, for (x, q ) G 0. It 
is skew-symmetric because both g and g* are isotropic subspaces of 0 with re¬ 
spect to the bilinear form (• | -)o (see (11.22)). Using the isomorphism between h 
and its dual 0 *, induced by (• | -) 0 , the /^-matrix becomes an element a £ g < 8 > g, 
which is according to Proposition 10.13 a skew-symmetric /--matrix, whose asso¬ 
ciated Lie bracket [•, •] a makes ( 0 , [•, -]a, [•, -] a ) into a (coboundary) Lie bialgebra. 
As we have seen in Example 10.14, a is given in terms of dual bases (e \.....e,i') 
and (£i,..., Ed) for g and for g* respectively, by a = \ Xf=i e,- A £<■ We show that 
(5, [•, -] 0 , [•, -] fl ) contains (g, [•, -] g , [•, -] g *) as a Lie sub-bialgebra. The natural inclu¬ 
sion i:g~gx {0} —> 0 is, by definition of the bracket on I), a Lie algebra homo¬ 
morphism (g, [• ,-] g ) —> ( 0 , [• ,-]d)- Under the natural identification between D* and 
g* x g, the transpose z T to i is given by z T (^,x) = t;, for (^,x) £ g* x g. Therefore, 
showing that z T is also a Lie algebra homomorphism, amounts to showing that 


([(^M^LO-O)) = ([^n] 0 * a) , 


for all (f.y), (tj,z) £g*xg and for all x £ g. This is done by explicitly computing 
the left-hand side of the latter equation, namely 










It follows that z T is a Lie algebra homomorphism, so that i is a Lie bialgebra homo¬ 
morphism. □ 

Proposition 11.26. Let (g, [•, -] 0 , [■, -] g *) be a Lie bialgebra. If (g, [•, -] g ) is semi- 
simple, then (g, [•, -] g , [■, -] g *) is a coboundary Lie bialgebra. 
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Proof. Condition (iii) in Proposition 11.15 means that the map <5 : g —>• A 2 g is a 1- 
cocycle in the complex computing the cohomology of the Lie algebra g with values 
on A 2 g, which is acted upon by adjoint action. According to Whitehead’s lemma 
(Lemma 4.1), 8 is a coboundary, which, in the present case means that 8(x) = ad x a 
for some a G A 2 g. Since 8 is the transpose of a Lie algebra bracket, a is a (skew- 
symmetric) r-matrix, hence (g, [•,•]„, [■,-] g ») is a coboundary Lie bialgebra. □ 


11.2.5 Martin Triples 

Making abstraction of the structure of the double 0 := g x g* of a Lie bialgebra 
(g, [•, -] g , [•, -] 0 *) leads to the notion of a Manin triple, defined as follows. 

Definition 11.27. Let (E, [■, •]) be a finite-dimensional quadratic Lie algebra, whose 
bilinear form is denoted by (•!•). Let V and W be vector subspaces of E. The triple 3 
((£,[■,•],(• | ■)), V, W) is said to be a Manin triple if 

(1) E = V®W; 

(2) V and W are Lie subalgebras of E ; 

(3) V and W are isotropic with respect to (• | •). 

We show in the following proposition that there is a natural one-to-one correspon¬ 
dence between Manin triples and Lie bialgebras. 

Proposition 11.28. 

(1) Let (g, [•, -] g , [•, -] g*) be a finite-dimensional Lie bialgebra. Define 5:=gx g*, 
the double Lie algebra, with Lie bracket [• ,-]g and with bilinear form (• | -)g 
given by (11.23) and (11.22) respectively. The triple ((0, [•,-] 0 , {■ | -)o),g,g*) 
is a Manin triple. 

(2) Conversely, let ((£,[•,•]#, (• | •)#), V,W) be a Manin triple, where E is as¬ 
sumed to be finite-dimensional. Denote by [-,-]y and the restriction 

of [■ ,•]£ to V and W respectively, and by X*{[’ r]iv) the Lie algebra bracket 
on V* obtained by transporting under the isomorphism X ■ V* — W, 

induced by (• | -)e- Then (V , [■, -]v, , -]vr)) is a Lie bialgebra. 

Proof. Let (g, [•, -]g, [•, -]g*) be a finite-dimensional Lie bialgebra, with double 
0 := g x g*. Identify, as before, g and g* as Lie subalgebras of 5, via the natural 
identifications g ~ g x {0} and g* ~ {0} x g*, so that b = g© g*. Clearly, both g 
and g* are isotropic with respect to (• | •) 5 , so that ((£),[•, -]o, (• | -)o),g,g*) is a Manin 
triple. For the converse, let ((£, [■,■]£>{• | -)e),V,W) be a Manin triple, with E finite¬ 
dimensional. Then (• | ■)/, induces an isomorphism between V* and W, so we obtain 
a Lie algebra structure on V and on V*. In view off;) in Proposition 11.15 and be¬ 
cause (E,(-\-)e) is quadratic, (V, [•, -]v,X*([' > - ]w)) is a Lie bialgebra. It is easily 
verified that both constructions are inverse to each other. □ 

3 The triple is usually simply written as (E.V.W). 
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Notice that, inverting the roles of V and W in a Manin triple, corresponds at the 
bialgebra level to taking the dual. 

Example 11.29. We construct a natural Manin triple which corresponds to Exam¬ 
ple 10.15. Thus, we assume that (g, [-,-]) is a finite-dimensional Lie algebra and 
that g = g + © go © 0 - is a Lie algebra decomposition, where g + and g_ are Lie 
subalgebras of g and that go is abelian and is contained in the normalizer of g + 
and in the normalizer of g . Moreover, it is assumed that g comes equipped with 
a non-degenerate symmetric bilinear form (• | •) with respect to which both g + and 
g are isotropic and orthogonal to go. Recall that the endomorphism R of g, de¬ 
fined for x £ g by Rx := x+ — x~, where x+,xo and x- stand for the projections 
of x on g+,go and g_ respectively, is a skew-symmetric solution to the modified 
Yang-Baxter equation (10.4), with c = 1, hence leads to a skew-symmetric r-matrix 
for g, making (g, [• ,•], ) into a Lie bialgebra. Let E := g x g, equipped with 

the product Lie bracket, denoted by [•, •]', and with the ad-invariant symmetric non¬ 
degenerate bilinear form (• | •)', which is defined, for all xi,X 2 ,y 2 ,yi £ g, by 

<(xi,yt)|(x 2 ,y 2 )}' := (xi \x 2 ) - (yi |y 2 ) • (11.31) 

Let A be the subspace of E, defined by A := {(x,x) \ x £ g} and let W denote the 
subspace of E, defined by 

W := {(x + z,;y-z) \x£ g+, y £ g_ andz £ g 0 } . 

It is clear that E = A © W. Moreover, the assumed properties on the factors of g 
imply at once that A and W are both subalgebras of E and are both isotropic with 
respect to (• | •)'. It follows that (E. A. W) is a Manin triple. In order to show that this 
Manin triple corresponds to the coboundary Lie bialgebra (g, •],-) we need to 

show that the restriction of [•, •]' to A. respectively to W. yields the Lie brackets [•, •] 
and [•, -] r upon identifying A and g, respectively W and g*; the former identification 
is done by the diagonal map, which maps x £ g to (. x,x ) £ g x g. It is clear that 
[•, •]', restricted to A , coincides under this identification with Consider the map 
\j/ : W —> g, defined for (x + z,y — z) £ W by t ff(x + z,y — z) :=x — y + 2z. It is 
the transpose of the isomorphism g —> W*, induced by (• | •}', composed with the 
isomorphism g* —> g, induced by (• | •). We claim that, under t/r, the Lie algebra 
structure on W corresponds to the /©bracket [•, ■]/,> on g, showing our claim, since the 
/■-bracket on g* corresponds to the /©bracket on g under the isomorphism induced 
by (• | •). This follows from the following computation, where we use that both g + 
and g are Lie subalgebras of g, that go is contained in the normalizer of g + and 
in the normalizer of g_, and that go is abelian: for all (x + z,y —z) £ W and (xf + 
z',y — z') £ W: 


[Y(x + z,y- z),\ir(x!+z! ,/-z')L 
= [x — y + 2z, x' — / + 2 z'] R 

= \{[x + y,x'-y' + 2z'] + [x-y + 2z,x'+y']) 
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[x+zj+z!] - [y-z,y'-z!] 
i i/([x+z,x' + z '], [;y-z,/-/]) 
V([(x + z,y-z),(x'+z',y'-z')]'). 


Notice that, considering the particular case of go = {0}, the constructed Manin triple 
corresponds to the case of a Lie algebra splitting (see Example 10.14). 

Example 11.30. We also construct the Manin triple which corresponds to Exam¬ 
ple 10.16. To do this, we consider the complex Lie algebra sl,/(C) as a quadratic 
Lie algebra over R, equipped with the bilinear form, defined for x.y £ sld(C) by 
(x|y)g := 3(Trace(xy)). We consider two Lie subalgebras: t + , the space of upper 
triangular matrices admitting only real coefficients on the diagonal, and su,/. We 
have that s(</(C) = su,/ © t + . For all x,y £ su,/, 

Trace(xy) = Trace(xv) = Trace ^.r T y T ^ = Trace(yjc) = Trace(xy) , 

so that (x|y)g = 3 (Trace(xy)) = 0. This shows that su,/ is isotropic with respect 
to (• | ■)%. For every x,y £ t+, it is clear that xy £ t+, hence Trace (jcy) has vanish¬ 
ing imaginary part and t+ is also isotropic with respect to (■ | -}g. It follows that 
(sl,/(C),su,/,t + ) is a Manin triple. We show that it is the Manin triple correspond¬ 
ing to the Lie bialgebra discussed in Example 10.16. To do this, recall from the latter 
example that we consider on su,/ the non-degenerate symmetric bilinear form | 
defined forx,y £ suj by (x|y) := 91 (Trace (xy)). Let yt : t+ —> su,/ be the composi¬ 
tion of the isomorphisms t+ ~ su^ — su,/, where the first one is induced by (• | -)g 

and the second one by (• | •}. Explicitly, \j/(x) = — ^-f^-{x-\-x J ), for x £ t+, as is com¬ 
puted from (x|y)g = (t//(x) |y), for all y £ su,/. For x,y £ t + , one checks by direct 
computation that t//([x,y]) = [t//(x), t f(y)] R i, which confirms that the Lie bialgebra, 
associated to the above Manin triple, is the one from Example 10.16. 

We have seen in Proposition 11.25 that the double of a Lie bialgebra is also a Lie 
bialgebra. We construct in the following proposition the Manin triple of this double 
Lie bialgebra in terms of the Manin triple of the original bialgebra. 

Proposition 11.31. Let ((E, [■, •], (• | ■)), V. W ) be a Manin triple, where E is finite¬ 
dimensional. Let E x E be equipped with the product Lie bracket, which we denote 
by [•, •]', and with the non-degenerate ad-invariant symmetric bilinear form (■ \ ■)', 
given for (xi,vi), (x 2 ,y 2 ) £ E x E by 


{{x\,y\) | (X2,y2))' ■= {xi \x 2 ) - (yi | v 2 ) • 


( 11 . 32 ) 


Let 


V' := {( u,u ) £ E x E | u £ E} , 
W' :=WxV . 


( 11 . 33 ) 
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Then ((E x E, [•, •] , ) (• | ■}'), V',W') is a Manin triple and the Lie bialgebra associ¬ 
ated to it is the double of the Lie bialgebra associated to (E,V,W). 

Proof. Let ((£,[-,■],(■ | -)),V, W) be a Manin triple and let (g, [•, -] 0 , [■,-] 0 «) be its 
associated Lie bialgebra. According to Proposition 11.28, we may identify (E. [■, •]) 
with (5 = g x 0*>[‘r]o); under this identification, (P, [• r]| v ) and (W, [•,■]^) are 
identified with (g,[-,-] 0 ) and (g*, [• ,-] 0 *) respectively; the inner product (•!•} on 
E corresponds to the natural inner product (11.22) on 5. According to Proposi¬ 
tion 11.25, 0 is a coboundary Lie bialgebra, where the Lie bracket on 0 * is the 
/•-bracket a which is associated to the Lie algebra splitting i> = g* © 0 , i.e., the 
Lie algebra splitting E = W © V. According to Example 11.29, in the particular 
case of go = {0}, the Manin triple of such a coboundary Lie algebra is given by 
((£ x E. [•,•]', (• | •}'),!/', VP'), where [■,•]' is the product Lie bracket on E x E and 
where (• | •)' and V' , W' are given by (11.32) and (11.33). □ 


11.2.6 Lie Bialgebras and Poisson Structures 

We give in the following proposition a different description of the notion of a Lie 
bialgebra, by interpreting one of the Lie algebra structures as a linear Poisson struc¬ 
ture: according to Proposition 7.3, to a Lie bracket [•, •]„* on g* corresponds a linear 
Poisson structure n on g (and vice versa). 

Proposition 11.32. Let (g, [•, -] 0 ) be a finite-dimensional Lie algebra and let n be a 
linear Poisson structure on g. Then the following conditions are equivalent: 

(i) Denoting by [•, -] 0 * the Lie bracket on g*, corresponding to n, the triple 
(g, [•, -] 0 , [•, -] 0 *) is a Lie bialgebra; 

(ii) For every x,y £ g, the bivector n x £ A 2 T v g, considered as an element of A 2 g, 
satisfies 

%y] = ad* Tty - ad v n x . (11.34) 

Proof. Let [-,-] 0 * be the Lie bracket on g* which corresponds to the linear Pois¬ 
son structure n = {• ,•} on g. For E. G £ (g), their Poisson bracket at x £ g is, 

according to (7.4) and (11.21), given by 

{F,G}(x) = ([d v F,d,G] 0 ,,x) = (d A -FAd v G,5(x)) , 

where we recall that in this formula d x F and d v G are viewed as elements of g*. It 
follows that 5 (x) = n x for every x £ g, where the latter bivector is considered as an 
element of A 2 g. The equivalence between (i) and (ii) then follows from item (iii) in 
Proposition 11.15 and Definition 1 1.17. □ 

If (g, [•, -] 0 , [•, -] 0 *) and ([),[•,■](,,[■,•](,*) are two finite-dimensional Lie bialgebras, 
with corresponding Poisson structures {-,■} and {•,•}(, on g and fi respectively, 
then a linear map y/ : g —> f) is a homomorphism of Lie bialgebras if and only if 
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y/ : (g, [•, -] 0 ) —> (t), [•,-](,) is a homomorphism of Lie algebras and y/ : (g, {-,-} B ) —>• 
(f), {•, ■} (j ) is a Poisson map. Indeed, the latter condition is equivalent to the fact that 
yt 1 : (ff, [•,•][)*) —► ( 0 *, [■ > -]g») is a Lie algebra homomorphism. It follows that Lie 
sub-bialgebras can be characterized as follows: 

Proposition 11.33. Let (g, [■,*] 0 , [■, -] 0 *) be a Lie bialgebra, and denote by n the 
linear Poisson structure on g corresponding to A subspace b C g is a Lie 

sub-bialgebra if and only if the following two conditions are satisfied: 

(1) t) is a Lie subalgebra of the Lie algebra (g, [•, -] 0 ); 

(2) b is a Poisson submanifold of the Poisson manifold (g, n). 


11.3 Poisson-Lie Groups and Lie Bialgebras 

In this section, we relate the objects which appeared in the two previous sections, 
namely we establish a natural correspondence between Poisson-Lie groups and 
finite-dimensional Lie bialgebras. We first show that the tangent space to the unit 
of a Poisson-Lie group inherits the structure of a Lie bialgebra (Section 11.3.1). 
We then show that every finite-dimensional Lie bialgebra is the Lie bialgebra 
of a Poisson-Lie group. This is first done in Section 11.3.2 for coboundary Lie 
bialgebras and then in general in Section 11.3.3, using the fact that every finite- 
dimensional Lie bialgebra can be embedded in a coboundary Lie bialgebra (its dou¬ 
ble, see Proposition 11.25). 


11.3.1 The Lie Bialgebra of a Poisson-Lie Group 

Let (G, n) be a Poisson-Lie group, whose unit is denoted by e. First, since G is a 
Lie group, the tangent space g := 7),G is equipped with a Lie algebra bracket [•, -] 0 
(see Theorem 5.1). Second, according to item (1) in Proposition 11.5, the Poisson 
structure n vanishes at e, leading to a linear Poisson structure n\ on T e G = g (the 
linearized Poisson structure, see Section 7.5), hence a Lie bracket [•, -] 0 * on g* (see 
Proposition 7.3), which we call the linearized bracket of (G. n). We show in the 
following proposition that the Lie structures [•, -] 0 and [■, -] 0 * make g into a Lie bial¬ 
gebra, so that we can naturally associate to every Poisson-Lie group a Lie bialgebra. 

Proposition 11.34. Let (G, n ) be a Poisson-Lie group, with Lie algebra (g, [•, -] 0 ), 
and with linearized bracket [•, -] 0 *. 

(1) The triple (fl, [•, *] 0 , [■, -] 0 *) is a Lie bialgebra; 

(2) Let 0 be a Poisson-Lie group homomorphism from (G, n) to a Poisson-Lie 
group (H, K r ), with corresponding Lie bialgebra (b, [• ,•][,, [• ,-]ti*)- tan ~ 
gent map T e 0 of 0 at the unit e of G is a Lie bialgebra homomorphism from 
(01 [■! ']g; ['! 'Is*) t0 (())[■>•]()! [' >■][)*)• 
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Proof. Let (G, 7 t) be a Poisson-Lie group with Lie algebra (g,[-,-] 0 ) and let *F 
denote the cocycle G —)• A 2 g, defined by (11.2). We show that the cocycle con¬ 
dition (11.3) implies condition (ii) in Proposition 11.32, which guarantees that the 
triple (g, [•, -] 0 , [•, -] 0 ») is a Lie bialgebra, where [■, -] 0 * denotes the linearized bracket 
of (G, n). Consider the identity 

'F(ghg- 1 ) = 'F(g) + Ad g 'P(h)-Ad ghg - 1 'F(g) , (11.35) 

which is valid for all g. h <£ G, as follows from the cocycle condition (11.3), upon 
using that 'F(e) = 0. Differentiating (11.35) leads to an identity for the linearized 
Poisson bracket K \, since 

{Ki) x = T e W{x) (11.36) 

for x £ g (see (2) in Proposition 11.5). In order to obtain this identity, replace h 
by exp(fy) in (1 1 .35) and take the derivative at t = 0. In view of (1 1 .36), this leads to 

(*i )M g y = Ad g (n x )y - ad Ad ^ v *F(g) , (11.37) 

for all y G g and g £ G. We replace now in (11.37) g by exp(rx) and we take the 
derivative at t = 0 ; we claim that we obtain 


{ni)[ x ,y\ B =ad x (n l )y-ad y (jti) x , (11.38) 

which in view of Proposition 11.32, shows that the triple (g, [•, -] 0 ), [•, -] 0 «) is a Lie 
bialgebra. 

Let us show in detail how (11.38) is obtained from (11.37). Since 7 T| is a linear 
Poisson structure, the map g — > A 2 g, defined by x i —> (n\ ) x is a linear map. It follows 
that, for every function z : F —> g. 


d 

dr 


f=0 


(7r i)^) = (7ri) i \ t=0 z(» 


Applied to the left-hand side of (11.37), with g = exp(r.v), this yields the left-hand 
side of (11.38), in view of the definition of ad. Also, 


d 

dr 


Adexp(;^)(?tl)y 

t =0 


ad_v (71] )y , 


which yields the first term in the right-hand side of (11.37). Finally, since f'(e) = 0, 


d 

dr 


^Adexp^r^l^P^)) = ad y 

1=0 


d 

dr 


l P(exp(rx)) 

i=0 


= ad v Te^ix) = ad v (m) x , 


which is the second term in the right-hand side of (11.37). This completes the proof 
of (11.38), and hence of item (1). 
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We turn to the proof of (2). Since <J> : G —> H is a Lie group homomorphism, 
the tangent map T e & : g —^ h is a Lie algebra homomorphism (Theorem 5.1). Simi¬ 
larly, since <f> : G —> H is a Poisson map, with n vanishing at e and n' vanishing at 
0(e), the linear map T e 0 : g —> f) is a Poisson map (Proposition 7.22). According 
to Section 11.2.6, this shows that 0 is a Lie bialgebra homomorphism. □ 

The second item of the previous proposition implies that the Lie bialgebra of a 
Poisson-Lie subgroup of (G, n) is a Lie sub-bialgebra of the bialgebra of (G. n). 
This is stated, together with its converse, in the following proposition. 

Proposition 11.35. Let (G, n) be a Poisson-Lie group, whose Lie bialgebra is de¬ 
noted by (g, [•, -] 0 , [•, -] 0 *). Fora connected Lie subgroup H of G, with Lie algebra f), 
the following conditions are equivalent: 

(i) Hisd Poisson-Lie subgroup of (G, n); 

(ii) b is a Lie sub-bialgebra o/(g, [• ,-] 0 , [• ,-] 0 *). 

Assuming that these equivalent conditions hold, denote the Lie brackets of the Lie 
bialgebra 1) by [■,•](, and [•,■][,*, and denote the Poisson structure on H, which 
makes H into a Poisson submanifold of (G ,n), by n'. Then (h, [*>•]tj >['>'] 6 *) l ' s 
Lie bialgebra of ( H, n'). 

Proof. The implication (i) => (ii) follows at once from Proposition 11.34, since 
the inclusion map of a Poisson-Lie subgroup is a Poisson-Lie group homomor¬ 
phism. Conversely, assume that f) is a Lie sub-bialgebra of the Lie bialgebra 
(g, [• ,-] B , [• ,-] 0 *) of (G, 7r). Then the transpose 8 : g —> A 2 g of [-,-] 0 * maps b to 
A 2 b- According to item (2) in Proposition 11.5 and the proof of Proposition 11.32, 
8(x) = TfPix) for all x £ g, where *P is defined as usual by (11.2). It follows that 
^^(x) £ A 2 b for all x £ b- According to Proposition 11.7, this shows that the con¬ 
nected Lie subgroup H of G is a Poisson-Lie subgroup. Thus, condition (ii) implies 
condition (i). □ 


11.3.2 Coboundary Poisson-Lie Groups and Lie Bialgebras 

We show in this section that the Lie bialgebra of a coboundary Poisson-Lie group 
is a coboundary Lie bialgebra, which justifies why the same adjective “cobound¬ 
ary” is used for both structures. We also show the following converse: every 
finite-dimensional coboundary Lie bialgebra is the Lie bialgebra of a coboundary 
Poisson-Lie group. 

We first show that there corresponds to every coboundary Poisson-Lie group a 
coboundary Lie bialgebra. Let (G, n) be a coboundary Poisson-Lie group. By defi¬ 
nition, there exists a £ A 2 g such that n = icT — it, where (g, [-,-]) is the Lie algebra 
of G. According to Proposition 11.10, [ja, a] is Ad-invariant, hence is ad-invariant. 
Proposition 10.11 implies that a is a skew-symmetric /-matrix, i.e., the associated 
bracket [•, -] a is a Lie bracket on g*, making (g, •]<,) into a coboundary Lie 
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bialgebra (see Definition 10.9). The next proposition shows that this coboundary Lie 
bialgebra is the Lie bialgebra of the Poisson-Lie group (G, n). 

Proposition 11.36. Let (G, n) be a coboundary Poisson-Lie group, with n = IcT — it 
for some r-matrix a £ A 2 g, where (g. [•, -] B ) denotes the Lie algebra of G. The Lie 
bialgebra of { G, n) is the coboundary Lie bialgebra (g, [•, -] B , [•, •]«). 

Proof. According to (11.14), the map *F : G —> A 2 g, defined by g K > A 2 (T g R g -i) n g , 
is given by 'P(g) = Ad g a — a. The tangent map of at e is therefore given by 
T e W{x) = ad A a for all x £ g. According to item (2) in Proposition 11.5, the linearized 
Poisson structure n\ of n at the unit e of G is given by (n\ ) x = TfiP (x), for all x £ g, 
so that the linearized Poisson structure 7Ti is given at x £ g by (n\) x = ad*a, whose 
transpose is precisely the Lie bracket [■ ,-] a . This shows that (g, [■, -] 0 , [•, -] a ) is the 
Lie bialgebra of (G, n). □ 

Corollary 11.37. Let (g, [•, -] B , [•, -] a ) be a finite-dimensional coboundary Lie bial¬ 
gebra. If G is a connected Lie group, with Lie algebra (g,[-,-] 0 ), then G ad¬ 
mits the structure of a coboundary Poisson-Lie group, whose Lie bialgebra is 
(g, [•, -] B , [•,-] fl ). In particular, every finite-dimensional coboundary Lie bialgebra 
is the Lie bialgebra of a coboundary Poisson-Lie group. 

Proof. We only need to prove the first part of the corollary, since the last state¬ 
ment follows from it at once upon using the fact that every Lie algebra is the Lie 
algebra of a connected Lie group (see Theorem 5.1). Let (g, [•, -] g , [•, -] a ) be a finite- 
dimensional coboundary Lie bialgebra, with a £ A 2 g so that [[a, a]] is ad-invariant. 
Let G be a connected Lie group whose Lie algebra is g. Since G is assumed to be 
connected, [[a, a]] is Ad-invariant. Setting 7T := *a — ~cl , Propositions 11.10 and 1 1.36 
imply that (G, n) is a Poisson-Lie group, whose Lie bialgebra is (g, [•, -] B , [•, -] a ), as 
was to be shown. □ 

Corollary 11.38. Let (g, [•,•] g ,[•,•] g*) be a finite-dimensional Lie bialgebra and 
let D be a connected Lie group whose Lie algebra is the double (0, [•,-]o) of 
(g, [•, -] B , [•, -] g *). Then D admits a unique Poisson structure 7ip, making (D, 7Td) into 
a coboundaiy Poisson-Lie group, whose Lie bialgebra is (b, [•, -Jo, [•, •]„). In terms 
of a pair of dual bases (ei ,..., ef) and (ej ,..., e c i) for g and for g* respectively, the 
skew-symmetric r-matrix a ofd is given by a = \ ffj=\ e i A Si- 

Proof According to Proposition 11.25, the double (t), [-, •]o) i s a coboundary Lie 
bialgebra; as before, we denote the corresponding Lie structure on b* by [•, ■]„. If D 
is a connected Lie group with Lie algebra (b, [• ,-]o), then D admits, according to 
Corollary 11.37, the structure of a coboundary Poisson-Lie group, whose Lie bial¬ 
gebra is (b,[-,-]o,[-,-]a). As we will see in Theorem 11.39, the Poisson structure 
on D which integrates the given Lie bialgebra structure is unique. □ 
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11.3.3 The Integration of Lie Bialgebras 

We show in this section that every finite-dimensional Lie bialgebra can be inte¬ 
grated. We mean by this that there exists for every finite-dimensional Lie bialgebra 
(g, [•,-] 0 , [•,-] 0 *) a (not necessarily unique) Poisson-Lie group (G,n) whose Lie 
bialgebra is isomorphic to (g, [■, -] 0 , [•, -] 0 *). For the particular case of a coboundary 
Lie bialgebras, this was proved in Corollary 11.37. 

Theorem 11.39. Let (g, [•,•] 0 ,[•,*] 0 *) be a finite-dimensional Lie bialgebra and 
let G be a connected Lie group with Lie algebra (g, [•, -] 0 ). 

(1) There exists at most one Poisson structure n on G such that (G, n) is a 
Poisson-Lie group, whose Lie bialgebra is (g, [•, -] 0 , [•, -] 0 *); 

(2) If G is simply connected, then there exists on G a unique Poisson struc¬ 
ture n, such that (G, n ) is a Poisson-Lie group, whose Lie bialgebra is 
(fl; ['!-V [') 'Is*)’’ 

(3) In particular, every finite-dimensional Lie bialgebra is the Lie bialgebra of a 
Poisson-Lie group. 

Proof. Let 7 T 1; and n <21 be two multiplicative Poisson structures on the connected 
Lie group G, leading to the same Lie bialgebra, i.e., their linearized Poisson struc¬ 
tures at e coincide. In view of (2) in Proposition 11.5, T ( M ji ] ' l (x) = 7 ’/P' 2 ) (x), for all 
x £ g, where T'W : G —y A 2 g is defined by *pW(g) := R 2 (T g R g -i)jtg\ for i= 1,2. It 
follows that which is a cocycle (since both *P ( ** and I 7 * 2 * are cocycles), 

has zero tangent map at e. By Proposition 11.4, this implies that 0 ' 11 — P 2j = 0, 
and hence that f 1 ' 1 = . This shows item (1). 

Let (g, 0 g*) be a finite-dimensional Lie bialgebra. According to Propo¬ 

sition 11.25, (g, [•, -] 0 , [•, -] 0 *) is a Lie sub-bialgebra of a coboundary Lie bialgebra, 
which we denote by (0, [■, ■] j,, [•, -] a ), because the underlying Lie algebra is the dou¬ 
ble of (g, [• ,-] 0 , [• ,-] 0 *). In view of Proposition 11.37, (0, [•, -] 0 , [•, -] a ) can be inte¬ 
grated into a Poisson-Lie group (D,ttd)> which is the only fact about 0 which we 
will use in this proof. We denote by G the unique connected Lie subgroup of D, 
whose Lie algebra is g. According to Proposition 11.35, the subgroup G inherits a 
multiplicative Poisson structure ft from 7 tn, whose corresponding Lie bialgebra is 
(0>M 0 ,b-] s *)- This shows (3). 

We show now that (G, ft) can be replaced by the connected and simply con¬ 
nected Lie group G whose Lie algebra is g, which is the content of (2). In view 
of Lie’s theorem (see item (4) of Theorem 5.1), there exists a Lie group homomor¬ 
phism 0 : G —► G, whose induced Lie algebra homomorphism is the identity map. 
We claim that there is a unique Poisson structure n on G which turns 0 : G —> G into 
a Poisson map, and we show that n is multiplicative. Then (G, n) is a Poisson-Lie 
group and is a homomorphism of Poisson-Lie groups, so that the induced 
Lie bialgebra homomorphism, which is the identity map, is a homomorphism of Lie 
bialgebras, which means that the Lie bialgebra of G is (0, [•, -] 0 , [■, -] 0 *)- 

Let us prove the claim. Differentiating the identity 0 = R r i > (,, j 0R,, i at g G G 
shows that the tangent maps of 0 at g £ G and at e are related by 7„ 0 = I]-.R,[>(,,) o 
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T e 0 o T g R g - i (in this formula, e and e are the units of the Lie groups G and G 
respectively). Since the three linear maps which appear in the right-hand side of 
this formula are invertible, so is T g 0, hence 0 is a local diffeomorphism. We can 
therefore define n for all g € G by setting 

K g := A 2 {T g 0)~ 1 K < p {s) . (11.39) 


According to Proposition 1.19, if there exists a Poisson structure on G which makes 
0 into a Poisson map, then it must be given by (11.39), which gives the desired 
uniqueness of n. Also, the vertical maps of the following commutative diagram are 
local diffeomorphisms (here jd and ft stand for the group products of G and G). 


GxG — J —> G 


0X0 


GxG'HfiG 

M 


Combined with the fact that p is a Poisson map, this shows that fl is Poisson map. 
As a consequence, n is multiplicative, as remained to be shown. □ 


Having established the fact that every Lie bialgebra can be integrated into a Poisson- 
Lie group, we now show that every Lie bialgebra homomorphism can be integrated 
into a morphism of Poisson-Lie groups. 

Theorem 11.40. Let (fl, [•, -] 0 , [■, -] 0 *) and (t)r,f,*) be two finite-dimensi¬ 
onal Lie bialgebras and let (G,k) and (H, n') be Poisson-Lie groups which in¬ 
tegrate them, where G is chosen connected and simply connected. For every Lie 
bialgebra homomorphism 0 : g —> f), there exists a unique Poisson-Lie group homo¬ 
morphism 0 : G —> H whose induced Lie bialgebra homomorphism is <j), i.e., such 
that T e 0 = <j), where e denotes the unit element of G. 


Proof. Suppose that </> : g —x fj is a homomorphism of Lie bialgebras. In view of 
Lie’s theorem (item (4) of Theorem 5.1), there exists a unique Lie group homomor¬ 
phism 0 : G —► H such that T e 0 = (j). It remains to be shown that 0 is a Poisson 
map. To do this, we consider the map E : G —> A 2 b, defined for all g G G by 

5(g) :=A 2 <p('F(g))-'F'(0(g)), 

where W : G —> A 2 g and *F' : H —> A 2 !) denote the group cocycles, associated to 
(G, n) and to (H, n') respectively (see item (iii) in Proposition 11.2). The map E is 
a cocycle of G with respect to the adjoint representation of G on A 2 (], i.e., 


E (gh) =E(g)+ Ad 0{g) E (h) , 

for all g, h £ G. We first show that E = 0. In view of item (J) of Proposition 11.4, 
it suffices to show that T e E(x) = 0 for all x £ g. To prove the latter, recall from 
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item (2) in Proposition 11.5 that Tg'F(x) = {n\) x , for all x £ 0 , where K\ denotes the 
linearized Poisson structure of n at e, and similarly for T'' and n\. It allows us to 
compute 


T e E{x) = A 2 </> (T e W{x)) - T e ,r(T e 0[x)) 
= A 2 (I){{ki) x )-(k[) (I , {x) =0, 


where the last equality, which states that 0 is a Poisson map, is tantamount to the 
fact that the transpose map (j) T : ([)*, [■ ,•](,*) —> (g*, [•, -] 0 *) is a Lie algebra homo¬ 
morphism (see Section 1 1.2.6). It follows that E = 0, leading to the equality 




valid for all g £ G, which can be written, using T e 0 = 0 and using the defini¬ 
tion ( 11 . 2 ) of the cocycle *F, as 



(11.40) 


Now 0 is a group homomorphism, so that 


<2>°V = R o(g- 1 ) 00 


which, substituted in (11.40), leads to A 2 (T g 0)n g = 7^, ,, since in a Lie group, 
right translation by an element of the group is a diffeomorphism. In view of Propo¬ 
sition 1.19, the latter equality implies that 0 is a Poisson map, as was to be shown. 
□ 

The notion of duality for Lie bialgebra leads to a notion of duality for connected, 
simply connected Poisson-Lie groups. 

Definition 11.41. Two Poisson-Lie groups (G, n) and (G*, n*) are said to be dual 
to each other if their Lie bialgebras are dual to each other. 

Let (G, n) be a Poisson-Lie group and let (g, [•, •]„, [•, -] 0 *) denote its Lie bialge¬ 
bra, whose dual bialgebra is (g*, [■,[•, -] 0 ). Every Poisson-Lie group (G*, 7 t;*) 
which integrates the latter Lie bialgebra is dual to (G, n). A canonical dual is picked 
by demanding that G* be connected and simply connected. Indeed, there is up to 
isomorphism a unique connected and simply connected Lie group G* whose Lie 
algebra is (g*, [•, -] g *) (item (3) of Theorem 5.1) and on G* there exists a unique 
Poisson structure n* such that (G*, 7 T*) integrates (g, [•, -] 0 , [•, -] 0 *). This Poisson- 
Lie group is called the dual of (G, n). For (G, n) a connected and simply connected 
Poisson-Lie group, taking twice the dual gives back the Poisson-Lie group (G, n). 

Example 11.42. Let G be a connected, simply connected Lie group, with Lie algebra 
(g.[-,-]»)■ Consider g* as a Lie group, where the group operation is addition. In 
view of Corollary 11.9, g* becomes a Poisson-Lie group, when it is equipped with 
the linear Poisson structure n on g* corresponding to the Lie bracket [•, -] 0 . Its Lie 
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bialgebra is (g*,0, [• ,-] 0 ), with dual Lie bialgebra (g, [•,-] 0 ,O). It follows that the 
(connected and simply connected) dual to the Poisson-Lie group (g*. n) is the Lie 
group G, equipped with the trivial Poisson structure. 


11.4 Dressing Actions and Symplectic Leaves 

We show in this section that the symplectic leaves of a Poisson-Lie group can be 
described by using dressing actions, a notion which we first define in the general 
context of Lie groups. 

Let G be a connected Lie group and let Gi and G 2 be two Lie subgroups of G. 
The triple (G,Gi,G 2 ) is said to be complete if the map Gi x G 2 —> G given by 
(gi,g 2 ) gig 2 is a diffeomorphism. Since {gig 2 )~ l = for all gt,g 2 G G, 

the triple (G, Gi, G 2 ) is complete if and only if the triple (G, G 2 , Gi) is complete. It 
follows that, when (G,Gi,G 2 ) is complete, there exists for every (gi,g 2 ) SGi x G 2 
a unique pair (g^gi) £ Gi x G 2 , such that g\g 2 = g' 2 g\- It is customary to denote 
the elements g\ and g' 2 by gf 2 and gf 1 respectively. 

The associativity of the group structure on G implies that the assignments 
(g,h) i-a h g and (g,h) 1 —>■ g h are group actions. Indeed, the relation (gi/q)g 2 = 
gxijngi) implies, for g\,h\ G Gi and g 2 G G 2 , that 

gi^igihxY 2 =gig h 2 1 h\ 2 = {g h 2 ^g ( fi ] hf , 

so that, by uniqueness of the decomposition, we can derive the relation 

g 8 ! 1 " 1 = (g 1 ?) 81 , (H.41) 

valid for all g\,h\ G Gi and g 2 G G 2 . This shows that the assignment (g| ,g 2 ) i-a gf 1 
defines a group action of Gi on (the manifold) G 2 . Similarly, one derives from the 
relation g 1 = (gig 2 )/? 2 , for gi G Gi and g 2l h 2 G G 2 , the relation 

gf h2 = (gf ) h2 , (11-42) 

which says that the assignment (g 2 ,gi) '-A gf 2 defines a group action of G 2 on (the 
manifold) Gj. These two group actions are respectively called the dressing action 
of Gi on G 2 and the dressing action of G 2 onG|. 

Example 11.43. According to a standard theorem of linear algebra (essentially the 
Gram-Schmidt orthogonalization process), every complex invertible matrix of de¬ 
terminant 1 can be decomposed in a unique way as the product of an element in 
SUj and an element in T + , the group of upper triangular matrices of determinant 1, 
admitting only positive entries on the diagonal. It follows that (SL i /(C),SU ( /,T + ) 
is complete. 
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In the case of Poisson-Lie groups, the notion of dressing action leads to the 
following definition. 

Definition 11.44. Let (G, n) be a connected Poisson-Lie group with Lie bialgebra 
(g, [•, -] B , [■, *] g*). A Lie group D is called a dressing group of (G, n) if the following 
three conditions are satisfied. 

(1) The Lie algebra of D is the double (D, [• ,-] 0 ) of (g, [•, -] fl , [•,-] 0 *); 

(2) G is the connected Lie subgroup of D corresponding to the Lie subalgebra 
0 C t); 

(3) (D,G,G*) is complete, where G* stands for the connected Lie subgroup of D 
corresponding to the Lie subalgebra g*CD. 

The Lie subgroup G* of D is then called the dual of (G, n) with respect to the 
dressing group D. The Poisson structure on G* as a Poisson submanifold of the 
Poisson-Lie group (D, 7Td) is denoted by n*. 

Example 11.45. A Lie bialgebra structure on g := su,/ was given in Example 10.16, 
We showed in Example 11.30 that its double c) = g©g* is isomorphic to the Lie 
algebra sI^(C) of traceless complex matrices, identification under which the Lie 
algebras g and g* become the Lie algebras su c / and t+, where t+ is the Lie alge¬ 
bra of T + , i.e., the vector space of upper triangular matrices of trace zero with real 
coefficients on the diagonal. Consider the Poisson bracket n on SUj which makes 
(SU,/, 71) into a Poisson-Lie group, integrating the latter bialgebra structure on su,/. 
Since (SL,./(C),SU i /,T + ) is complete, as we have seen in Example 11.43, condi¬ 
tions ( 1) — (3) in the above definition are verified, so that SL f /(C) is a dressing group 
of (SUrf, 7 r). 

Proposition 11.46. Let (G, n) be a connected Poisson-Lie group and suppose 
that D is a dressing group of (G,tt), and denote by (G*,tc*) the dual of (G, n) 
with respect to D. 

(1) The diffeomorphism G x G* —> G* x G, defined by (g, h) H > (h g ,g h ) is a Pois¬ 
son map; 

(2) The dressing action of G on G* is a Poisson action; 

(3) The dressing action of G* on G is also a Poisson action, provided that we 
replace the Poisson structure n* by its opposite —n*; 

(4) For a € g*, the fundamental vector field a of the dressing action of G* on G 
is given, at g € G, by 


cc g = —T e R g (P 0 (Ad ? a) ) , (11.43) 

where P s : h —> g is the projection from c) = g©g* onto g, and where Ad stands 
for the adjoint action of D on its Lie algebra 5. 

Proof. The inclusion map GxG’^DxDisa Poisson map because G and G* 
are Poisson submanifolds of D. Since the product map D x D —> D is a Poisson map 
(because D is a Poisson-Lie group), the diffeomorphism G x G* —> D, given by 
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(g. h) i—> gh, is a Poisson diffeomorphism. Since the same is true for the diffeomor- 
phism G* x G —> D, given by (h. g) i—x hg, the map G x G* —> G* x G, defined by 
(g,h) i —t ( h 8 . g h ) is a Poisson diffeomorphism. This proves (1). As a corollary, the 
map GxG*->G*, defined by (g. h) K > h 8 , is a Poisson map, meaning that the dress¬ 
ing action of G on G* is a Poisson map, proving (2). Since the inverse map h 1 
is a Poisson map from (G*,— n*) to (G*,7r*) (see Proposition 11.5, item (3)), the 
assignment ( g,li) > g h is also a Poisson map, provided that G x G* is endowed 

with the product Poisson structure (n 7 —n*), which means precisely that the dress¬ 
ing action of G* on G is Poisson, provided that we replace the Poisson structure 
n* of G* by its opposite. This proves (3). 

We now prove (4). For all g G G and t G IK we have, by definition of the dressing 
action 

gexp(-ra) = h(t)g ex p( -' o) = h(t)g ex pW 1 , (11.44) 

where h(t) = exp {—ta) s . Note that h( 0) = e, and that h(t) is a path in G*. Multi¬ 
plying (11.44) by g 1 and taking the derivative with respect to t at t = 0. we obtain 


Ad,,a = — 
4 d t 


exp(ra) 1 -1 + A 


t=0 


dt 


h(t) 


t =0 


- T g R g -ia g + — 


h(t) 


(11.45) 


t=o 


where the last equality follows from the definition of the fundamental vector field 
of a Lie group action. Since h(t) is a path in G*, (11.45) is the decomposition of 
— Adg a in g©g*, so that — (Ad ? a) = TgR^-i a g , which amounts to (11.43). □ 

We can now describe the symplectic leaves of a Poisson-Lie group which admits 
a dressing group, in terms of the dressing action. 

Theorem 11.47. Let (G, n) be a connected Poisson-Lie group. Assume that D is a 
dressing group of (G,7t), and let G* C D be the dual of G with respect to D. Then 
the symplectic leaves of (G, n) are the orbits of the dressing action of G* on G. 

Proof. Recall from Corollary 11.38 that D admits a Poisson structure 7 Td, making 
(D, ttd) into a coboundary Poisson-Lie group. This Poisson structure is associated 
to the skew-symmetric /--matrix a := ^Xf= i A£; G A 2 b, where (ei,...,e</) and 
(ei,..., £ d ) are dual bases of 0 and g*. In view of (11.14), one has for every h G D, 

A 2 (Ti,R h -i) (nv)h = Ad h a — a . 


Since (G, n) is a Poisson-Lie subgroup of (D, ttd), it follows for every g G G that 


A (TgRg- 1 ) n g — 


1 d 

— ^ Adg e,- A Adg £/ 

7 i=t 


X e t A Ei ■ 


■ /=! 


The left-hand side of this equation belongs to A 2 g, hence is fixed by the linear map 
A 2 P g (with P g the projection of h = g © g* onto g). It follows that 
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A 2 (T g R g -i) K g = - X Ad, A P s (Ad, £, ) , (11.46) 

z i=i 

which, in turn, gives the following expression of the Poisson bivector n, evaluated 
at the point g, 

= aw 

z (=1 

where we used item (3) of Proposition 11.46 as well as the identity T e R g (Ad g x) = 
T e Lg{x) = *x g for every x € g. 

We use the explicit expression ( 11 .47) of n g to show that the symplectic leaf of n 
through g coincides with the orbit through g of the dressing action of G* on G. 
Since G* is connected and since (£i,... ,£ d ) is a basis of g*, it amounts to showing 
that the image of the linear map n\ : T*G —> T g G, defined by n g , is the vector sub¬ 
space of 7’„G generated by £; ..... £j . To show this, it suffices according to (11.47) 
to show that the matrix (fli/)iJ=i,...,</ expressing the elements £, , i = 1 ,... ,d, in 
terms of the basis of tangent vectors (ti) g ,...,(td) g is skew-symmetric, since 
these elements are then the columns of the Poisson matrix of n at g, expressed 
in terms of the latter basis. Notice that, in view of (11.46), this matrix is also the 
matrix which expresses the elements l \ 3 ( Ad„£,), i = 1 ,...,g, in terms of the vec¬ 
tors Adg e \,..., Ad^ ej. 


Pq (A d., £,) — cij j Ad ? cj , 

7=1 


so that 

a ij = (Adj,£;,P 0 (Ad ? £,)) = (P g *(Ad !; £ ; ),P 0 (Ad i ,£,)) , 

where P s * is the projection of 0 — g CD g' ! onto g*; we also used the fact that 
ad* £j = P s *([x, (y, £/)] 0 ) for all x,y £ g, which follows from the definition (11.23) 
of [•, •] j,. Hence, to show that the matrix i ^ is skew-symmetric, we need 

to show that 


(TV (Ad,£,),P 0 (Ad, £_,-)) + (P s * (Ad, £ ; ),P 0 (Ad, £,-)) = 0 (11.48) 

for 1 ^ i,j ^ d. According to the definition (11.22) of (• | -)a, the left-hand side of 
this equation can be written as (Ad, £,■ | Ad, £y) 0 - Now 

(Ad, £j | Ad, £_/) a = (fi,-1 £ 7 ) 0 = 0 , 

in view of the Ad-invariance of (• | ■)»• This proves (11.48), hence yields that the 
matrix is skew-symmetric, which was to be shown. □ 
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11.5 Notes 

Poisson structures can be seen as the semi-classical limit of quantum structures, i.e., 
as being what remains of quantization when Pr (but not Pi) is considered to be 
small enough to be ignored (see Chapter 13). This is especially true for Poisson-Lie 
groups which first appeared as semi-classical limits of quantum groups, in the pio¬ 
neering work [58] of Drinfel’d. A second motivation for the introduction of Poisson- 
Lie groups was the study of integrable systems associated to infinite-dimensional 
Lie algebras, such as the Korteweg-de Vries equation, where Poisson-Lie groups 
provide the hidden symmetry, see Semenov-Tian-Shansky [180]. 

Poisson-Lie groups have proved to be interesting on their own. First, they natu¬ 
rally appear when studying the singularities of several highly singular spaces asso¬ 
ciated to semi-simple Lie groups, like Bruhat and Schubert cells, see Lu-Weinstein 
[132, 136]. Also, a Poisson-Lie group is the first instance of a more general ob¬ 
ject, namely a Poisson-Lie groupoid, see Mackenzie-Xu [ 140], which appears natu¬ 
rally when studying the dynamical Yang-Baxter equation. Exactly like Poisson-Lie 
groups and Lie bialgebras are in one-to-one correspondence, Poisson-Lie groupoids 
are in one-to-one correspondence with Lie bialgebroids, see Mackenzie-Xu [140]. 

One of the first systematic studies of Poisson-Lie groups is the PhD thesis of 
Lu [132], which remains an excellent introduction to the subject, especially to those 
who want to learn more about the relation with Lie groupoids and enlarged defi¬ 
nitions of moment maps. It also deals with a slightly more general object: affine 
Poisson structures on Lie groups. Another useful reference is the review article by 
Kosmann-Schwarzbach [110], which insists in particular on the link with Lie bial¬ 
gebras. 



Part III 
Applications 



Chapter 12 

Liouville Integrable Systems 


In this chapter we present the main application of Poisson structures: the theory of 
integrable Hamiltonian systems. 

Poisson’s theorem, which states that the Poisson bracket of two constants of mo¬ 
tion (of a Hamiltonian system) is a constant of motion, is from the modern point of 
view a direct consequence of the formalism, but was in Poisson's time considered 
as a fundamental step towards the explicit integration of Hamilton’s equations, as 
for doing this by the known methods, a large number of constants of motion was 
required. 

The fundamental role of Poisson structures in integrability was emphasized by 
Liouville. As he showed, having half of the dimension of phase space of independent 
constants of motion is sufficient for integrating the equations of motion, under the 
assumption that these constants of motion are in involution (Poisson commute). Pre¬ 
cisely, integration means here integration by quadratures. A geometrical counterpart 
to this result states that, under some topological assumptions, the motion of such a 
Hamiltonian system evolves on tori (the so-called Liouville tori), whose dimension 
is half the dimension of phase space, and the motion on them is quasi-periodic. A 
more elaborate version of this theorem is the action-angle theorem, which yields a 
canonical model for Liouville integrable systems, in the neighborhood of a Liouville 
torus. 

Liouville’s theorems and the action-angle theorems will be presented here in 
the context of general Poisson manifolds. These manifolds generalize the phase 
spaces, considered in the classical results, namely the cotangent bundle of the con¬ 
figuration space, equipped with its canonical symplectic structure. We give the ba¬ 
sic definitions and properties of functions in involution and of the map, associ¬ 
ated to them, in Section 12.1. Several constructions of functions in involution are 
given in Section 12.2: Poisson’s theorem, the Hamiltonian form of Noether’s theo¬ 
rem, bi-Hamiltonian vector fields, Thimm’s method. Lax equations and the Adler- 
Kostant-Symes theorem. The action-angle theorem for Poisson manifolds is stated 
and proved in Section 12.3. 
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12.1 Functions in Involution 

In this section we give the basic definitions and the (geometrical) properties of 
functions in involution. Throughout the section, all manifolds considered are real 
(F = R) or complex (F = C). For such a manifold M, we denote its algebra of 
smooth or holomorphic functions by & (M). 

Definition 12.1. Let (M, n) be a Poisson manifold and let F\ and F 2 be two elements 
of We say that F\ and Fi are in involution if their Poisson bracket is zero, 

{F^Ft} = 0. More generally, let F = (T), F s ) be an j-tuple of elements of 
We say that F is involutive if for all 1 ^ i. j f s, the functions F, and Fj are in 
involution. 

Classically, a function Fe# (M) which is constant on all the integral curves of a 
Hamiltonian vector field ffn, where H is a given function on a Poisson manifold 
(M, n ), is called a constant of motion (for H). Since SFh\F] = {F,H}, we have that 
F is a constant of motion for H if and only if F and H are in involution. Therefore, 
the notion of involutive ^-tuples generalizes the notion of constant of motion. 

An s-tuple F = {F \,... ,F S ) of elements of &(M) defines a map M —> F s , which 
will be denoted by the same letter F. We say that F is independent if the open 
subset of M. defined by 


:= {m G M | d„,Fi A • • • A d m F s ± 0} , (12.1) 

is a dense subset of M. Besides the open subset defined by (12.1), we will in 
this chapter also make extensive use of the open subset 

:={m GM \ Rk m n = 2r} , 

where 2 r stands for the rank of n. Notice that, if F is independent, then the open 
subset %DM( r ) of M is non-empty. 

When dealing with involutive functions, the reader should have the geometrical 
picture in mind, described by the following proposition (see also Fig. 12.1). 

Proposition 12.2. Let (M, n) be a Poisson manifold and assume that F = (F\..... Ff) 
is an involutive and independent s-tuple of elements ofj^ (M). The Hamiltonian vec¬ 
tor fields 1 ^ i ^ .y, commute and they are tangent to the smooth fibers of the 
map F : M —>• F s . 

Proof. The Hamiltonian vector fields, which are associated to functions in involu¬ 
tion, commute, because [S^f, ffo] = — 3 F{f.g) f° r F,G £ J^(M). Assume that 
F = (F\. ... , F x ) is involutive and let 1 ^ i ^ 5 ; since .£/•;. [Fj] = { Fj . F< } = 0 for all 
1 < 7 < the vector field is tangent to the smooth level sets of F\..... F s , that 
is, to the smooth fibers of F. □ 

The number of independent functions on a manifold M is bounded by the dimension 
of M. In the case of a Poisson manifold, the upper bound for the number of indepen¬ 
dent functions in involution is much lower, as given by the following proposition. 
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Fig. 12.1 The Hamiltonian vector fields of the components of F = (Fi,..., F s ) are tangent to the 
smooth fibers F _1 (c) of F and they commute. 


Proposition 12.3. Let (M , n) be a Poisson manifold of dimension d and rank 2 r and 
suppose that F = (F\,... ,F S ) is an independent s-tuple of elements of ^(M). 

(1) If F\,..., F s are Casimirs, then s f d — 2 r; 

(2) IfF is involutive, then s ^ d — r; 

(3) IfF is involutive, with s = d — r, then 

dim span {( Sf Fl ) m ,...,() m } = r 
for every m £ fl M tr \. 

Proof. For m £ M, let denote the linear map Tf M —i T m M, which corresponds 
to the Poisson structure. Explicitly, for H £ LF (. M), 

nlM m H) = -{& H ) m ■ 

Recall that the rank of nf n is Rk,„ n. For every H £ Cas (M) the cotangent vector 
d,„77 belongs to Ker^lj, whose dimension is d - Rl<„, n. Let F = (F), F s ) be 
independent and let m be an element of the non-empty (open) subset ‘//v fl M( r] 
of M. Suppose first that each element of F is a Casimir. Since d m F\ ,..., d,„ F s are 
independent elements of Ker7!m, we have that 

5 ^ dim Ker n} n =d — 2r 

and (1) follows. Next, suppose that F is involutive and consider F m , the fiber of F, 
passing through m. Since m £ M/ r ), the restriction of F m to a neighborhood U 

of m is a submanifold of dimension d — s of U, passing through m. This dimension 
is an upper bound for the dimension d m of span , ■ ■ ■, (>^F s ) m }, because 

these s vectors are tangent to that fiber at m. Moreover, d,„ f s — dim Ker nj„ = 
.v + 2r — d. because the differential one-forms df)..... dF s are independent at in. 
Combining the two inequalities for d m , we get 
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s + 2r — d = s — dimKern:^ ^d m ^d — s, (12.2) 

leading to (2). Third, suppose that s = d — r. For m £ J //\; (T Mt r \ we deduce 
from ( 12.2) that 

r = s— dim Ker n\ x < d m < r , 
so that dim span {()„,■■■, ( %F,) m }=d m = r. □ 

The extreme case r + s = d will be discussed in detail in Section 12.3. Notice 
that, in this case, the commuting Hamiltonian vector fields STt\3Fp s define an 
integrable distribution of rank r on the open subset "//y FI Mir) of M. 


12.2 Constructions of Functions in Involution 

In this section we will give a list of constructions of functions in involution. The 
first two of them (Poisson’s theorem and Noether’s theorem (in its Hamiltonian 
form)) are very classical, the other ones were discovered quite recently. All mani¬ 
folds which are considered in this section are real or complex; accordingly, F stands 
for R or for C. 


12.2.1 Poisson’s Theorem 

Poisson’s theorem yields new constants of motion (of a given Hamiltonian H ), start¬ 
ing from two given constants of motion. 

Theorem 12.4 (Poisson’s theorem). Let (M, n) be a Poisson manifold and let F, G 
and H be elements of If F and G are constants of motion for H, then their 

Poisson bracket { F, G} is also a constant of motion for H. 

Proof. The proof is an easy consequence of the Jacobi identity, valid for all 
F. G. H e 


{F, {G,H}} + {G, {H,F}} + {H, {F. G}} = 0 . (12.3) 

Namely, if F and G are constants of motion for H, then the first two terms in (12.3) 
vanish. Then the remaining term also vanishes, that is, {F, G} is a constant of motion 
for H. □ 

In practice, Poisson’s theorem often does not yield a function which is independent 
of the given constants of motion; as we will see, it happens in many important cases 
that the Poisson bracket of two constants of motion is actually equal to zero. 
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12.2.2 Noether’s Theorem 

A second classical theorem which leads to constants of motion is Noether’s theo¬ 
rem, which we give in a Hamiltonian form (the classical version is in a Lagrangian 
form). Let G be a Lie group, whose Lie algebra is denoted by g. Suppose that G 
acts on a Poisson manifold ( M,n ) and suppose that the action is Hamiltonian 
(Definition 5.38). Recall that this means in particular that one can construct a co¬ 
momentum map, which is a linear map p : g — > JF (M), having the property that for 
every x G g the function —p x G & (M) is a Hamiltonian for the fundamental vector 
field x, i.e., 

*=-■% ■ 

Noether’s theorem, in its Hamiltonian form, then states that the co-momentum map 
yields constants of motion for every G-invariant Hamiltonian. 

Theorem 12.5 (Noether’s theorem). Let G be a group which acts on a Poisson 
manifold (M, n) and assume that the action is Hamiltonian, with co-momentum 
map p. If H is a G-invariant function on M, then for every x £ g the function p x is 
a constant of motion for HTh- 

Proof. Let x G g and m G M be arbitrary. We denote for every g G G by % g : M M 
the diffeomorphism which is induced by the action and we write {•, •} for n. By G- 
invariance of H, that is, H o% g = H for every g G G, we have that 

{H,px} (m) = (<%)„, [H] = -x m [H] 

Since m G M is arbitrary, this shows that the function p x is a constant of motion 
for H. □ 


12.2.3 Bi-Hamiltonian Vector Fields 

A bi-Hamiltonian manifold {M, K\, 7^) is a manifold M, equipped with two com¬ 
patible Poisson structures Ui = {-i = 1,2. Let "V be a vector field on a bi- 
Hamiltonian manifold (M.Ky.nf) and suppose that there exist functions F and G 
on M for which 

^ = {-.n i = {-.G} 2 . (12.4) 

Then Y is called a bi-Hamiltonian vector field. Equation (12.4) implies that F and G 
are in involution with respect to both Poisson structures since {F, G} 2 = {F- P} | =0 
and {G,F}j = { G, G} 2 = 0. They are in involution with respect to every linear com¬ 
bination of these Poisson structures, which is itself a Poisson structure, because n i 
and 7t2 are compatible. 
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More generally, suppose that we have a bi-Hamiltonian hierarchy on a bi- 
Hamiltonian manifold (M, 7ti, 7^), i.e., a sequence of functions F = (Fj) jeZ such 
that 

{■,F i+l } l = {.,F i } 2 , (12.5) 

for every i G Z. In this case one has, for all i < j e Z, 

{F i ,F j } l = {F i ,Fj- 1 } 2 
= { F l+ i . Fj- 1} j 

= {FhFi )i > 

so that = 0 by skew-symmetry. It follows that F is involutive with respect 

to 7t|. Also, F is involutive with respect to n 2 , because { Fj. Fj } 2 = { F,. Fj i i }, ■ 
Such bi-Hamiltonian hierarchies may be constructed, under some assumptions, 
as follows. Given two compatible Poisson structures n\ and Kj, one first consid¬ 
ers, for arbitrary A G F, the Poisson structure n\ := K\ — Xn 2 . We set, as before, 
{•, ■} ^ := Ki. The one-dimensional family of Poisson structures (^a)agF' s called a 
Poisson pencil. Suppose that there exists a Laurent polynomial in A, 

F X = X VFi , 

i——k 

such that {■, F~ a =0 for all A G F. Such a Laurent polynomial is called a Casimir 
for the Poisson pencil. Setting Fj := 0 for i > £ and for i < —k, we can write 

iez 


It follows that, since F\ is a Casimir for the Poisson pencil, the sequence of functions 
(Fj) je z satisfies (12.5) for all i G Z, hence is a bi-Hamiltonian hierarchy. By the 
above, (Fj) jeZ is involutive. 


12.2.4 Poisson Maps and Thimm’s Method 

Thimm’s method [191] for constructing large families of functions in involution is 
based on a few elementary observations, cleverly combined. The first one is that if 
*¥ : (Mi, {•, -}j) — > (M 2 , {•, -}t) is a Poisson map (between two Poisson manifolds), 
then the pull-back of every involutive 5-tuple on Mo yields an involutive 5-tuple 
on Mi. This is simply because if F and G are functions on M 2 and { F. G} 2 = 0, then 


{F o *P, Go 'F} 1 = {F, G} 2 o *F = 0 . 
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The second one is that Lie algebra homomorphisms between finite-dimensional Lie 
algebras induce Poisson maps: let <j) : 0 i —> 02 be a Lie algebra homomorphism, 
where (fli,[-,-]i) and ( 02 , [-,-] 2 ) are finite-dimensional Lie algebras and consider 
the transpose map 0 T : —>■ 0 *, which assigns to £2 G 09 the linear form (j) T 2 ) : 
01 —> F, defined for all x g 01 by 

(* T (&),*) :=<&,*(*)> , 

where we recall that (•, •) stands for the canonical pairing between a vector space 
and its dual. Then (p T is a Poisson map, when both g'j and 0 , are equipped with their 
Lie-Poisson structure (denoted {•, •}., for i = 1,2). To check this, it is sufficient to 
check that if x,y G 0 i — ( 0 *)*, then 

|xo</) T ,yo ^ T | 2 = {x,y} 1 o 0 T . ( 12 . 6 ) 

Recall that under the canonical isomorphism 0 i ~ ( 0 *)*, the Lie-Poisson bracket 
[jc, v] j corresponds to {x, v},, and similarly for 02 . Also, under the isomorphism 
( 0 ?)* ~ 02 , the linear map xocp 7 : 0 , —► F corresponds to (j>(x), for all x € 0 i. 
Therefore, (12.6) is equivalent to saying that 0 is a Lie algebra homomorphism. 

Combining both observations, it is clear that Lie algebra inclusions lead to func¬ 
tions in involution (on the dual of the larger Lie algebra). It has the following non¬ 
trivial consequence: if 0 o is a Lie subalgebra of 0 , then the Ad*-invariant functions 
on 0 q provide involutive functions on 0 *; notice that while the Hamiltonian vector 
fields of these functions are trivial on 0 q, they are non-trivial, in general, on 0 *. 

Applied to a sequence of subalgebras, a family of functions in involution can be 
constructed on the dual of a Lie algebra (equipped with its Lie-Poisson structure). 
One usually refers to this technique as Thimm’s method. Explicitly, let 0 be a finite¬ 
dimensional Lie algebra and suppose that 

01 C 02 C • • • C Qk C 0t+l = 0 

where 0 i,... , 0 ^ are Lie subalgebras of 0 . By the above, the functions on 0 *, obtained 
by pulling back to 0 * all Ad*-invariant functions on each of the spaces 0 i,... , 0 i+i, 
are in involution. Notice that to this involutive family, the pull-back to 0 * of an 
arbitrary involutive set on 0 j can be added. 

Thimm [191] also analyzes the case of two Lie subalgebras 0 i ,02 of the same 
Lie algebra 0 (the above case corresponds to 0 i C 02 ). 

Proposition 12.6. Let 0 be a finite-dimensional Lie algebra and let 0 i and 02 be 
two Lie subalgebras of 0 , with inclusion maps ij, whose transpose maps 0 * —> 0 * are 
denoted by ij (i = 1,2). Suppose that 

[ 0 b 02 ] C 02 . (12.7) 

Then for every function F\ on 0 ] and for every Ad* -invariant function Fi on g]j, the 
functions F\ o i ] 1 and F 2 o ij on 0 * are in involution. 


336 


12 Liouville Integrable Systems 


Proof. Let us denote the Lie-Poisson brackets on g, respectively on g,, by {• ,•}, 
respectively {•(( = 1,2). For all c, eg* we have that 


[Fioi],F 2 oij}(%) = (§, [d^(Fiot7),d ? (F 2 otT)]) 


\]{a) F i- d ,jK) F 2 

In view of (12.7), the latter Lie bracket belongs to g 2 , so we can replace E, by ij (|), 
which is the restriction of E, to g 2 . It follows that 


{Fioi7,F 2 oiJ}(£;) = (*2(€)> 


= 0 . 


where we used Ad-invariance of F 2 in the last step (see (5.15)). □ 


12.2.5 Lax Equations 

Let M C g[ d (F) be an affine subspace of the Lie algebra of (d x <7)-matrices with 
entries in F and let y be a vector field on M. Suppose that there exists a matrix¬ 
valued function tj) : M —> gl^(F) such that 

y x =[x^(x)} (12.8) 

for all x G M. Then V is said to be written in Lax form and (12.8) is called a Lax 
equation. As we have seen in Section 7.2, if g is a quadratic Lie algebra, identified 
with its dual using its bilinear form, and equipped with its Lie-Poisson structure, 
then every Hamiltonian vector field on g is of this form. We claim that all coefficients 
of the characteristic polynomial det(A l,i x), which we view as functions (of x) 
on M, are constants of motion of "V. To see this, let x(t ) be an integral curve of "V, 
defined for t in a neighborhood of 0, and denote by y(t) the value of <j) at x(t) G M. 
Take an arbitrary i > 0 and use Trace (A/i) = Trace (/M) to compute 

— Tracex'(t) = (Trace ^x'~ l (t) — 

= (Trace (x l (t)y(t) — x'~ l (t)y(t)x(t)) = 0 . 

Thus, the functions Tracex' are constants of motion of 'V. The same is true 

for each coefficient of the characteristic polynomial of x, viewed as a function on M, 
because each such coefficient is a polynomial in the functions //,. In particular, if 
y = y.)[ is a Hamiltonian vector field, with Hamiltonian H , then H is in involution 
with each and with each coefficient of the characteristic polynomial of x. 
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12.2.6 The Adler-Kostant-Symes Theorem 

The Adler-Kostant-Symes theorem is a fundamental theorem in the modern theory 
of integrable systems, which allows one to construct, from Lie algebra splittings, on 
the one hand large families of independent functions in involution and on the other 
hand explicit solutions to Hamilton’s equations, with either one of these functions 
as Hamiltonian. We will focus on the case in which the Lie algebra is quadratic, be¬ 
cause in the known examples where the Adler-Kostant-Symes theorem is applied, 
the Lie algebra is usually quadratic. 

Let g be a finite-dimensional Lie algebra. We recall from Section 10.1 that a 
linear map R : g —> g is called an R-matrix of g if the skew-symmetric bilinear map 
[•, •]« : g x g —>- g, defined for x,y £ g by 

[x,y\R ■= l {[Rx,y\ + [-Ttfv]) , 

defines a Lie bracket on g. If g is quadratic, i.e., g is equipped with an ad-invariant 
non-degenerate symmetric bilinear form (• | •), then the original Lie bracket [•, •] and 
the R-bracket [•,•]/? lead to two Lie-Poisson structures {•,•} and {■,-} A , on g. In 
order to describe these, recall that to a function F £ ^(g) and an element x £ g, an 
element V v R of g is associated by setting (V v R | •} = d X F, that is, 

(V.vFly) = (d x F,y) , 

for all y £ g. Using this notation, the two Lie-Poisson structures on g take the form 

{F,G}(x) = (x\[V x F,V x G]) , 

{F,G} R (x) = (x\[V x Fy x G] R ) , 

for F,G £ J?(g) at x £ g (see Section 7.2). The involutivity theorem yields functions 
in involution, coming from the R-bracket; moreover, their Hamiltonian vector fields 
can be written in a Lax form. 

Theorem 12.7 (Involutivity theorem). Let (g, [•,•]) be a finite-dimensional quadra¬ 
tic Lie algebra, whose bilinear form is denoted by (‘I’). Let R be an R-matrix 
for g and denote the Lie-Poisson bracket on g, which corresponds to the R-bracket, 
by {• , -} R . If F and H are Ad-invariant functions on g, then 

(1) {F,H} r = 0; 

(2) The Hamiltonian vector field ofH with respect to {•, -} R is given, at x £ g, by 

(&h) x = ~\[x,R(V X H)]. ( 12 . 10 ) 

Proof Recall that the Ad-invariance of H means that [V x H,x] = 0 for all i£g (see 
Section 5.1.4). For functions F and H on g, their R-bracket is given, at x £ g, by 
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{F,H}r (x) = \{x\[R (y x F ), y x H}) + l -{x\ [V X F,R(V X H)}) 

= l -(R(V x F) | [V x H,x})+ l -(R(V x H) \ [x,V x F]) , 

which is zero when F and // are both Ad-invariant; if only H is assumed Ad- 
invariant, only the first term vanishes, leading to 

{F,H} r (x) = l - (V X F | [R (V X H) ,x}) = * (d X F, [R (V X H) ,x\) , 

which proves (12.10). □ 

We will now refine the involutivity theorem to obtain the (historically older) Adler- 
Kostant-Symes theorem, in which the R-matrix comes from a Lie algebra splitting. 
Recall from Section 10.1.2 that if (g, [•, •]) is a finite-dimensional Lie algebra and g 
is written as a vector space direct sum g = g + © g_ of two Lie subalgebras g + and 
g_ of g, then g + © g^ is called a Lie algebra splitting, and that such a splitting 
leads to a natural A 1 -matrix. Denoting the projections of x € g on g + and g by x+, 
respectively x_, the endomorphism R : g —> g is defined by 

Rx := X+ — X- , 

for all x £ g. As in the case of the involutivity theorem, we assume that g is a 
quadratic Lie algebra, with bilinear form (•!•). The Lie-Poisson bracket {•, ■ } A , on 
g can then also be written as 

{F, G} r (x) = (x | [(V X F) + , (V,G)J ) - (* | [(V X F)_, (V,G)_]) . 

Non-degeneracy of (• | •) implies that g admits another (vector space) direct sum 
decomposition, namely as g = g+© gf where g ( (respectively g 1 ) is the orthogonal 
complement (with respect to (• | •)) of g + (respectively g_). 

The Adler-Kostant-Symes theorem (AKS theorem), which we formulate and 
prove next, yields functions in involution on certain translates of gf (items (l)-(3) 
below) and the explicit integration of their Hamiltonian vector fields (item (4)). 

Theorem 12.8 (AKS theorem). Suppose that g = g+ © g- is a Lie algebra split¬ 
ting, with associated R-matrix R, and that (• | •) is an Ad-invariant non-degenerate 
symmetric bilinear form on g. Let F and H be Ad-invariant functions on g and 
suppose that e £ g satisfies 

[e,g + ]cg|, [e,g-]cgi. (12.11) 

The restrictions ofF and H to £ + gf are denoted by F t and H v . 

(1) The affine subspace £ + gi of g is a Poisson submanifold of (g, {•,-} R ); the 
restricted Poisson structure on £ + gi will be denoted by {•, -} e ; 

(2) {F e ,H e } e = 0; 
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(3) The Hamiltonian vector field ofH e with respect to {•, -} £ is given by 
%H £ (y) = - l -\y,R(VyH)} = ±[y,(V,77) T ] , 


where y G £ + gi; 

(4) Let G be a Lie group, whose Lie algebra is g, and let G + and G denote the 
Lie subgroups of G, corresponding to g + , respectively g_. For xq G g and for 
|?| small, let g + (t) andg-(t) denote the smooth curves in G+ respectively G- 
which solve the factorization problem 1 

exp(-tV Xo H) =g + (t)~ 1 g-(t) , g±{0) = e. (12.12) 

Then the integral curve of 3 Lh '■= {• ,7/}^, which starts at xq G g (or in par¬ 
ticular of 3k~H e > starting at xq G e + g£), is given, for |f| small, by 

x{t) = Ad ?+(r) xo = Adg_( f) x 0 . (12.13) 

Proof. We first show that e +g£ is a Poisson submanifold of (g, {•,-} R ). Let x G g ( 
and let H be a function, defined in a neighborhood of e +x in g. We need to show that 
(St,~ h) £+x G T e [ A g ~ g 1 . Let F be an arbitrary function, defined on a neighborhood 
of e +x in g, which is constant on e + g_. Then V e+X F G g- since 

(V e+ xT’|y) = ^ F(e+x + ty) = 0, 

at |r=0 

for all y G g_. It follows from ad-invariance of (• | •) and from the assumptions (12.11) 
on e that 

{3L H ) e+x [F} ={F,H} r { E +x) 

= (e +x\ [(V £+x F) + ,(y e+x H) + ] - [(y e+x F)_,(W e+x H)_]) 

= (x\ [(V e+x F) + ,(V e+x H) + ])-(x | [(V e+ ,F)_,(V e+ ,ff)_]) . 

Both of the above terms are equal to zero: the first one because V e+x F G g- and 
the second one because x G g_, combined with the fact that g is a Lie subalge¬ 
bra (of g). This proves that all Hamiltonian vector fields ::lFn are tangent to fH g 1 , 
hence that e + gi is a Poisson submanifold of (g, {•,-} R ), which is the content of (7). 
Since (e + g_, {•,-} e ) is a Poisson submanifold of (g, {-,-} K ), the involutivity of 
two Ad-invariant functions F and H on g (Theorem 12.7) implies the involutivity 
of F e and H E on £ + g 1 , which proves (2); similarly, the first equality in (3) fol¬ 
lows from (1) and from the involutivity theorem (Theorem 12.7), while the second 
equality is a direct consequence of the obvious formulas 

R (S7 X H) = (V,77)+ - (V X H).. = 2(V,77)+ - V X H = V X H - 2(V,77)_ . 

1 For g in a neighborhood of the identity e 6 G, the factorization g = g+g-, with g± 6 G± exists 
and is unique. 
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We now turn to (4), the integral curves of We first show that Ad^ + ( r jXo = 
Ad^_(,)Xo (the second equality in (12.13)). Since Ad is a group homomorphism, the 
factorization (12.12) implies that 


Adexp(— tV XQ H) x 0 Ad,, ( (,) i Adj, (/).ro , 

for all A'o € 0- We have for every x £ g that 

^Ad eX p(\ ; V A - (| //) A) (xo\ 

= ^o| exp^adv X0 ff)^ 

= (*01 x) + 1 (xo I [Vx 0 H, ★]) 
= (xo | x) +1 ([x 0 , W Xo H] | *) 
= (*o|*> , 


where the value of * (which depends on t) is irrelevant, in view of the Ad-invariance 
of H and (■ | ■). This shows that Ad exp (_,v Vfl /y)Xo = vo, and hence that Ad g+ ( f ) jco = 
Ad ? f; j xq . 

We now show thatx(r) := Ad g+ (,)Xo is (for small |f|) a solution to (12.10), which 
amounts to proving that 



g+(t) x o 


x(t), (V x (t) H ) + 


(12.14) 


In order to simplify the proof (mainly the notation), we will assume that G is a linear 
group, so that Ad is just given by conjugation and we will write g±(t) for 
Then the left-hand side of (12.14) is given by [g+(f)g+(t) _1 ,.x(f)], so it suffices to 
show that 

g+Ws+or 1 = (y X ( t ) H )+ ■ 

Differentiating the identity g+(t) exp (—tV XQ H) = g-(t) with respect to t and multi¬ 
plying both sides of the result by g _ (f) , we get 

S+i^g+ity 1 ~g-(t) (V X0 H) = g_(t)g.(t)~ l . 


Taking the + part of both sides of this equation, we find 

g+{t)g+{t)~' = (g-(t)(V X0 H)g-(t)~ l ) + = (V x{t) H) + , 
where we have used Ad-invariance of H and of (• | •) in the last step. □ 
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12.3 The Liouville Theorem and the Action-Angle Theorem 

In this section, we formulate and prove two basic theorems in the theory of inte- 
grable systems: the Liouville theorem and the action-angle theorem. Classically, 
these theorems are considered for Liouville integrable systems on symplectic man¬ 
ifolds; we consider these theorems here in the more natural context of Poisson 
manifolds. We follow [3] in Section 12.3.1 and [120] in Sections 12.3.2 to 12.3.4. 
Throughout the section, all manifolds are real and & (M) stands for the algebra of 
smooth functions on the (real) manifold M. 


12.3.1 Liouville Integrable Systems and Liouville’s Theorem 

We first give the definition of a Liouville integrable system on a real Poisson mani¬ 
fold. 

Definition 12.9. Let (M, n) be a real Poisson manifold of rank 2 r and of dimen¬ 
sion d. Let F = (F\..... F s ) be an .v-tuplc of smooth functions on M and suppose 
that 

(1) F is independent; 

(2) F is in involution; 

(3) r + s = d. 

Then (M,n, F) is called a Liouville integrable system of dimension d and rank 2r. 
Viewed as a map, F : M — > K'' is called the momentum map of (M, tt,F). 

Suppose that (M,n, F) is a Liouville integrable system, where (M. n) is a Poisson 
manifold of rank 2 r. We recall that Mr r) denotes the open subset of M where the rank 
of n is equal to 2 r, and V/p denotes the dense open subset of M, which consists of 
all points of M where the differentials of the elements of F are linearly independent. 
We consider on the non-empty open subset of M two (regular) foliations: 

(1) The Hamiltonian vector fields 3Tp x ,..., 2£f s define, according to Proposi¬ 

tions 12.2 and 12.3, on the non-empty open subset "//\: n M ir) of M an inte¬ 
grable distribution Ffi of rank r. The integral manifolds of are the leaves 
of a foliation, which we denote by the leaf of passing through 
m G is denoted by and is called the invariant manifold of F, 

through m; 

(2) Since, by definition, the restriction F of F to V/p D Mp.j is a submersion, its 
fibers define a foliation on ( %fer\Mr r ), which is denoted by ■'¥. Thus, the leaves 
of & are the connected components of the fibers of the map 

F = (F 1 ,..,F s ):%nM (r) Ar. 

We show in the following proposition that both foliations JF and & coincide, lead¬ 
ing to a description of the invariant manifolds of F. 
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Proposition 12.10. Let (M. n.V) be a Liouville integrable system and let fF and ■'Z 
denote the foliations, defined above. 

(1) The foliations L? and LP coincide; 

(2) For m £ the invariant manifold fZ m of F is the connected compo¬ 

nent of the fiber of F which contains m. In particular, is an (embedded) 
submanifold ofM. 

Proof. We prove item (If item (2) is an immediate consequence of it. Since all 
leaves of & and of ■f' are r-dimensional (and are, by definition, connected), it suf¬ 
fices to show for every m £ f/y n M< r \ the following inclusion of tangent spaces: 
T m .^ C T m .'F. According to Proposition 12.2, the fact that F\,... ,F S are pairwise 
in involution implies that each of the Hamiltonian vector fields ,..., 3tfi s , at m, 
belong to . Since T m ;LF is spanned by these vector fields, the required inclusion 
follows. □ 

We now come to the Liouville theorem for Liouville integrable systems on Poisson 
manifolds. 

Theorem 12.11 (Liouville’s theorem). Let ( M , n. F) be a Liouville integrable sys¬ 
tem of dimension d and rank 2r. For m £ f/y let fF m denote the invariant 

manifold of F = (F\,... ,F S ) which passes through m. 

(1) If&m is compact, then there exists a dijfeomorphism from to the torus 
T r = (R/Z) , under which the vector fields Sff ,..., 3Fp s are mapped to con¬ 
stant (i.e., translation-invariant) vector fields; 

(2) If&m is not compact, but the flow of each of the vector fields (i= 1,..., s) 

is complete on fP m , then there exists a dijfeomorphism from to a cylin¬ 
der x T ? (0 ^ < r), under which the vector fields ftfpi ore mapped to 
constant vector fields. 

Proof. We suppose that the flow </> '' of each of the integrable vector fields -f.f is 
complete on ,f' m , i.e., is defined for all t £ R. We may order the functions F t such 
that the r vector fields SLp ,..., 3Lp r are independent at m. These vector fields are 
then independent at every point of f£ m . Indeed, since the vector fields 5Lp i pairwise 
commute, 

^SC F . (&F 1 A • • • A = X A • • • A A • • • A = 0 , 

1 i=l 

for j= 1,..., s. It means that fZ'p A • • • A 3tfi r is conserved by the flow of each one of 
the vector fields ,..., 3Lf s . In particular, since this r -vector field is non-vanishing 
at m, it is non-vanishing on the entire invariant manifold As a consequence, 
is a leaf of the distribution, defined by the first r vector fields SCp x fZj - r , in a 
neighborhood of 

The completeness and commutativity of the vector fields IZp ,..., on 
imply that we can define an action R r x —> ,sP m by 
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Since ^ m is the integral manifold through m of the distribution defined by the first 
/• integrable vector fields, the action is transitive on ,f m and fF m becomes a homo¬ 
geneous space. The action is also locally free, because the vector fields -HLp are 
independent at every point of & m . Therefore the stabilizer is a discrete subgroup 
H m of K r and & m is diffeomorphic to W/H m . If is compact, then H m must be a 
lattice, so W/H m is a torus, smoothly embedded into M. Otherwise H m is a discrete 
subgroup whose rank q is at most r — 1 and W/H m is isomorphic to x TL By 
construction, the vector fields are mapped to translation-invariant vector fields 
in both cases. □ 

For what follows, we will be uniquely interested in the case in which m is 
compact. Then fF m is a torus; we call such a torus a standard Liouville torus. 


12.3.2 Foliation by Standard Liouville Tori 

We show in this section that, in some neighborhood of a standard Liouville torus, 
the invariant manifolds of a Liouville integrable system (M,n, F) of dimension d 
and rank 2r form a trivial torus fibration over an open ball B dr . 

Proposition 12.12. Suppose that LF m is a standard Liouville torus of a Liouville in¬ 
tegrable system (M,n, F) of dimension d and rank 2r. There exists an open sub¬ 
set U C FI M( r j, containing LF m , and there exists a dijfeomorphism (f) : U —> 
T r x B d ~ r , which takes the foliation & to the foliation defined by the fibers of the 
canonical projection pg : T r x B d ~' -4 B d ~ r , leading to the following commutative 


diagram. 



Moreover, U and (j) can be chosen such that the last d — 2r components of (j) are 
Casimirs ofn, restricted to U. 

Proof. Suppose that is a standard Liouville torus. Setting s := d — r, as before, 
we first show that there exists a neighborhood U of and a diffeomorphism cj) : 
U — > f£ m x IP , which sends the foliation ■ ( P (which, according to Proposition 12.10, 
coincides with J?), restricted to U, to the foliation defined by p g on ■'¥ m x B s . The 
proof of this statement depends only on the fact that 3P m is a compact component 
of a fiber of a submersion (namely F; see Proposition 12.10). Notice that since F 
is a submersion, every point m! £ f? m = ,ST m has a neighborhood U ln i in M, which 
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is diffeomorphic to the product of a neighborhood V m i of m' in times an open 
ball B s m ,, centered at F(m') = F(m) in such a diffeomorphism (j) m i , as provided 
by the implicit function theorem, is a lifting of F, that is, it leads to the following 
commutative diagram: 

T T ^ffl^ 1 j , , , 

U m ' — — £ V m i x B m / 

PB 



Since & m is compact, it is covered by finitely many of the sets V m i, say V nl] ,.. 

Thus, if every pair of the diffeomorphisms (j) mi ,..., (j) m( agrees on the intersection 
of their domain of definition (whenever non-empty), we can define a global dif¬ 
feomorphism on a neighborhood U of whose image is the intersection of the 
concentric balls B s mi ,... ,B s m . In order to ensure that these diffeomorphisms agree, 
we need to chose them in a more specific way. This is done by choosing an arbitrary 
Riemannian metric on M. Using the exponential map, defined by the metric, we 
can identify a neighborhood of the zero section in the normal bundle of with 
a neighborhood of in M; in particular, for every in' £ there exist neighbor¬ 
hoods U„,i of m' in M and V m > of m' in with smooth maps (//„,/: U m i V m i, which 
have the important virtue that they agree on the intersection of their domains. Upon 
shrinking the open subsets U m i , if necessary, the maps <j> m i := t j/ m i x(Fi,...,F s ) are a 
choice of diffeomorphisms, defined on a neighborhood U of with the required 
properties. This leads to the diffeomorphism (j> :U —> FF m x B\ which we view as a 
diffeomorphism (j) : U —> T r x B\ using the fact that ^ m is diffeomorphic with T r , 
as stated in the Liouville theorem. 

It remains to be shown that (j) can be chosen such that its last d — 2r = s—r com¬ 
ponents are Casimirs. To do this, we consider on U the integrable distribution 
defined by all Hamiltonian vector fields on U; it has rank 2r and its leaves are the 
symplectic leaves of ( U,7t ). It is clear that @ C , where we recall that @ is the 
distribution defined by the Hamiltonian vector fields ,..., 3Fr s . Consider the 
submersive map 

p B o (/) : U T x B s -f B s , 

whose fibers are by assumption the leaves of that is, the integral manifolds of 54 
(restricted to U), so that the kernel of the tangent map T (pn o 0) i s precisely 54. The 
image of S>' by T(p n o <j)) i s therefore a (smooth) distribution 54" of rank r on B\ 
which is integrable, since is integrable. The foliation defined by the integral 
manifolds of Q>" is, in the neighborhood of the point pg((j>(m )), defined by s— r = 
d — 2 r independent functions .... lr Pulling them back to M, we get functions 
Zi ,..., Zd- 2 r on a neighborhood V Cl U of which are Casimir functions, because 
they are constant on the leaves of 54', which are the symplectic leaves of (U. n). 
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Since they have independent differentials on U, they can be chosen as d — 2r of the 
last d — r components of (!), upon shrinking B s into a smaller ball, if needed. □ 


12.3.3 Period Normalization 

In this section, we study Liouville integrable systems of the form (T r x 
where F = pn : T r x B s —> B s is the projection on the second factor and it is a 
regular Poisson structure of rank 2 r on T r x B s . Given such a Liouville integrable 
system, there is no reason why the Hamiltonian vector fields , which are tangent 
to the fibers of F (which are tori), would be constant on these fibers, and even if they 
were constant on these fibers, they might vary from one fiber to another in the sense 
that their flow may not come from an action of the torus T r on T r x B s . We show 
in the following proposition that vector fields which satisfy the latter property can 
be constructed by taking well-chosen linear combinations of the Hamiltonian vector 
fields ,20.., with as coefficients F-basic functions, i.e., functions of the form A oF, 
where A G ,f~(B s ); equivalently, smooth functions on T r x B s which are constant on 
the fibers of F. 

Proposition 12.13. Let (T r x B s . n.V) be a Liouville integrable system, where n 
has constant rank 2 r and F = (Fj,... ,F S ) is the projection on the second compo¬ 
nent. Suppose that among the s commuting vector fields 3Lr\ ,■■■, 3L Fs , the first r 
are independent at every point of T r x B s . There exists a ball Bq C B s , concentric 
with B s , and there exist F -basic functions A/ G ^(B s f), such that the vector fields 
Y\ _, Y r . defined by 

^:=IA l& Fj , 

j= i 

are the fundamental vector fields of a torus action of T r on T r x Bq. 

Proof. The fibers of F = (F\,...,F S ) are compact, so for i = 1,..., r, the flow &j-P 
of the Hamiltonian vector field 3L Fi is complete and we can define a map, 

0 : W x (TT x B s ) -a TT x B s 

((/i — m) h> <X >^ f o • • • o 0,' ] (; m ) . 

Since the vector fields Stf Fi are pairwise commuting, the flows pairwise com¬ 
mute and 0 is an action of K' on T r x B s . Since the vector fields 3L Fr are 

independent at all points of T' x B s , the fibers of F, which are /--dimensional tori, 
are the orbits of the action. For c G B s , let A c denote the lattice of W, which is the 
isotropy group of every point in F ‘(c): it is the period lattice of the action 0, re¬ 
stricted to F _1 (c). In order to simplify the notation, we assume that B s is centered 
at o. 

Let m 0 be an arbitrary point of F _1 (o) and choose a basis (Ai(o),... ,A, (o)) of 
the lattice A a . For a fixed i, with 1 ^ i ^ r, for m in a neighborhood of m 0 in T r x B s 
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and for Li in a neighborhood of A,-(o) in R r , consider the equation 0(Lj,m) = m. 
Since F(0(Lj.m)) = F (m) for all Li and m, it is meaningful to write — 

m and solving the equation 0(L,,m) = m locally for L, amounts to applying the 
implicit function theorem to the map 

IT x (T x B s ) -—-> T x B s -> T . 


Since the action is locally free, the Jacobian condition is satisfied and we get by 
solving for L,- around A,(o) a smooth Revalued function A,■(/«), defined for m in 
a neighborhood Wj of m 0 . Doing this for i = 1 ,.. ,,r and setting W := njl , Wj, we 
have that W is a neighborhood of m 0 , and on W we have functions Ai(7«), ..., A r (m), 
with the property that <J>(A j(m),m) = m for all m £ W and for all 1 ^ i ^ r. Thus, 
Ai(m),...,A r (m) belong to the lattice Ap( m j for all m £ W and they form a basis 
when m = m 0 ; by continuity, they form a basis of for all m £ W. 

The functions A, can be extended to a neighborhood of the torus F 1 (o). In 
fact, the functions A, are F-basic, hence extend uniquely to F-basic functions on 
F^ 1 (F(VT)). We will use in the sequel the same notation Afor these extensions and 
we write F _1 (F(VF)) simply as W. Using these functions, we define the following 
smooth map: 

0 : RAH W 




(=i 



(12.15) 


Since the functions A, are F-basic, the fact that 0 is an action implies that 0 is an 
action. This action has the extra feature that the stabilizer of every point in W is Z r . 
Thus, <i> induces an action of T'’ on W, which we still denote by 0. By shrinking W, 
if necessary, we may assume that W is of the form F 1 ( B^ ), where B' (} is an open 
ball, concentric with B s , and contained in it. Thus we have a torus action 


0 : 


T'xff 






Looking at the action on a single point m £ W, it is clear that the fundamental 
vector fields of 0 are expressible as linear combinations of the Flamiltonian vector 
fields &Fi, with F-basic functions as coefficients. □ 


12.3.4 The Existence of Action-Angle Coordinates 

We formulate and prove in this section the action-angle theorem. The following 
lemma plays a key role in the proof. 
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Lemma 12.14. Let M be a manifold, equipped with a vector field "F and a bivector 
field P. Suppose that f' is complete and that each one of its integral curves has 
period 1. If J£yP = 0, then f£yP = 0. 

Proof. Let Q be the bivector field on M, defined by Q := ,I£f P. We pick an arbitrary 
point m and we show that Q m = 0. Denoting the flow of "V by <J> f , we have for all t 
that 


^ )* P<t>- t (m)) — if&t)*(-%’i / P)<I>_ t {m) — i ( I } t)*Q<t>_ l (m) — Qm j (12.16) 

where we used in the last step that the bivector field Q satisfies L/fi-Q = 0. By inte¬ 
grating (12.16), 

{ ( &t)*P@_,(m) = Pm tQ, r . . 

Evaluated at t = 1 this yields Q m = 0, since i = <f> i = 1m, as f' has period 1. 
□ 


Theorem 12.15 (Action-angle theorem). Let [M,n, F) be a Liouville integrable 
system, where ( M , n ) is a Poisson manifold of dimension d and rank 2r. Sup¬ 
pose that is a standard Liouville torus, where m £ Then there ex¬ 

ist R-valued smooth functions (p \,..., Pd-r) and 'S./X-valued smooth functions 
(01,..., 0, ), defined in a neighborhood U of & m , such that 

(1) The map, defined by ,Pd-r )> is a dijfeomorphism between U 

and TT x B d ~ r ; 

(2) The Poisson structure n can be written in terms of these coordinates as 


i= 1 


_d_ _d_ 

ddj A dpi ’ 


in particular the functions p r +\, ■ ■ ■ ,Pd-r are Casimirs of n (restricted to U); 

(3) The leaves of the surjective submersion F = (Fi,..., Fd- r ) are given by the 
projection onto the second component T r x B d ~ r , in particular, the functions 
/-|..... Fd~ r depend on the functions p\,, Pd~ r only. 

The functions 9\,...,0 r are called angle coordinates, the functions pi,...,p r are 
called action coordinates and the remaining functions p r +\ ■ ■ ■ ■ ,Pd-r are called 
transverse coordinates. 

Proof. We denote s:=d — r, as before. The hypotheses imply, according to Proposi¬ 
tion 12.12 that we can assume that (M, tt,F) is of the form (T r x B s ,n,ps), where B s 
is a ball, centered at the origin of ML We do this, but we still write F for pb, denoting 
its components as (/i,... ,fr,Zi, ■ ■ ■,Z s -r), since according to the latter proposition, 
the last components of F can be assumed to be Casimir functions. According to 
Proposition 12.13 there exist F-basic functions A/ £ &(T r x IP), such that the r 
vector fields 

^:=I HX Sj% 

7=1 


(12.17) 
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where i = 1,..., r, are the fundamental vector fields of an action of T r on T r x B s . 

We first prove that these vector fields are Poisson vector fields, i.e., that = 
[Yi,n] s = 0 for i = 1,. .. ,r. Since each "Fj has period 1 and is complete, it suffices 
to show, according to Lemma 12.14, that = [F, [F, n\\ = 0, for i = 1 .... r. 

Since each of the coefficients A/ which appear in (12.17) is an F-basic function, 
it suffices to show that if F,F',G and G 1 are F-basic functions on T r x B\ then 
[F^~q,[F'^qi 1 7t] s ] s = 0. In fact, Hamiltonian vector fields leave n invariant, F- 
basic functions are in involution and their Hamiltonian vector fields commute, so 
that the graded Leibniz identity for the Schouten bracket yields 

[F&g, [F'&c>,*]s]s = 

= F \3T g , 3F f , A X g \ s + X G [F %f< A X G \ S = 0 , 


as was to be shown. 

We proceed to construct the action coordinates: we show that the Poisson vector 
fields A) are actually Hamiltonian vector fields (upon shrinking B r , if necessary), 
where the Hamiltonians can be taken as F-basic functions; these Hamiltonians will 
yield the action coordinates. According to Theorem 1.28, we can construct on a 
neighborhood U' of m in T x B s functions gi,...,g r such that 


(/!,•••, fr ; gl j * ■ •; gr ) Zl ; * * *) Zs— r ) 


is a system of coordinates on U', in which the Poisson structure takes the form 


n = 


r 


1 


d_ d_ 

dfi A dgi ' 


In what follows, we make no notational distinction between the F-basic functions 
■, Zs—r-, A/, considered as functions on F (U 1 ) C B\ and the functions 
fi,... ,f r , zi ,-.. ,Zi_ r ,A/ themselves, defined on U'. With this notation, the vector 
fields and F can be written as 


r 31 t 

V ~ h k ' 


and = 

7=1 7=1 0g j 


Expressing that % is a Poisson vector field, [Vi, 7r] s = 0, then takes the explicit form 


- S 




^ ^A/ d d n 

~ S 3„. A 3„. 


jji\ L ' d 8.i dfk jf=\ df k dgj dg k 

which is rewritten in terms of the Hamiltonian vector fields 3Ff. as 
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Since the vector fields 3£f r are linearly independent at all points of U' , all 

coefficients of (12.18) vanish and we get, for every i,j,k£ {1,... , r}: 


dXj _dXf 
dfk dfj ' 


(12.19) 


As in the proof of the classical Poincare lemma, the smooth functions p\,...,p r 
on F(t/'), defined by 


Pi =Pi{fu ■■■,&) 



X/{tfu---,tfr,Zl,...,Zs-r)fjdt 


( 12 . 20 ) 


satisfy 

V = , (12.21) 

d fj 

for all 1 ^ i,j <C r. As above, we view these functions as functions on U'. They are 
Hamiltonians of the vector fields Y, because 

&vi=i x fi =x v x h=* • < 12 - 22 ) 

j= i aj i ;=i 


This shows that each one of the vector fields Yi is a Hamiltonian vector field on U'. 
Since the functions pi and Zj are F-basic, each admits a unique extension to an 
F-basic function on F(F _1 ({/')), a neighborhood of .Y m which we call U' in the 
sequel. On U' , we still have Y = 3Y pi . 


We proceed to the construction of the angle coordinates. In view of Theo¬ 
rem 1.28, there exist on a neighborhood U" C U' of m in T r x B\ smooth functions 
01 ,..., 6, such that 


r 


7=1 


d d 
— A— . 
ddj d Pj 


(12.23) 


On U", 2t~ Pj = -jq- , for / = 1..... r; since each of these vector fields has period 1, it 
is natural to view the functions 0i,..., 0,- as R/Z-valued functions, which we will do 
without changing the notation. Notice that the functions 0i,..., 0, are independent 
and pairwise in involution on U", as a trivial consequence of (12.23). In particular, 
01,..., 9 r ,p i,... ,p s define local coordinates on U". In these coordinates, the action 
of T r is given by 


(0u...,9r,Pu---,Ps) = (01 +t U ...,G r + t r ,PU---,Ps) , 


(12.24) 


so that the functions 0, uniquely extend to smooth M/Z-valued functions satisfy¬ 
ing (12.24), on U := F~ ! (F(t/")), which is an open neighborhood of in M\ the 
extended functions are still denoted by 0,-. It is clear that { 0,. p j } = 5,- y on U, for 
all i. j = 1,..., r. Combined with the Jacobi identity, this leads to 
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which shows that the Poisson brackets {di,6j} are invariant under the T-action; 
but the latter vanish on U" , hence these brackets vanish at every point of U. We 
may conclude that on U , the functions (0\,.... 0,-.p \,.. .,p s ) have independent dif¬ 
ferentials, so they define a diffeomorphism to T r x B s where B s is a (small) ball 
with center 0, and that the Poisson structure takes in terms of these coordinates the 
canonical form (12.23), as required. □ 

In terms of action-angle coordinates, the Hamiltonian vector fields 3Fp take a 
particularly simple form. In fact, since the functions F t depend on the coordinates pi 
only, the equations of motion, associated to the Hamiltonian F t are given by 



j= 1 


j= 1 


k= 1,... ,s — 2r , 


where Cj depends on the p and z coordinates only. Integrating the first and third 
equations, we find that all pj and Zk are constant (which is not surprising since the 
Fj are constants of motion and the Zk are Casimirs), so that the Cj are constant, 
which yields upon using the second equation that the angle coordinates evolve lin¬ 
early, 6j(t) = Cjt, for j = 1,... ,r. Thus, action-angle coordinates not only exhibit 
an integrable system locally as a Hamiltonian system with linear flow(s) on a family 
of tori, they are also the coordinates in which the equations of motion take their 
simplest possible form. 

The action-angle theorem admits a natural generalization to the case of non- 
commutative integrable systems (see [120]). The classical examples of Liouville 
integrable systems can be found in [204]. For a modern treatment of Liouville inte- 
grability, including recently discovered examples, we refer to [3, 164], 


12.4 Notes 


The term “integrable system” appears in a large variety of mathematical and physi¬ 
cal contexts, referring often more to phenomena than to a precise general definition. 
The notion of a Liouville integrable system, detailed in this chapter, is a notable 
exception. Liouville’s observation that “Liouville integrable systems” can be solved 
by quadratures has been a main impulse to the development of Poisson geometry, 
for a long time restricted to symplectic geometry (the geometry of the phase space 
of a mechanical system). For an excellent account of what was classically known 
about integrable systems, the reader should consult Whittaker [204]. The books by 
Abraham-Marsden [1], Arnold [15] and Libermann-Marle [125] are all devoted 
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partly to integrability in classical mechanics, in the setting of symplectic manifolds, 
although Lie groups and Lie algebras are present throughout these books, just as 
Poisson brackets are. See also the book by Kosmann-Schwarzbach [114], which 
focuses on the Noether theorems, with special emphasis on their historical develop¬ 
ments, as well as on their influence in mathematics and physics. 

Shortly before 1970, the remarkable discovery was made that the Korteweg-de 
Vries equation can be solved by the inverse spectral method, has an infinite num¬ 
ber of constant of motion, has a (in fact many) Hamiltonian structure(s) and can be 
described as an isospectral flow of a Sturm-Liouville operator (as a Lax equation). 
It has very much revived the interest in integrable systems, in particular in Liou- 
ville integrable systems, on which the newly discovered infinite-dimensional tools 
(inverse spectral method. Lax equations, recursion operators), were successfully ap¬ 
plied, thereby shedding a new light on some classical results, leading to the solution 
of some classical problems and to the discovery of some new integrable systems. 
See the books by Perelomov [164] and Fomenko [78], which together cover a large 
spectrum of examples and phenomena. From the Poisson point of view, the im¬ 
portant observation by Adler that the Poisson structure of the Korteweg-de Vries 
equation comes from a Lie algebra splitting led to the notion of an /^-bracket, which 
in turn was at the basis of a better understanding of the symmetries of quantum sys¬ 
tems, culminating in the discovery of quantum groups, see Faddeev-Takhtajan [72] 
and Chari-Pressley [40], 

The presence of algebraic geometry in integrable systems, already present in 
the classical works of Euler, Jacobi, Painleve and Kowalevskaya, was reaffirmed 
by Its-Matveev, who showed that the theta functions of hyperelliptic curves lead 
to solutions of the Korteweg-de Vries equation, and by Adler-van Moerbeke, who 
showed upon building upon Kowalevskaya’s intuition that basically all classical ex¬ 
amples of integrable systems are algebraically integrable, see Adler-van Moerbeke- 
Vanhaecke [3, 196]. The underlying Lie and Poisson geometry of these systems is 
always very rich, but often only partly understood. 



Chapter 13 

Deformation Quantization 


In this chapter we present a second application of Poisson structures: the theory of 
deformations of commutative associative algebras, also called deformation quanti¬ 
zation. Geometric quantization and deformation quantization are two approaches to 
the process of forming a quantum mechanical system from a given classical sys¬ 
tem. Both are based on Dirac’s observation that the natural quantization rules for 
Euclidean-invariant systems yield for the simplest variables (position and momen¬ 
tum) differential operators which obey commutation relations analogous to the Pois¬ 
son bracket for the corresponding classical variables. We will only discuss deforma¬ 
tion quantization here, which consists of considering for a given Poisson manifold 
(M, {•, •}) all associative products * on the vector space C°°(M)[[v]], which are of 
the form: 

F*G = FG + - {F,G}v +C(F,G)v 2 H- 

Kontsevich’s formality theorem implies that for every Poisson manifold, such a de¬ 
formation quantization exists. 

The problem of describing for a given commutative associative algebra (£/,-) 
all associative structures on ^[[v]], which deform the product is also interesting 
from the mathematical point of view. Since even in this more general context, any 
such deformation makes a Poisson bracket appear on (,£/,•), the question is most 
naturally asked when this Poisson bracket is fixed in advance, i.e., when (.ft/, •. {■, •}) 
is a Poisson algebra. As we will see, the problem of describing all Poisson brackets 
on (<c/[[v]] , •) which deform the Poisson bracket {•, •} is related to the deformation 
quantization problem. 

Formal deformations of associative products and of Poisson structures are intro¬ 
duced in Sections 13.1 and 13.2. Section 13.3 is devoted to the basics on differential 
graded Lie algebras, while the more advanced theory of L^-morphisms of differ¬ 
ential graded Lie algebras is discussed in Section 13.4. Combined, these sections 
provide the material which allows the reader to understand and appreciate Kontse¬ 
vich’s formality theorem, which is stated, together with some of its consequences, 
in the final Section 13.5. 

Unless stated otherwise, F is an arbitrary field of characteristic zero. 
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DOI 10.1007/978-3-642-31090-4.13, © Springer-Verlag Berlin Heidelberg 2013 


353 


354 


13 Deformation Quantization 


13.1 Deformations of Associative Products 

In this section, we introduce the notion of a formal deformation and of a Ar-th order 
deformation of a commutative associative algebra and we show how these defor¬ 
mations are related to Hochschild cohomology. We pick an indeterminate v and we 
denote by F v the ring F[[v]] of formal power series in v with coefficients in F. 


13.1.1 Formal and k-th Order Deformations 

Let si be a commutative associative algebra over F with unit. The product on si will 
be denoted in its functional form by /i, or by a simple juxtaposition of the factors, 
so we write FG for fx (F. G) for all F, G £ si. Associated to si, we consider the F v - 
algebra jz^[[v]] of formal power series in v, with coefficients in si ; we also denote 
this algebra by si v . Thus, an element of si v is a formal power series 
where all F) £ si. The product which si v inherits from si by “extension of scalars”, 
as in Section 2.4.1, is given by 


[I ■ (1 GjV J ) := X FiGj v i+i , (13.1) 

\ieN / \je® J i.je N 

which is well-defined, since for every k £ N, the coefficient of V k in the right-hand 
side of (13.1) is a finite sum. This product is associative, F v -bilinear and reduces to 
the original product jx on si when setting v = 0. It is therefore a formal deformation 
of jX in the sense of the following definition. 

Definition 13.1. Let (si,fx) be a commutative associative algebra. An F v -bilinear 
map jU* : si v x si v —> si v is called a formal deformation of fx if /i* is associative 
and jit* = j u (mod v), i.e., if jU* (F, G) — H (F, G) £ vsi v for all F,G £ si. 

The question which we will address later in this chapter is the construction of all 
formal deformations of a commutative associative product /i. The above deforma¬ 
tion (13.1), which is commutative, is a particular example, in fact a rather trivial 
one. We stress that the formal deformations which we consider, are not required to 
be commutative. 

The notion of equivalence of deformations of a given commutative associative 
product jJ is given in the following definition. 

Definition 13.2. Let ( si,/x) be a commutative associative algebra and let /i* and /r( 
be two formal deformations of jx. Then /i. and ix[ are said to be equivalent if there 
exists an F v -linear map & : si v —> si v , such that 

(1) 0(F) = F (mod v), for all F £ si; 

(2) 0(jX*(F,G)) = ju((0(F),0(G)), for all F.G £ si. 

The map 0 is then called an equivalence of formal deformations. 


13.1 Deformations of Associative Products 


355 


Condition (1) in the above definition implies that the map <J> is invertible, so the 
notion of equivalence of formal deformations defines an equivalence relation on the 
set of all formal deformations of a product jd. Also, if /i* is a formal deformation 
of ,u and 0 : x/ v —» s/ v is an F v -linear map such that 0(F) = F (mod v), for 
every F £ si/, then the map /. f' : si/ v x s/ v —» s / v , defined for F, G £ s/ v by 

^(F,G):=0(^(0~ l (F),0~\G))) , 

is a formal deformation of fl , equivalent to fl,. 

Remark 13.3. A formal deformation fl, of /i can be seen as an element of Homf.ft/ x 
J 2 ^,^/)[[v]], because there is for every ieN*anatural isomorphism of F v -modules 

Homp(s/ k ,si/)[[v}] ~ Hompv ^(g/ v ) k . 

We show this in the case of k = 1, the case of arbitrary k being only notationally 
more complicated. Suppose that 0 : s// v —\ g/ v is an F v -linear map. For F £ si/, 
we can write 0(F) in a unique way as 

0(F) = 0 o (F) + 0 l (F)v + --- + 0 k (F)v k + -- - , (13.2) 

where every 0j(F) belongs to ,v/ . It follows that we can associate to every ele¬ 
ment 0 of Hom]fv (s/ v ,si/ v ) a sequence of linear maps from s/ to si/, that 

is, an element of Homf '(&/,£/)[[v]]. Conversely, given such a sequence of F-linear 
maps (0j)ieN, the map 0, defined by (13.2), extends in a unique way to anF v -linear 
map. By a slight abuse of notation, we keep the notation for the F v -linear exten¬ 
sions of the maps <f>, to s/ v , which has the effect that (13.2) remains valid when F 
belongs to s/ v . 

Formal deformations are often constructed term by term, which is done rigor¬ 
ously by considering k-th order deformations. For k £ N, we consider the ring 
Fjjf := F v /(v t+1 ). Elements of this ring can be represented by polynomials in v 
of degree at most k and the product in this ring is the ordinary multiplication of 
polynomials, followed by stripping off the terms whose degree is higher than k. 
Starting from a commutative associative algebra si/, we consider similarly 

<:=^7<v* +1 >, 

which we can view as an F v -algebra, or as an F^-algebra. We have that s/^ ~ si/, 
in a natural way; these algebras will be identified in the sequel. Notice also that in 
Remark 13.3, one can replace F v by FJ and s/ v by s/Z^'. 

Definition 13.4. Let (si/,jl) be a commutative associative algebra. For k £ N, an 
F^-bilinear map jl^ : s/^ x s/J! —> si /^, 

jU(jt) =ldo + ldiV + ---+ld k V k , 


(13.3) 
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where each /t,- is an F-bilinear map from ■<// to itself, is called a k-th order deforma¬ 
tion of /J if jUo = and / Ioa is associative. 

Under the natural quotient maps s/ v —> g/f and g/f t —»• srff , formal deformations 
(respectively (k+ l)-th order deformations) are mapped to k-th order deformations. 
By a slight abuse of language, we say that an F v -bilinear map /i* : &/ v x srf v —> 
such that /i* = n (mod v) defines a k-th order deformation of jd if the induced 
F^-bilinear map jd(^ : srff x s/f —> srff is a /c-th order deformation of /i. Clearly, 
this is equivalent to saying that 

llfpjF,G),H) = ji*(F,ji*(G,H)) (mod v k+l ) 
for all F 1 G,Fl £ srf . 

The notion of equivalence of k-th order deformations of jd is obtained by replac¬ 
ing F v by Ff and &/ v by in Definition 13.2, which deals with the notion of 
equivalence of formal deformations. Again, an F v -linear map &/ v —»• ,e/ v which in¬ 
duces an equivalence of k-th order deformations will be said to define an equivalence 
of k-th order deformations. 

Let (srf ,jd) be a commutative associative algebra and suppose that jdn\ = jd q + 
jl ] v defines a first order deformation of jd = jdQ. For a.b. c € .o/, the coefficient 
in v in the associativity equation ji^(ji^(a,b),c) = jd {i) (a, jd^(b,c)) (mod v 2 ) 
is given by 

jl\(ab,c) + jdi(a,b)c = ajdi(b,c) + /ii (a,be) . 

It follows that 


jl l ( ab,c)+jl l (a,b)c — ajd l (b,c) — jd l (a,bc) = 0, 
where /if is the skew-symmetric part of jd\, i.e., 

Mf (a,b) := ^(jdi(a,b) ~Mi(M)) • (13-4) 

for all a,b £ ■<//. Performing a cyclic permutation of a.b.c in this equation leads to 
the following three equations. 

/if ( ab,c ) + /if (a,b)c — /if ( b,c)a — /if (a, be) = 0 , 

/if (be,a) + jlf(b,c)a — jdf (c,a)b — jdf (b,ac) = 0 , 

/if ( ac,b ) + jdf (c,a)b — jlf (a,b)c — jdf (c,ab) = 0 , 

whose alternating sum simplifies to 

/if ( ab,c ) = /if (a,c)b + jdf (b,c)a . 

It follows that if /to j is a first order deformation of jd = /to, then /if is a skew- 
symmetric biderivation of (srf ,jd). Suppose now that jd^ 2 ) = /to + /ii V + /i 2 V 2 is a 
second order deformation of jd = /do. The associativity of /f 2 , (up to v 2 ) implies 
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that the commutator 

[a,b]* '■= H*(a,b)-n+(b,a) 

= 2vj Ui(a,b) (mod v 2 ) . 

satisfies the Jacobi identity up to order v 2 , 

[[a,b] i ',c\ i '+0(a,b,c)= 0 (mod v 3 ) , 

for all a, b and c in &/. It follows that 

Mf (Mf («, b),c)+0 {a,b,c) = 0, 

for all a,b and c in ///, i.e., satisfies the Jacobi identity. In conclusion, if jttp) = 
jj .0 + /it V + /i 2 V 2 is a second order deformation of an associative algebra (,t/,/i), 
then ) is a Poisson algebra! 


13.1.2 Hochschild Cohomology 

Deformations of associative products are governed by Hochschild cohomology. In 
the present section, we introduce this cohomology and we show in the next section 
how it is related to deformation theory. Throughout this section, we fix a commuta¬ 
tive ring R. 

Let V be a module over R. For k G N*, we denote by HC A (V) := Horn (V k ,V) 
the space of all A- 1 inear maps V k —> V, while HC°(P) := V. We will define 
a bracket [•, -]g, called the Gerstenhaber bracket, on 

HC*(y):=®HC A (P), 

JfceN 

which is a graded Lie bracket, just like the Schouten bracket, after a shift of degree 
(see Section 3.3.2). Thus, we denote k:=k— 1, and we define HC A '(V) := HC A (F) 
for IsNso that HC A (P) = HC A (F). Elements of the latter space have degree k and 
shifted degree k. With respect to the shifted degree, the Gerstenhaber bracket is a 
graded Lie bracket, i.e., for all k,£ GW, 

Mg : HC a (V) x HC ? (F) -> HC k+I {V) 

and [•,-]g is graded skew-symmetric and satisfies the graded Jacobi identity (see 
Table A.2 in Appendix A). 

Explicitly, the bracket [•, -]g is defined, for <j) G HC k (V) and y/ G HC^(V), by the 
following formula, 
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[f Vlc^li-1%2+1) 

k 

■= s( - !)' V (*i. ■ • • >*/-i! V (•*<> • • ■ ,x i+ i) ,x i+ i+ 1, • • • ,x k+ e) 

i= 1 

£ 

- (-1)*'' X( - !)' V (*i, • • • 0 (•**, • • • ,%*) »*/+t+i, • 

1=1 

where x\,... , x k+ - ( , , G V. In particular, if /i G HC 2 (V), then 

[M, M ] G C*1 1 *2, *3 ) = 2/X ( Ji (it t, *2 ), X 3 ) - 2/X (xi, H (x 2 , *3 ) ) 


(13.5) 


> x e+k 


). 


for all jci,X 2 ,X 3 G V, so that /i defines an associative product on V if and only if 

[/cm] g = 0. 

Suppose now that (si,p) is an associative (not necessarily commutative) alge¬ 
bra with unit, over R. Combined with the graded Jacobi identity, the associativity 
condition [p,p) G = 0 implies that 

K ■■= - [-,/x]g ; HC 4 K) -> WC k+ \si) (13.6) 


is a coboundary operator, i.e., <5^ +1 o c) A ' =0 for every fGN. This operator is called 
the Hochschild coboundary operator and the associated complex 


> HC k ~ l (si) —> KCr(si) —>• HC a+1 (^) 


s£ +1 


-T ••• 


is called the Hochschild complex of si. The cohomology of this complex, 

:=0HH*(*O 

keN 

is called the Hochschild cohomology of si, where 

HH a (^/) : = Ker 5^ / Im 8 ^~ 1 , 

for k G N*, while HH® (si) := Ker 5^. The elements of Ker 8^ are called Hochschild 
k-cocycles and the elements of Im 1 are called Hochschild k-coboundaries. 

An explicit formula for the Hochschild coboundary operator is obtained by 
substituting p for t/r in (13.5); writing FG for p(F,G), it takes, for 0 G H C k (si), 
and /-()..... G si, the simple form 

5 a (4>)(F 0 , .. .,F k ) := F 0 <I)(F U .. .,F k ) + (-l) k+1 ^(F 0 ,... ,F k -i)F k 

k (13.7) 

+ J j (-l) l <l>(Fo,...,F i - l F i ,...,F k ). 


Since 


S°(F)(G) = GF - FG 
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for F,G G .ft/, one has that HH® (. 0 /) = Ker Sjj is the center of the associative alge¬ 
bra (^/,/f). Since moreover 

S }(< p)(F,G) = F0(G) - 0 (FG) + 0 (F)G, (13.8) 

for F. G G .ft/ and 0 G HC 1 (.ft/), the kernel of (5^ consists of linear maps 0 : .ft/ -A ,e/ 
which satisfy 

0(CG)=F0(G) + 0(F)G, 

for all F, G G .ft/, which is the non-commutative analog of the derivation property. It 
follows that the first Hochschild cohomology space associated to {sf, jd ) consists of 
the quotient of the space of all the derivations of {/// .id), by the space of all inner 
derivations of (^/,/i) (i.e., derivations of (^/,/i) of the form [F. •], for F G &/, 
where [F, G] := FG GF, for G G -ft/). In particular, if (,(/./.() is commutative, 
then HHj (.ft/) is the F-module X 1 (.ft/) of all derivations of .ft/. 


13.1.3 Deformations and Cohomology 

We now explain how the Hochschild cohomology of a commutative associative al¬ 
gebra (^/,/i) is related to the deformations of its product jd. As we already pointed 
out, a formal deformation (respectively, an Gth order deformation) defines for ev¬ 
ery IgN (respectively for every k ^ £) a F-th order deformation. Conversely, let 

G HC 2 (^/) and suppose that jd^) := ^o + A'iVH-|-/4V A defines a 

£-th order deformation of jd = /do, so that [jd^.fd^ ( . = 0 (mod v A+1 ), where 1 
[• ,-]g denotes the F v -linear extension of [•, -] G to &/ v . Let gk +1 be a bilinear map 
srf x st —> srf . The bilinear map fda+i), defined by: 

d(k+ 1) ■=g(k)+gk+iV k+1 

defines a (k + l)-th order deformation of /i, if and only if [M(g+ 1 ) ^ M(A:+i )] (: = 0 
(mod v A + 2 ). Since [g(k)Th(k)] G = 0(in^ v ), all that remains in the latter equation is 

E \dhhj] G = 0, 

i+j—k+t 
ij> 0 


which we can write in terms of the Hochschild coboundary operator (13.6), associ¬ 
ated to jd = go. as 

^(M*+t) = -[Mk+i,Mo]s = | E (i3.9) 

i+j=k +1 
h}> 1 


1 In other words, [■, -Jg denotes the Gerstenhaber bracket on the F v -module HC*(,s/ v ). 
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This means that w k \ can be extended to a deformation of p of order k + 1, if and only 
if the right-hand side of (13.9) is a 3-coboundary for the Hochschild coboundary 
operator 8y . Notice that it is a 3-cocycle, since 




/ 

I 

i+j=k +1 

V i,j> 1 


\ 

[MoM,] g 

/ 


X [mJmoM,] g ] c 

(+;=*+1 

- X ([Mi,[Mj,M] G ] G + [M;,[M,Mi] G ] G ) 

i+y=t+l 

<J >1 

2 X [Mo^(At;)] G 
i+j=fc+l 

X [/x«.[M;,M<] g ] g 

i-h/+f=fc+l 

0 , 


where we have used the graded Jacobi identity for [•, -] G to obtain the second and the 
last lines. It follows that the obstruction to extending a deformation of p of some 
order to the next order lies in the third Hochschild cohomology space HH 2 (#/). 
This statement is the content of the following proposition. 

Proposition 13.5. Let (,r/. /.() be a commutative associative algebra and suppose 
that jU(*) = Xf=o/h' /! defines a k-th order deformation of p. Then p^ can be ex¬ 
tended to a (k+ 1 )-th order deformation of p if and only if the Hochschild 3-cocycle 
fjj=\ [Pi,Pk+i-i)G is a Hochschild 3-coboundary. 

It is clear from (13.9) that the term p^ + \V k+l which makes a k-th order deformation 
of p into a (k+ l)-th order deformation of p is not unique (if it exists): one can 
always add a Hochschild 2-cocycle to , 14+1 and this is the only freedom in the choice 
of Pk i 1 ■ If this 2 -cocycle is a coboundary, then the two extended (k + l)-th order 
deformations are essentially the same, in the sense that they are equivalent (see 
Definition 13.2). More generally, we have the following proposition. 

Proposition 13.6. Let (,<// .p) be a commutative associative algebra and suppose 
that Pf^ = Xf=o Pi^' defines a k-th order deformation of p, where k £ N*. Let £ ^ k, 
where t £ N*. Let 0 \ si —> stf be an V-linear map. which we extend to an F v -linear 
map &/ v —> , still denoted by 0, and let 

p' w =Po+Piv + p 2 v 2 + --- + pe-iv e - l + (pe + 8j l ((l)))v e . (13.10) 

Then, p'^ extends to a k-th order deformation p'^ of p, which is equivalent to p^y 

Proof. Consider the F v -linear map & : si v —> &/ v , defined by 
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0-.£/ v ^£/ v 

F H> F-(j>(F)v e 

whose inverse is given by (F) = §'(F) v ' e - The F v -bilinear map jiiU, de¬ 

fined for all F, G G /// by 

»' {k )(F,G) := 0(M W (4>- 1 (F),d)- 1 (G))) 

is a A:-th order deformation of jl, which is equivalent to Up to order l, it is 
given by 


V{ e) (F,G) = 0^ {e) (F + ^(F)v e ,G + ^(G)v e )) 

= 0^ {e) (F,G) + ^(F)Gv e + F^(G)v e ) 

= n [t) (F, G) + ( 0 (F)G - 0 (FG) +FQ(G)) v e 
= ^ e) (F,G) + d^)(F,G)v e , 

where we have used (13.8) in the last step. It follows that /i'^.. = + 8^ (0) v f , as 

in (13.10). □ 

It follows from the proposition that in order to construct all possible deforma¬ 
tions of /i, up to equivalence, one only has to consider, at every step k, as many 
possibilities as there are elements in HH 2 (■<//). 


13.1.4 The Maurer-Cartan Equation 

Let , 11 , = q ,11/ V'' be an element of HC 2 (.i/ 1 '), where /lo = /l. As above, /I, is 
associative if and only if [/i*,/i*] G = 0, which is in turn equivalent to demanding 
that jit* — fi £ V HC 2 (V/ 1 ') is a solution of the following equation 

^(x) - ] 2 [x,x} g = 0 , (13.11) 

where, by a slight abuse of notation, <5 2 stands for the F v -linear extension of <5 2 
to HC 2 (£/ v ) ~ HC 2 (^/)[[v]]. For future use, we stress that we consider only so¬ 
lutions x of this equation which are formal series without constant term. Precisely, 
x e V'HC 2 (,i/ v ). In terms of the terminology of Section 13.3, equation (13.11) is 
called the Maurer-Cartan equation associated to the differential graded Lie algebra 
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13.1.5 Star Products 

As a particular case, we consider the algebra si — C°°(M) of smooth functions on 
a real manifold M, where the associative product p is the usual product of func¬ 
tions. In this case, one usually considers a particular class of formal deformations 
of p, where all Hochschild cochains are bi-differential operators, a notion which we 
define first. 

A bi-differential operator on M is a map <J> : C°°(M) x C°°(M) —> com¬ 

patible with restrictions to open subsets and such that, on every coordinate chart 
( U , (x i,..., x,} )) and for all smooth functions F. G on U, one can write: 



(13.12) 


where for r,s £ the coefficients tp r _ s are smooth functions on U, which van¬ 
ish except for a finite number of (r,s). When all coefficients 0, v are constant, 
we speak of a constant coefficient bi-differential operator. For each multi-index 
r = (n,... ,rj) £ N d , we used in (13.12) the notation 


d r F d n +- +r JF 


dx r dx\ l ■ ■ ■ dx'j 


The generalization of the definition of a bi-differential operator to a multi-differential 
operator is clear. Notice that jd is a bi-differential operator on M. 

Definition 13.7. Let M be a real manifold. 

(1) A star product on C°°(M) is a formal deformation id. = X/eN FA' 1 of the prod¬ 
uct jd of C°°(M), where each p, is a bi-differential operator on M; 

(2) Two star products /i* and /i' on C°°(M) are said to be equivalent star products 
if they are equivalent as formal deformations, via an equivalence of the form 

0 = +(j) i v -I-F <t>kV k -(-, where each one of the F-linear maps 

( pi: C°°{M) -£ C°°(M) is a differential operator; 

(3) If n is a Poisson structure on M, then (M, n) is said to admit a deformation 

quantization if there exists a star product /i* = X;eN on such that 

fd\ = Then p, is said to be a star product for (M, n). 

We also use the infix notation for a star product. Thus, we often write F * G 
instead of p* (. F, G) , for F,G £ C°° (M). 

Several authors demand that the constant power series “1” is a unit for the star 
product; this condition is not very essential, since it can be shown that every star 
product as defined above is equivalent to a star product which has “1” as its unit 
(see [39, Cor. 3.4.5]). 

The description of star products in terms of cohomology is the same as for de¬ 
formations, except that one considers as cochains only the differential Hochschild 
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cochains of C°°(M), i.e., the Hochschild cochains which are given by multi-differen¬ 
tial operators. The space of all differential Hochschild cochains of C°°(M) is denoted 
by HCj iff (M) := ® (t6N HC^ iff (M). Notice that the Gerstenhaber bracket can be re¬ 
stricted to such cochains because the Gerstenhaber bracket of two multi-differential 
operators is a multi-differential operator. 


13.1.6 A Star Product for Constant Poisson Structures 

In this section we consider the case of a constant Poisson structure n on a finite- 
dimensional vector space V. We describe the Moyal-Weyl product, which is an 
explicit star product for (V, n). 

In order to describe the Moyal-Weyl product, we first show how a constant 
Poisson structure leads naturally to an endomorphism of i^V) 0 J^(V), where 
J^(V) :=C°°(V). Given two endomorphisms 16 and 16 of j^(P), an endomorphism 
Cl 0 Ci of ^F(V)®JC(V) is defined by letting 


{Ci®C 2 )(F®G):=Ci(F)®Ci(G) > 


for all P,G6 &(y). Given endomorphisms Ci ,..., C {,..., C£ of &(V) leads by 
linear extension to an endomorphism \ Ci®C t ' of &(y) 0 & (V). In particular, 
given a constant Poisson structure on V, which we write as n = Xf_i C A C(, with 
Cl ,..., Cf ..., C! constant vector fields on V , the previous construction yields 
an endomorphism of & (V) 0 ,C(V), which we also denote n. We can then write 


n[F,G]=p(7t(F®G)), 


(13.13) 


where p denotes the linear map p : JC(V) ® LF(V) —> JC(V), which simply sends 
F 0 G to the product FG, for functions F,G £ ;C(V). The interest of writing the 
Poisson structure, and the other differential operators which will come up in the con¬ 
struction, as in the right-hand side of (13.13) is that although n cannot be reapplied 
to 7l[F, G], it can be reapplied to n{F 0 G). It allows us to define, for F, G £ &(Y) 
(or, by v-linearity, for F,G£ C(V) V ) the following formal power series: 


e™/ 2 (F®G):=F®G+ £ ^n\F®G). 


(13.14) 


Proposition 13.8. Let n be a constant Poisson structure on a finite-dimensional vec¬ 
tor space V and let p denote the linear map p : J^’(V) v ® JF(V) V —\ ^C(V) V , defined 
by p(F 0 G) := FG, for all F,G £ ^C(V) V . The bilinear map LP(V) V x JC(V) v —> 
JF(V) V , defined by 



(13.15) 


is a star product for (V, n). 
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Proof. We first prove that * is associative: for all F,G,H £ /S(V), we show that 
F*(G-kH) = (F*G)*H. This can be done by direct computation, upon using 
the classical trick of representing a bi-differential operator as a composition of two 
differential operators: if d> is a bi-differential operator, which we consider here with 
constant coefficients, then there exists a differential operator <J> XV , such that 

0(F,G) = 0 xy (F(x)G(y)) ]y=x . 

Explicitly, when <J> is of the form (13.12), with all constant, then 0 XV is given by 


^xy — ^ 0/.v 


d r+s 

dx'dy s 


With this notation, we can write (13.15) as 

F*G = e v *"' 2 F(x)G(y \. 

The associativity of *■ then follows from the following computation: 

(F*G)*H = e v ^ 2 (F*G)(x)H(z) {z=x 

= e v**z/2+v7iy Z /2 e vit xr/ 2 F( X ) G (y) H (z)^ =v=x 

= e v ^ xz+ ^ z+ ^ xy ^ 2 F {x)G{y)H (z)\_ =x=x 
= F*(G*H) . 


The computation demands some extra justification. We have used in the third equal¬ 
ity that if (pi and (p 2 are commuting endomorphisms, then e^ ] +< '’ 2 = e^' e^ 2 ; this prop¬ 
erty follows at once from the definition given in (13.14). We used in the second 
equality that if Y = % is a derivation of ^(V), then 

r (V(x,y)| y=x ) = %F{x,y\ =x + 'r y F{x,y\ =x = {% + V y )F{x,y\ =x , 

which follows from the chain rule. This proves that * is associative, hence is a formal 
deformation of /.(; since for F, G £ ■^’(V ) the coefficient of v in F*G is yJi\F.G). it 
follows that * is a star product for (V, n). □ 

When the rank 2 r of the constant Poisson structure n is equal to the dimension of V, 
there exists a system of linear coordinates p r ) on V, in which the 

Poisson bracket of functions F,G £ ■’¥{V) takes the canonical form 

jfl \dqidpi dpidqij 

see Proposition 6.5 for the existence of such coordinates. For such a choice of Pois¬ 
son structure and such coordinates, the explicit formula (13.14) is referred to as the 
Moyal-Weyl product, or simply the Moyal product. 
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13.1.7 A Star Product for Symplectic Manifolds 

In this section we explain how the Moyal-Weyl product can be used to prove that 
every symplectic manifold (M, ft)) admits a star product; more precisely, the alge¬ 
bra of smooth functions on equipped with its canonical Poisson structure, 

admits a star product. The construction presented here is due to Fedosov; we refer 
to his original paper [73] for proofs and details. 

We first need to elaborate on the star product in the case of a symplectic vector 
space (the Moyal-Weyl product, explained in Section 13.1.6 above). Let (V, ft)) be 
a finite-dimensional symplectic real vector space and let n = {•, •} denote the (con¬ 
stant) Poisson structure on V which corresponds to to (see Section 6.3.1). We denote 
by &(V) the space of all formal power series in the variables that constitute a basis 
for V* and we denote by ■7' ' 1 (V) the subspace of ■J' (V), consisting of those formal 
power series whose valuation is at least j £ N. We also consider, for k £ N, 

E >k (V):= X . 

ijeN 
2 i+j^k 


It is easy to see from the explicit formula (13.15) that the Moyal-Weyl product 
on C“(V) v extends to &(V) v := ^(V)[[v]]; moreover, for all we have 

that 

E >k (V)*E >e {V) cE >k+e (V) , (13.16) 

which follows immediately from the fact that ^^^ k (V),^^(V)J C ^^ k+l ~ 2 (V), 
for all k,£ £ N*. To V we associate the associative algebra A (V), defined by 

A(V) :=E >0 (V)®A*V* , 

equipped with the associative product © given by: 

:= (F*G) ® (<[; A rj) , 

for all F,G £ E^°(V) and £, rj £ A*F*. Note that there is a decreasing sequence of 
vector spaces 

A >k (V) := E >k (V) 0 A*V* 

with A >0 (V) = A(V). Note also that A(V)/A^ k (V) is a finite-dimensional vector 
space, for each IgN, and that there is on A(V) a natural linear form Po : A(V ) — > K 
defined by mapping F © ^ to 0 if t, £ ©,>i A' V* and by mapping F © 1 to F( 0) 
for all F £ E >0 (V), where 1 stands for the unit element of the algebra A*P*, and 
where /•’(()) stands for the constant term of the formal power series F. 

We now get back to the case of a symplectic manifold (M,(o). The canonical 
Poisson structure associated to (0 is denoted by n and the algebra of smooth func¬ 
tions on M is denoted by AF(M). Each tangent space T m M to M is a symplectic 
vector space, associated to the Poisson structure n m , so that we can consider as 
above a star product on JF(T m M) v and an associative product ©„, on A(T m M). 
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We say that a section of the canonical projection \J me MA(T m M) —> M mapping each 
element to its base point is smooth if its projection on the vector bundle 


| , A(T m M) 
m Y M ^ k (T m M) 




is smooth, for every k £ N. For k £ N, the space of all smooth sections which take 
values in A^ k (T m M), for every m £ M , is denoted by si^ k (M)\ we use the shorthand 
si ( M ) for si^°{M). The product of two sections a £ si^ k (M) and b € si^ e {M) is 
the section of si'^ k+t: (M) whose value at m £ M is a{m) ® m b(m). Combined, the 
linear maps Pq :A(T m M ) — > M defined above lead to a linear map si(M) —> JP(M) V , 
which we also denote by Pq. 

Theorem 13.9. Let (M, ft)) be a symplectic manifold and let {si (M), ©) be the al¬ 
gebra constructed as above. There exists a derivation D : si (M) —> si (M) with the 
following property: for every F £ LP{M) V , there exists a unique ap £ si{M) such 
that D{of) = 0 and Pq{of) = F. 

Without going into details, we mention briefly how D is constructed, thereby 
sketching a proof of the theorem; see [73] for details. D is an operator of the follow¬ 
ing form: 

D := d v + [<B + y, •] . (13.17) 

The first term, d v , depends on the choice of a symplectic connection, i.e. a torsion- 
free connection V on TM which satisfies 


is?A(o{t,W) = <o(V ,W) + m{Y ,V Z W) , 

for arbitrary vector fields "F, 'W,33' on M. Such a symplectic connection induces 
a connection on the bundle [f meM 3F{T m M) —> M, which is strictly speaking not 
a vector bundle (because the vector spaces 3F{T m M) are infinite-dimensional), yet 
it leads to a covariant derivative, which is d v : si{M ) —> si{M). The bracket [■, •] 
in (13.17) is the Lie bracket on si(M) induced from the bracket [•, •]„, on the spaces 
A{T m M ), with m £ M, where [•, •]„, is defined by 

for all a,b £ &(T m M) and q. 1 ] £ A’T*M. Third, ft) is the symplectic struc¬ 
ture ft), viewed as an element of si{M). Finally, y £ si^ 3 (M) is a section of 
U meM ^(T m M) v <g> 7j*M, which is chosen such that D 2 = 0. Using the latter prop¬ 
erty, one proves the existence and uniqueness of «/., as stated in Theorem 13.9. 
It is clear that D is a derivation, because both the adjoint action and the covariant 
derivatives are derivations. 

Corollary 13.10. Let (M,ft)) be a symplectic manifold, let ( si{M ),©) be the al¬ 
gebra constructed above and let D be a derivation of si{M) as in Theorem 13.9. 
Denote by * the bilinear map on fF{Mf defined for all F,G £ LF{M) V by 
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F*G:=P 0 {a F ®a G ) , (13.18) 

where a F is the unique element in the kernel of D, for which Pq(ci f ) = F, and simi¬ 
larly for a G . Then * is a star product for (M, n), where n is the canonical Poisson 
structure on M, associated to (0. 

Proof. We first prove that the product, defined by (13.18), is associative. Let 
93 (M) C s^(M) be the kernel of D\ it is a subalgebra of srf(M) since D is a 
derivation. By Theorem 13.9, the assignment F i— > a F is a bijective linear map 
from J?(M) V to 93{M) with inverse map the restriction of Pq to 93 (M). It fol¬ 
lows that the product * on JF(M) V is obtained from the associative product © 
on 93{M), via a bijection, hence is associative. We prove that * is a star product 
for (. M,n ). Let F and G be smooth functions on M (in particular, they are inde¬ 
pendent of v). A closer look at the construction of a F and a G in [73] implies that 
a F = (F + d m F + Hess m F) © 1 + b F and a G = (G + d,„G + Hess,„G) ® 1 +b G for 
some b Fl b G £ g/^ 3 (M), where d m F and d„,G are viewed as linear functions on 
T m M, and Hess,,, F and Hess,,, G are viewed as quadratic functions on T m M. An 
explicit computation then yields Po(a F © a G ) = FG + j {F, G} (mod v 2 ), which 
completes the proof. □ 


13.2 Deformations of Poisson Structures 

The deformation theory of commutative associative algebras, described in Sec¬ 
tion 13.1, can quite easily be transcribed for Lie algebras. For Poisson algebras, 
a few extra adaptions are necessary, since Poisson algebras have not one but two 
algebra structures; in this section, we will deform only one of them, the Poisson 
bracket, but we need to keep in mind that the deformed Poisson bracket should be 
compatible with the associative product. As we will see, the deformation theory of 
Poisson algebras is, despite this constraint, formally very similar to the deformation 
theory of commutative associative algebras. 


13.2.1 Formal and k-th Order Deformations 

Let (&/,-, n) be a Poisson algebra. On g/ v we consider, as in (13.1), the F v -linear 
extension of the product which makes into a commutative associative alge¬ 
bra (over the ring F v ). 

Definition 13.11. Let (#/, -.K) be a Poisson algebra. An F v -linear skew-symmetric 
biderivation n * of (^/ v ,-) is called a formal deformation of n if n * satisfies the 
Jacobi identity and 7T* = n (mod v). 

When 7T* is a formal deformation of a Poisson structure n. the triple (,ef v . ■. n t ) is a 
Poisson algebra over the ring F v . Strictly speaking, our Definition 1.1 of a Poisson 
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algebra is valid only for algebras over a field, but it is clear that one can define 
Poisson algebras over an arbitrary commutative ring (with unit) R, by replacing in 
Definition 1.1 “F-vector space v/” by “/^-module ///”. It is also clear that the Jacobi 
identity for n k is satisfied if and only if \n t , nf[s = 0, where the Schouten bracket 
[■, •]$ is still given by (3.36), but for F v -multi-linear maps, rather than F-multi-linear 
maps; this is the main fact which we will use about this more general context. 

Definition 13.12. Let (&/, •, n) be a Poisson algebra and let 7t, and n[ be two formal 
deformations of n. Then K, and n( are said to be equivalent deformations if there 
exists an F v -linear map 0 : /// v —► .t/ v , satisfying for all F. G G /// the following 
conditions: 

(1) 0(F) = F (modv); 

(2) 0(FG) = 0(F) 0(G)- 

(3) 0(Tt>[F,G}) = 7il(0(F),0(G)]. 

Condition (1) implies that 0 is invertible; then (2) means that 0 is an automorphism 
of the associative algebra (&/,-), hence of (srf v , •) and (3) means that 0 is a Lie 
algebra isomorphism (stf v ,7T*) —>■ (s</ v ,n(). 

It is clear that, if n * is a formal deformation of n and 0 : /// v -> /// v is an 
F v -linear map satisfying items (1) and (2) of Definition 13.12, then the map n( : 
£/ v x —> g/ v , defined for f,GS by 

7tllF,G]:=0(7t*[0- 1 (F),0- 1 (G))) , (13.19) 

is a formal deformation of n, equivalent to n t . 

As in the associative case, we define the notion of a k-th order deformation of a 
Poisson structure. 

Definition 13.13. Let (&/,-,n) be a Poisson algebra. For k e N*, an F](-bilinear 
skew-symmetric biderivation Ttqq of srfjf , 

n (k) = n 'o + ^iv-t-h n k v k , (13.20) 

is called a k-th order deformation of n, if no = n and if nqq satisfies the Jacobi 
identity. 

One defines the notion of equivalence of k-th order deformations by replacing F v 
by F^ and &/ v by ^ in Definition 13.12. 


13.2.2 Deformations and Cohomology 

As in the associative case, it is clear that a formal deformation can be truncated 
to a k-th order deformation, for every k £ N. Similarly, an k-th deformation can be 
truncated to a k-th order deformation, for every k i. This suggests to approach also 
in this case the construction and the study of all (formal) deformations of a Poisson 
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bracket, by analyzing the extensibility of a k-th order deformation to a (k -\- l)-th 
order deformation. 

Therefore, let (&/, •, n) be a Poisson algebra and suppose that TC^ = no + 7t\ V + 

-1- ilk V k defines a k-th order deformation of n. where H \,..., 7T* are elements of 

X 2 (s/) and tzq = n. Given a skew-symmetric bilinear map Kk+\ : sF x sF —\ srf , the 
skew-symmetric F^ +1 -bilinear map n^ + \y defined by n^ + 1 ) := + n^+i V k+X , is 

a (k + l)-th order deformation of n if and only if 7 T(a-+i)] s = 0 (mod v k+2 ), 

i.e.. 


1) — [^+11 Tools’— 2 2L foi’ftj\s i 


(13.21) 


i+j=t+1 


where we have used the Poisson coboundary operator (4.5), associated to the Pois¬ 
son bracket 7T = 7to. As in the associative case (see Section 13.1.3), one checks by 
using the graded Jacobi identity for [■,•]$, that the right-hand side in (13.21) is a 
Poisson 3-cocycle, so that the obstruction for extending a deformation of the Pois¬ 
son bracket n , of some order to the next order lies in the third Poisson cohomology 
space II 2 (,('/). This shows the following proposition. 

Proposition 13.14. Let (.(</, •, it) be a Poisson algebra and suppose that jX oa = 
Xf=o n i v ‘ * s a k~th order deformation of n. Then can be extended to a (k + \ )-th 
order deformation of n if and only if the Poisson 3-cocycle X£=i ; v a 

Poisson 3-coboundary. 

It is clear from (13.21) that the term itk + \V k+l which makes a k-th order deforma¬ 
tion of n into a (k + l)-th order deformation of n is not unique (if it exists): one 
can always add an arbitrary Poisson 2-cocycle (for n) to n^+i- If this cocycle is a 
coboundary, then the two extended (k + l)-th order deformations are essentially the 
same, in the sense that they are equivalent (see Definition 13.12). A stronger state¬ 
ment is given in the following proposition, which is the analog of Proposition 13.6. 

Proposition 13.15. Let (;//. -,n) be a Poisson algebra and suppose that = 
15=0 JttV 1 is a k-th order deformation of n, where k £ N* and let £ ^ k, where i £ N*. 
Let (p £ £ (&/), which we extend to an F v -linear map £/ v —> g/ v , still denoted by <p, 
and let 


= no + mv + n 2 v 2 -\ - VKi-iV 1 1 + (n e + 5*(<p)) v e . (13.22) 

Then, extends to a k-th order deformation it'^ of n, which is equivalent to K^y 
Proof. Let us consider the map 


0 : <c/ V -> <c/ V 



(13.23) 


It is clear that 0 is F v -linear and that 0(F) = F (mod v), for all F £ .(/. We show 
that 0(FG) = 0(F)0(G) for all F, G £ sF. To do this, we use that for all k £ N, 



370 


13 Deformation Quantization 


<P k (FG)= X ( k )<P r (F)<P S (G), (13.24) 

r+s=k ' ' 

0 

which is a consequence of the fact that (p is a derivation of si. Then, 

0(FG) = e~ vl<p (FG) = £ v ek (p k (FG ) 

= n 

keN r+s=k W 

0 

f—1 i r + i 
reFDeN ■ J -' • 

= ( I f X ( Tv f > i (G)) 

\reN r - ) \jGN S - ) 

= 0(F) 0(G) . 

As in (13.19), we have that n'. k y which is defined for all F,G G srf v by 

n{ k) [F,G\ :=0(n (k) [0 -\f),0~\g)]) , 

is a k-th order deformation of n which is equivalent to n lf .y Using the formula for 
the inverse of 0. namely 

tk 

0-\F)=e^(F)=^ V -<p\F), 
teN K - 

we can make the following computation in the algebra ;//, v (i.e., all equalities are 
modulo v^ +1 ): 

n' {e) (F,G) = 0{n ie) [F+ cp[F]v ( ,G + cp[Gy]) 

= 0 (tt w [F,G] + (n[(p[F],G] + n[F,q) [G]]) v e ) 

= n [e) (F,G] + (n[(p[F],G\ + n[F,<p[G]] - <p[n(F,G]]y 
= 7t {e) (F,G}+8l(cp)[F,Gy. 

It shows that n'^ = + <5,}(<p) V e , which is the content of (13.22). □ 

It follows from the proposition that in order to construct all possible deformations 
of n, up to equivalence, one only has to consider, at every step k, as many possibili¬ 
ties as there are elements in //^(.k/). Notice that the associative analog of the above 
proposition, which was given in Proposition 13.6, is easier to prove; the reason for 
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this is that in the Poisson case the map 0 which defines the equivalence needs to be 
an automorphism of the associative algebra (g/f ,■). 


13.2.3 The Maurer-Cartan Equation 

Let (&/,-,n) be a Poisson algebra and let = X/lo n i v ' be an element of % 2 (sV v ), 
where no = n. As above, n. is a Poisson structure if and only if \n f . n t ] s = 0. Denot¬ 
ing by 8 2 the F v -linear extension of 8 2 to X 2 (g/ V ) ~ X 2 (^)[[v]], it follows that n+ 
is a Poisson structure if and only if 7U* — n is a solution of the following equation 



(13.25) 


In the terminology of Section 13.3, this equation is called the Maurer-Cartan equa¬ 
tion associated to the differential graded Lie algebra (X*(^), [•, ■]$, 5©. 


13.3 Differential Graded Lie Algebras 

Differential graded Lie algebras are graded Lie algebras which are equipped with 
a derivation of degree one whose square is zero. A prime example, which we have 
already encountered several times in this book, is the algebra of skew-symmetric 
multi-derivations of a Poisson algebra (or multivector fields on a Poisson manifold), 
where the graded Lie bracket is the Schouten bracket and the differential is (up to 
a sign) the Poisson coboundary operator. Since in the study of a differential graded 
Lie algebra its symmetric algebra plays an important role we first give the basic 
definitions and properties of the symmetric algebra of a graded vector space. 


13.3.1 The Symmetric Algebra of a Graded Vector Space 

Let V = ®,- e zVf be a graded vector space. We denote the degree of a homoge¬ 
neous element x € V by d°(x). The symmetric algebra of V is the associative al¬ 
gebra S’V, which is obtained by dividing the tensor (graded associative) algebra 
T’V = © ( ,_ :N of V by the two-sided ideal generated by all elements of the form 
x(g> y— (— i)<< o W<i o (y)y 0 j C , w ith x and y homogeneous. The induced product is de¬ 
noted by juxtaposition of elements. With this notation, 


Xy = { _ l /(.x)d°(y) 


(13.26) 


for all homogeneous elements x,y of V. Note that if x is a homogeneous element 
of V of odd degree, then it follows from (13.26) that x 2 = —x 2 , so that x 2 = 0. We 
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call an element of S’ V of the form x\ ... Xf with all jq homogeneous, a homogeneous 
monomial of S’ V. Let ii,..., if be integers for which there exists a non-zero homo¬ 
geneous monomial X = x\.. .xg where x\ £ V/ lv .. ,X£ £ V, r Then we can define the 
sign sgn(<j; i \,... ,ig) £ {—1,1}, associated to (i i,..., if) and a £ Sg, by the equality 

•%(i )--- x <j(t) = sgn(<r;ii,.. .,ig) x\.. .xg , (13.27) 

since it only depends on the ('-tuple (/'i,..., ig) and not on the choice of x \,... ,xg. 
With X as above, we often write sgn(a;X) as a shorthand for sgn(cr; ii,...,ig). For 
indices ii,...,ig such that V t] V , 2 ...L = 0 we define sgn(cr;/i, ...,ig) := 1 for all 
cr e Sg, 

In what follows, the graded vector space of which we consider the symmetric 
algebra will always be a graded Lie algebra, but in which we shift the grading by 
one. Thus, if g = ® /:el ? g, is a graded Lie algebra, we consider on g two gradings: 
for x £ we define |x| := £ and d°(x) := l—\ = \x\ — \. Then g is a graded Lie 
algebra with respect to the grading | • |, but when the grading d° is used, it is only 
a graded vector space; when we use the latter grading, we will write g instead of g. 
The symmetric algebra which plays an important role in what follows is the graded 
commutative algebra S*g, where the grading on S*g is given, for a homogeneous 
monomial x\ ...xg, by 


g g 

d°(xi ...xg) := \ x i\~t= (*') • (13.28) 

i= 1 i= 1 

Of course. S’ ci inherits also a grading from the tensor algebra, which assigns to a 
monomial x\ ...xg the degree £; we will not use this grading, except that we denote, 
for t £ N, by S 1 g the span of all monomials of the form x\ ...xg, where x\ ,...,xg£g. 


13.3.2 Differential Graded Lie Algebras 

In this section, we introduce the notion of a differential graded Lie algebra and of a 
morphism of differential graded Lie algebras. The basic examples, given below, are 
the Poisson complex, associated to a Poisson algebra, and the Hochschild complex, 
associated to an associative algebra. 

Definition 13.16. A differential graded Lie algebra is a triple (g, D), where 

(g, [• ,•]) is a graded Lie algebra and D : g -4 g is a differential of g, i.e., D is a 
graded linear map of degree one from g to g, D satisfies Do I) = 0 and I) is a graded 
derivation of degree one of (g, 

Expressed in terms of formulas, the fact that (g = ®/. G z0i-> [' r]) is a graded Lie 
algebra means that [• ,•] satisfies, for all homogeneous elements x,y and z of g and 
for all i,j £ Z, the following properties: 

( 1 ) [Qi,Qj] CQ i+j ; 
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( 2 ) [x,y] = -(-l)Mb'l [y,x]; 

(3) (-l)WW [[x,y] ,z] + (3 {x,y ,z) = 0; 

while the fact that D is a differential on g means that D satisfies, for all homogeneous 
elements x and y of g and for all i € Z, the following properties: 

(4) D(Qi) C g,+i; 

(5) D([x,y]) = [D(x),y] + (-l)W [x,D(v)]; 

(6) DoD = 0. 

Let (g, [-,*]) be a graded Lie algebra and let z. be an element of degree one, z. L g i . 
The graded Jacobi identity for [■,•], i.e., the above identity (3), implies that the 
degree one map D z , defined by 


D z {y) ■= [z,y] 

for all y G g, is a graded derivation of g of degree one. Moreover, if z satisfies 
[z,z] = 0, the graded Jacobi identity implies that D z oD z = 0, hence (g, D z ) 
is a differential graded Lie algebra. We then call the triple (g, z) a pointed dif¬ 
ferential graded Lie algebra. The differential of a pointed differential graded Lie 
algebra (g, [•, -],z) will, without further mention, always be denoted by D-. 

Example 13.17. Let be a Poisson algebra and consider the graded Lie al¬ 

gebra (X*(,e/), [•, ■]$), where we recall that X*(,c/) denotes the graded vector space 
of skew-symmetric multi-derivations of si, with shifted degree, and [•, •]$ denotes 
the Schouten bracket on y?(si) (see Chapter 3). Since the shifted degree of n is one 
and since [n, n\ s = 0 because n is a Poisson bracket, (X*(.e/), [■, •]$, n) is a pointed 
differential graded Lie algebra. 

Example 13.18. The previous example can also be considered in the smooth cate¬ 
gory. Namely, let (M, n) be a real Poisson manifold and recall that we denote by 
(X*(M), [•, -]s) the graded Lie algebra of multivector fields on M, equipped with 
the Schouten bracket [•, •]$. Then (X*(M), [■, •]$, n) is a pointed differential graded 
Lie algebra. Notice that this example can be considered for any real manifold M by 
taking the trivial Poisson structure on M, i.e., for every real manifold M, the triple 
(X*(M), [•, -]s,0) is a pointed differential graded Lie algebra. 

Example 13.19. Let (^/,/i) be a commutative associative algebra and consider the 
graded Lie algebra (HC*(^/), [• ,-]g), where we recall from Section 13.1.2 that 
= Hom(£/ k+1 , $/) is the space of all (k+ 1 (-linear maps from szf to itself 
and the graded Lie bracket [-, -]g is the Gerstenhaber bracket (defined in (13.5)). 
Since p is associative, [p,p] G = 0 and hence (HC*(^/), [•, -JgiAO is a pointed dif¬ 
ferential graded Lie algebra. 

Example 13.20. The previous example can also be considered when (///, p) is the 
algebra of smooth functions on a real manifold M, equipped with the usual product 
of functions p. Consider the graded Lie algebra (HC^ iff (M), [•, ■]<-_;), which is the 
subalgebra of (HC*(C°°(M)),[-,-]g) which consists of the differential Hochschild 
cochains (see Section 13.1.5). Then (HC* ifT (AJ), [•, -]g,M) is a pointed differential 
graded Lie algebra. 
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Example 13.21. Every differential graded Lie algebra (g, [• ,•],/?) leads to a coho¬ 
mology space, which is itself a pointed differential graded Lie algebra. To see this, 
consider D k : g^ —> 0 /t+i, the restriction of the differential D to g^. Since DoD = 0, 
we have a complex 


7 9k-\ 


1 


> 0 * 


D* n 
- > 0/+1 


Dk+1 

- > ■ ■ ■ 


The cohomology of this complex is denoted by //* } (g) = /4(g), where, for 

all k £ Z, 

/4(g) := KerD 4 / Im D k ~ 1 . 

D is a graded derivation of degree one of (g, hence [•, •] induces a Lie bracket 
on/ 4 (g), also denoted by [•, •] and the triple (/ 4 (g), [•, -], 0) is a pointed differential 
graded Lie algebra. 

We now show that the differential and the bracket of a differential graded Lie algebra 
(g, [■, •],/)) can be encoded in a single differential A on S"g. Let g be a graded vector 
space, let [•,•]: g x g -A g be a graded skew-symmetric bilinear map of degree zero 
and let D : g —> g be a graded linear map of degree one. Two linear maps from S*g 
to itself are defined by setting for every homogeneous monomial X = x\.. .X( £ .S' cj. 


l 

A d (X) := ^sgn(<7,;X)D(x,)Z/, 

/—1 

A[. ,](*):= X &gn(o i j-,X){-lfM[x i ,Xj]& ij , 


(13.29) 


where A, and Xjj are obtained by removing from X the element x,, respectively the 
elements x, and xj. For example, A, = x\... x,_ 1 x , + 1 ... xt. The permutation cr,- £ Sf 
is the permutation which sends 1 to i and subtracts one from the integers 2 ,....; and 
fixes the other integers, i.e., it is the cycle {ip — 1 ,..., 1 ); similarly, a,j is the per¬ 
mutation which sends 1 to i, sends 2 to j, removes two from the integers 3..... i + 1 , 
removes one from the integers i + 2,...,j and fixes the other integers. We leave it as 
an exercise to the reader to check that the maps Aq and A., are well-defined. We 
define A to be the sum of the two linear maps in (13.29), 

A :=A D +A h .] . (13.30) 

Taking a homogeneous monomial X £ S*g, it is easy to see that d°{Ao{X)) = 
<f°(A[. ,](A)) = d°(X) + 1, so that A has degree 1. Notice however that Ad : S e Q —> 
S l Q. while A[. .] : S f g —> S^'g. 

Proposition 13.22. Let (g, [■, •], D) be a triple, where g = g/. is a graded vector 

space, D:g-tga graded linear map of degree one a?id [•, •] : A 2 g —> g a graded 
skew-symmetric bilinear map of degree zero. Let Aq, A[. .j and A denote the linear 
maps defined in (13.29) and (13.30). Then the following statements are equivalent. 

(i) (g, [■ ,•],£)) is a differential graded Lie algebra; 
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(ii) Ap =A 2 .] = 0 and + A[ v j oAp = 0; 

(iii) A 2 = 0. 

For a given differential graded Lie algebra (g, [•, •],£)), we call the linear map A : 
5*g — > S’g the total differential of ( g, [■, ■],£)). 

Proof. As we already pointed out, for X G S'Q, we have that A/>(X) G S' 2 g, while 
A[. .] (A) G 5^ _1 g. Therefore, Ap(X) G 5 f g, while Aj 2 j (X) G S f ~ 2 g and (Ap oAj. ,j + 
A[...j oA d )(X) G S^ _ 1 g. Since 

A“ = A5 +Ao oA[. .] + A[. t .] 0A0 + A 2 , 

the equivalence of (ii) and (iii) follows. Let X = x\ .. .xi be a homogeneous mono¬ 
mial of S^g. Then 

e 

a d( x ) = S sgn(a,;A)D 2 (x,)Z,-, 
i= 1 

so that A 2 , = 0 if and only if D 2 =0. Similarly, 

A h-]( Z ) = I sgn( Gjjii ;A)(— 1)l' T '11'^I + l' t iI (Xjjk(X)Xjjk , 

1 ^i<j<k^e 

where cr, ; /, and are defined similarly to cr, ; and A i; -, defined earlier in this section, 
and 

<Xijk(X) ■= (-1) 1 *' 11 ** 1 [[xi,xj\ ,x k \ + 0 (i,j,k). 

It follows that A 2 = 0 if and only if [■, •] satisfies the graded Jacobi identity. Finally, 

(AdoA m +a m oAd){x) = - X sgnK^X—i) |A %P04- > 

1 Gi< js^e 


where 

Pij{X) -=D([xi,Xj]) - [D(xi),Xj] - (-1) W [xi,D(xj)\ ; 

as a consequence, Ap oA[. .j +A[ v j oAp = 0 if and only if D is a derivation of 
The last three equivalences, combined, prove the equivalence of (i) and (ii). □ 

We finish this section by giving the definition of a morphism of differential 
graded Lie algebras. 

Definition 13.23. Let (g, [•, ■]„,£>„) and (f), [-, ■](,,£)[,) be two differential graded Lie 
algebras. A graded linear map </> : g —>- f) of degree zero is said to be a morphism of 
differential graded Lie algebras, if (!) is a homomorphism of graded Lie algebras 
and (j) oD g = o </>. 

Let us denote by A 0 and Aj, the total differentials of (g, [■ ,-] 0 ,D 0 ), respectively 
of (f), [•, ■][,./)[, ). It follows easily from the definitions that a graded linear map of 
degree zero 0 : g —> I) is a morphism of differential graded Lie algebras if and only 
if S’(j) oA 0 = Af, o S’(j), where S’(j) : S’g -A 5*ti is defined by 
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S*<l)(x l ...Xf) :=0(*i ).--<j>(xe) 


(13.31) 


for all x\,... ,X( G g. 


13.3.3 The Maurer-Cartan Equation 

In this section, we define the Maurer-Cartan equation associated to a general dif¬ 
ferential graded Lie algebra. We have already met this equation in the case of the 
pointed differential graded Lie algebras (HC*(^/), [•, -]g, /i) and [•, •]$, n) 

(see (13.11) and (13.25)); as we explained, these equations govern deformations of 
associative products and of Poisson brackets. We will come back to these particular 
cases in Section 13.3.6 below. 

As in the case of deformations of associative products and of Poisson brack¬ 
ets, we consider formal power series with coefficients in a (differential graded 
Lie) algebra. Thus, given a differential graded Lie algebra (g, [•, •],£)), we consider 
g v := g[[v]], the F v -module of formal power series with coefficients in g. Every 
element x of g v is of the form x = Xr=o x kV k ', even without writing explicitly x in 
this form, we will often write x& (or (x)/, in the case of ambiguity) for the coefficient 
of v k in x, a notation which comes in particularly handy when picking a particular 
coefficient of the series of a complex expression. 

We keep the same notations [• ,•] and D for the F v -linear extension of [• ,•] and 
of D to g v . Similarly, when A denotes the total differential on S*g, then A will still 
denote its extension to (S*g) v := (S*g)[[v]]. Consider the subspace vg] 7 := vgi [[v]] 
of g v , which consists of all formal power series in v without constant term and with 
coefficients in gi, the degree one component of g. On vg]' we consider the equation 


1 


D(x) + - [x,x] = 0 , 


(13.32) 


which is called the Maurer-Cartan equation associated to (g, [• ,■],£)) (or to g). We 
denote by MC(g) the set of all elements x of vg)’ which are solutions of the Maurer- 
Cartan equation associated to g. We will give in Proposition 13.26 below two char¬ 
acterizations of the solutions of the Maurer-Cartan equation. To do this, we define, 
for x € vgj' and for k G N*, 



(13.33) 


i+j=k 

1 


Then (13.32) can be written out as the infinite list of equations Obs&(x) = 0, 
where k G N*. If x satisfies Obs^.(x) = 0 for k = 1,... ,£ we say that x is a solu¬ 
tion of the Maurer-Cartan equation up to order l and we denote by MQ(g) the set 
of all such elements. Clearly, x G MC/(g) if and only if x satisfies (13.32) modulo 
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v e+1 and x £ MC(g) if and only if x £ MQ(g) for all i £ N*. Moreover, we have 
the following proposition. 

Proposition 13.24. Let (g, [•,•],£)) be a differential graded Lie algebra. Suppose 
that x £ MQ(g) for some t £ N*. Then Obs£ + i(x) is a cocycle. 

Proof. Since D is a graded derivation, satisfying D 2 = 0, and since the Lie bracket 
is graded skew-symmetric, we have that 

£>(Obs m (x)) = * X ([ D {xj),x k ]-[xj,D(x k )])= £ [ D ( x j), x k\ . 

z j+k=e+ i j+k=e+ i 

j,k> 1 j,k> 1 


Since x satisfies the Maurer-Cartan equation up to order we obtain 

D (Obsf +1 (x)) = - ]- Yj [\ x u x i\ M = 0 . 
i H j-\-k=fc -\-1 
>J,k> 1 

where we used the graded Jacobi identity in the last step. □ 

For the second characterization, we use the exponential map. For x £ vg v , we 
define e x to be the following formal power series 

e*:=l + x+ X *- + ... + f ] +...£(S-Q) v . (13.34) 

2 k\ 

Notice that this infinite sum is a well-defined formal power series in v with co¬ 
efficients in S*g since at most the first k+ 1 terms of the infinite sum in (13.34) 
contribute to the coefficient of v k in e* (recall that x is a formal power series in 
V without constant term). The total differential A, applied to e*, can be explicitly 
computed, as is shown in the following lemma. 

Lemma 13.25. Let (g, [•, -],D) be a differential graded Lie algebra with total differ¬ 
ential A : S*g —» 5*g. For x £ vg[, one has 


A(e*) = (D(x) + -[x,x\y. 


(13.35) 


Proof. One computes directly that 

kD(x)x k ~ l 


M e *) = I 


k> 1 


k\ 


^ k(k-\) [x,x\ ^_2 


k> 2 


k\ 


= ( D ( x ) + 2 ) e ' t • 


This completes the proof. □ 

The lemma and the remarks made about Obs/ lead at once to the proof of the fol¬ 
lowing proposition. 
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Proposition 13.26. Let (g, [• ,■],£)) be a differential graded Lie algebra with total 
differential A : S*g —► S'g. For x £ vg the following statements are equivalent. 

(i) x satisfies the Maurer—Cartan equation associated to g; 

(ii) A(e x ) = 0; 

(iii) Obsi-(x) = 0 for every k £ N*. 

In the case of a pointed differential graded Lie algebra (g, [•, -],z), these conditions 
are also equivalent to 

(iv) [z + x,z + x] = 0. 


13.3.4 Gauge Equivalence 

We have introduced in Sections 13.1.1 and 13.2.1 the notion of equivalence of de¬ 
formations in the case of associative products and of Poisson brackets. We now 
introduce the corresponding notion for formal power series (without constant term) 
with coefficients in the degree one component of an arbitrary pointed differential 
graded Lie algebra. 

Definition 13.27. Let (g, [•.-].z) be a pointed differential graded Lie algebra. Two 
formal power series without constant term x,y G vg v are said to be gauge equivalent 
denoted by x ~ y, if there exists E, £ vgg such that 


z+y = e^{z+x) . 


The definition requires some explanation. As the notation suggests, 2 e ad ? stands for 
the endomorphism of g v , defined for x £ g v by 



x+[S,x] + \[S,[$,*]] + - • 


(13.36) 


The latter infinite sum is a well-defined formal power series in v with coefficients 
in g since at most the first k+ 1 terms of the sum contribute to the coefficient of V 1 '. 
Notice that it follows easily from (13.36) that 



(13.37) 


for E, £ vgX and x £ g v . When we work in a fixed pointed differential graded Lie 
algebra (g. [■, -],z), we will make extensive use of the notation 


E, ©x := e‘ 


' ad «(z+x)-z = x+ X 77 ad |( z + x ) , 

I ,— 1 K • 


2 The endomorphism e ad 5 of g v , defined here, should not be confused with the exponential 7=, 
which is the element of (5*g) v , defined in (13.34). 
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where x and q are as above. In terms of this notation, x,y £ vg v are gauge equivalent 
if and only if there exists 4 £ V 0 q such that y = 4 ©x. 

In order to show that the relation ~ is an equivalence relation, we use the 
Campbell—Hausdorffformula 

exp(w)exp(v) = exp(CH(«,v)) , (13.38) 

where CH(n,v) is an infinite sum, each of whose terms consists only of repeated 
brackets of u and v. The first few terms of CH(n, v) are given by 

CH (m,v) = m + v+^[m,v] + ^([m,[m,v]] + [v,[v, «]]) + ••• . (13.39) 

In particular, CH(n, —u) = 0 for all u. This formula is usually given for u and v in 
a finite-dimensional Lie algebra, with exp being the exponential map between the 
Lie algebra and its Lie group (see for example [29]), but the Campbell-Hausdorff 
formula is essentially a formal identity, in particular it is equally valid when for 
example u and v are formal power series (without constant term) with coefficients 
in an arbitrary Lie algebra. In the present case, we apply it for u and v of the form 
ad|, where q is a formal power series without constant term and the Lie bracket is 
the graded commutator (of graded linear maps, such as adc). For q ■ >] £ V$q and 
x £ vg v , the Campbell-Hausdorff formula and the fact that ad is a representation 
imply that 

e ad V ad « (x) = e CH ( ad i’ ad «)( x ) = e ad cH ( „ 4 )( x ) ? 

so that 

t]©(4®Lt)=CH(?7,4)©x. (13.40) 

The fact that ~ is an equivalence relation follows at once from it. 

To finish this section, we show that the equivalence relation ~ is compatible with 
the Maurer-Cartan equation, i.e,, that if x ~ y, then x is a solution of the Maurer- 
Cartan equation if and only if y is a solution of the Maurer-Cartan equation. To do 
this, letx,y £ V'g]' be two equivalent solutions of the Maurer-Cartan equation and let 
| £ V 0 q be such that y = q Q x. Since x is a solution of the Maurer-Cartan equation 
if and only if [z+x,z+x] = 0 , we need to show that 

e ad «(z+x),<? ad «(z + x)] = 0 . 

For s.t £ g v , the fact that ad; is a derivation of the Lie bracket implies that 
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We may conclude that e ad £ (z + x) ,e ad £ (z + x) = e ad £ [z + x.z + x] =0, since x is a 
solution of the Maurer-Cartan equation. 

The upshot is that gauge equivalence defines an equivalence relation on the set of 
solutions of the Maurer-Cartan equation associated to g. For x € MC(g), we denote 
by cl(x) its equivalence class modulo gauge equivalence. 


13.3.5 Path Equivalence 

We introduce in this section another notion of equivalence of solutions of the 
Maurer-Cartan equation. This notion, which turns out to be equivalent to the no¬ 
tion of gauge equivalence (see Proposition 13.31 below) seems both less intuitive 
and technically more complicated, but we will see that it is easier to work with the 
latter notion when dealing with C„-morphisms, introduced in the next section. 

We first define the notion of a polynomial path in V v := V[[v]], where V is an 
arbitrary F-vector space. By definition, a polynomial path in V v is a map from F to 
V v whose component in Vv k is for every k g N a polynomial in /; it means that a 
polynomial path x(t) in V v can be written as 

x(t) = ±x k {t)v k , 
k =0 

where each one of the functions x k {t) is a polynomial function, with values in V. We 
will often consider such paths satisfying xo(t) = 0 ; they will be referred to as poly¬ 
nomial paths in vV v . Polynomial paths in V v admit well-defined derivatives with 
respect to t, which are themselves also polynomial paths in V v . Also, polynomial 
paths in a (graded) algebra, such as (S*V) V , form an algebra and, for every polyno¬ 
mial path y(f) in vV v , its exponential e^' 1 (defined as in (13.34)) is a polynomial 
path in (S*F) V . 

Definition 13.28. Let (g, [•, -],z) be a pointed differential graded Lie algebra, and 
let A denote the total differential on f.S'\g) v , as in (13.30). We say that two solutions 
x,y £ vg|' of the Maurer-Cartan equation are path equivalent if there exists two 
polynomial paths y(f), rj (t) in vg[ and vg^ respectively, such that y(0) = x, y( 1) = y 
and 

=A^r,(t)e^y (13.41) 

We will show in Proposition 13.31 below that two solutions of the Maurer-Cartan 
equation are gauge equivalent if and only if they are path equivalent. We will do this 
by using the following two lemmas, the first one of which can be viewed as giving 
yet another (equivalent!) notion of equivalence of solutions of the Maurer-Cartan 
equation. 






13.3 Differential Graded Lie Algebras 


381 


Lemma 13.29. Let (g, [•. •],") be a pointed differential graded Lie algebra and 
suppose that x,y £ vgj’ are two solutions of the Maurer-Cartan equation asso¬ 
ciated to g. Let y(f) and rJ (f) be polynomial paths in vgj 7 and vgjf respectively, 
with y(0) = x and 7(1) = y. Then condition (13.41 ) is equivalent to the following 
condition: 

^7(0 = [z + 7(0> 7 ?(0] • (13.4-2) 

Proof. If condition (13.41) holds, then the component in g v = .S' 1 g v C (,S*g) 1 ' of 
A e rh) ^rj (f)e A ^ vanishes. Since the components of 7 (f) £ vg^ commute, this 
component is given by 

j t Y(t)-A Dz (rj(t)) -A h .] (v(t)y(t)) = ^y(t) - lz+y(t),v(t)], 

condition (13.41) implies condition (13.42). 

Conversely, suppose that 7 (f) and 77 (f) satisfy condition (13.42), where 7 ( 0 ) =x 
is a solution of the Maurer-Cartan equation and 7 ( 1 ) = y. We first show that 7 (f) 
is a solution of the Maurer-Cartan equation for all f, which we do by showing that 
[z + 7 (f),Z + 7 (f)] =0 for all f. This is in turn done by showing that the polynomial 
path F(t) := [z + 7 (f), z+ 7 (f)] is the unique solution of a linear differential equa¬ 
tion, with initial condition F( 0) = 0. Taking the derivative of F and using (13.42) 
and the graded Jacobi identity we find 


d 

df 


F(t) 


d 

df 


y{t),z+y{t) 


z+y(t ) 


d 
’ dr 



[[z+y{t) ,ri(t)],z+y{t)] + [z+y{t),[z+y{t ), v (f)]] 

[[z+7(0.z+r(0].n(0] 

[mn(0]: 


which yields the required linear differential equation. We write F(t)= Fk{t)v k 
and 77 (f) = Xa-^i r lk( t )v k , where all coefficients Ff.(t) and rj^ft) depend polynomi- 
ally on f. Then the differential equation can be written out as an infinite list of 
equations 

d 

~r t F k{t) = Yj [ Fk-t(t),ru(t)\ and F k ( 0) = 0 , 

ar l= 1 

where k £ N*. An easy recursion on k implies that F k {t) = 0 for all k £ N*. In 
conclusion, 7 (f) is a solution of the Maurer-Cartan equation for all f £ F. Next, we 
sum up, for k £ N, each one of the following equalities, 


^d z (n( 0 /(t)) = M(n(t))/(t)+A Dz (/(t))i 7(f), 

A[...] (j i(f)/(o) = -M I ?(?),yW]'/ : “ 1 (0+ A [-,-] (/'W) n( 0 , 


to find that 
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A = [z + y(f),rj(f)]e rW +A rj(t) 

= [z + Y(t)Mt)]e r{t) , 

where we have used in the last step that y(t) £ MC(g) for all t, combined with 
item (ii) of Proposition 13.26. It follows that 

l/ (t) -A (rj( t)e™) = (^rW-[z + 7(0,n(0])e rW , 

showing that condition (13.42) implies condition (13.41). □ 

The second lemma which we will use to prove Proposition 13.31 below can 
be seen as a generalization of the classical formula, giving the derivative of e^'\ 
when /(f) takes values in a non-commutative algebra. 

Lemma 13.30. Let (g. [•,■]) be a graded Lie algebra and let q (t) be a polynomial 
path in VgX. Then 


e a %) o 


de ad AM 


d t 


= — ad , 


(*+i)! aa |(i)t~ar~ > 


(13.43) 


Proof. Given a polynomial path <q it) in vgQ, we consider for fixed t the polynomial 
path in End(gj ) v , defined for s £ F by 


G v := e ad ^W o 


de ad -*£M 

df 


- ad 


4+t .k a m 
P+l]T aa ?(0 * 


It is clear that Go = 0. We will show that 
d 


ds 


G. t = ad^ o G s - G s o ad, 




(13.44) 


(13.45) 


It follows, as in the proof of Lemma 13.29, by writing G s and q as formal series in 
V that all coefficients of G as a series in v vanish, so that G s = 0 for all .v £ IK. In 
particular, Gi = 0, which is tantamount to (13.43). 

In order to show (13.45), we write the two terms in the right-hand side of (13.44) 
as 4 V and B s , so that G s = A s + B s . Explicitly, A s (x) and B s ( x ) are given, for x€g[, 
by 


A s (x) := e ad ^W ( fe aa -W(x) 


B s (x) := 


d ad_ 

,k~\~ 1 


X 7^I)T ad !w^W’ x 

ieN + 1 )■ 


(13.46) 


where t, (/) is an abbreviation for 4^ (t). Using (13.37) twice, we compute 
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K(f)AW]+Aw 

mMx)]-e^ «^( e ad -^)([«^),*])) 
K(0AW]-A,(K(0,*])-[l(0»* ■ 


d 
d t 


(13.47) 


For the derivative of B s , it follows at once from the second equation in (13.46) that 


(x) = [e ad *«W |(f),x 
d.s L 


so that, in view of the graded Jacobi identity, 



giving the following formula for the derivative of B s : 


= [Z{t),B s (x)]-B s ([%(t),x])+ %(t),x . (13.48) 


Equations (13.47) and (13.48), combined, yield the proof of (13.45), and hence 
of (13.43). □ 

Using the two lemmas, we show that gauge equivalence and path equivalence are 
the same (for solutions of the Maurer-Cartan equation). 

Proposition 13.31. Let (g, [•, •] ,z) be a pointed differential graded Lie algebra. Two 
solutions x,y € vg ] 7 of the Maurer-Cartan equation associated to g are gauge equiv¬ 
alent if and only if they are path equivalent. 

Proof. Let us first assume that x and y are gauge equivalent. Then there exists q e 
vgg such that v = | 0 x. For t £ F, define 


y(f) := (t^)Qx = e^(z + x)-z, 


and let rj(?) := which is a constant polynomial path. Then y(0) =x, y(l) =y 
and it follows from (13.37) that y(r) and t](t) satisfy condition (13.42). In view of 
Lemma 13.29, x and y are path equivalent. 

Conversely, let us assume that x and y are path equivalent, and let y(t ).!] (t) be 
polynomial paths in vg } 7 and vgQ respectively, such that y( 0 ) = x, y(l) =y and such 
that the equivalent conditions (13.41) and (13.42) are satisfied. In order to establish 
that x.y are gauge equivalent, we will construct a polynomial path q it) in V'g,', such 
that y(t) = | (t) © x, i.e., 


e ad ^W [z + y(f)) = z + x , 


( 13 . 49 ) 
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for all t £ F. It implies that 3 t = 7 (l)=^(l) 0 x, so that x and y are gauge equivalent. 
In order to satisfy (13.49) for t = 0, we require q (0) = 0. With this additional as¬ 
sumption, the condition which we wish to impose on q (r) is ^e“ ad ?W (z+ y(r)) = 0 , 
or equivalently: 

(z + 7(t))) = 0 . 

We can compute the left-hand side of the previous equation with the help of (13.43) 
and (13.42) as follows: 


e ad <;W A (V ad ? W 
dr V 


= ^w de ^ w ( z +7(0) + ^r(0 
= “ ad ,S,™- a ‘»¥ (z+r( ' ),+ i 7( ' ) 


z.+ r(r). V 


1 




It suffices therefore to find a polynomial path q (r) in vgX which satisfies 


I 

keN 


1 

(*+!)! 



d 4(0 

dr 


n(t) 


(13.50) 


and | (0) = 0. To see that such a polynomial path 4 (t) exists, substitute 4 (t) = 
XfeN* 4?( f ) v<: and r)(r) = ZcgN* r l(( t ) v( in (13.50) and observe that the equation 
decomposes into an infinite number of equations 


d &(0 

dr 


Mt) £(*+!)!,■,_ 


I 

-+>k+j-> 


ad, 


4,M‘ 


• oad 


d 4;(0 

%(>) fa 


(13.51) 


indexed by l £ N*, which express d y ^ as a multi-linear expression in rjt(t) and 
4 i(r),... ,4r-i (t)- By integration, we find a unique polynomial 4 f(/)> satisfying the 
initial condition 4r(0) = 0. Thus, the coefficients of q (t) can be constructed recur¬ 
sively. It leads to a polynomial path 4 (r) in vg ( 'j which at t = 1 realizes the gauge 
equivalence between x and y. □ 

Remark 13.32. Let x.y £ vgj' be solutions of the Maurer-Cartan equation, as in 
Proposition 13.31. Suppose that x and y are gauge equivalent, y = tq Ox, where 
4 £ v e 0 g. Then it is clear from the first part of the proof of the proposition that the 
constant polynomial path rj (r) belongs to V ( gX. Alternatively, suppose that x and y 
are path equivalent, where the polynomial path rj (r) belongs to V 1 g ( ',\ Then the in¬ 
tegration of (13.51) gives a polynomial path 4 (0 in V^gg, since t]t(r) = 0 for k < £. 
Then 4(1) £ V f gg, so that x and y are gauge equivalent via an element of V { 0 q. 
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We pointed out in Example 13.17 that for every Poisson algebra (&/,n). the triple 
(X*(^/), [•,•]$, n) is a pointed differential graded Lie algebra. Similarly, accord¬ 
ing to Example 13.19, for every commutative associative algebra (£/,p), the triple 
(HC m (#/), [• ,-]c,p) is a pointed differential graded Lie algebra. Up to a sign, the 
differentials D n and Du coincide with the Poisson and Hochschild coboundary op¬ 
erators, namely 


5*(P) = (-1 ) p Dn(P ), 5„(v0 = (-1 y g D»(v) , 

for P £ and t/r G HC^(jz^). Thus, the cohomology of (3 £*(.g/), [•, •]$, ri) is the 

Poisson cohomology of (sf,-,n) and the cohomology of (HC*(^), [■,-]g,|i) is the 
Hochschild cohomology of (#/,p). Since for elements of shifted degree 1, 8 n and 
D n have opposite sign, the Maurer-Cartan equation (13.32) of (3L'(srf), [■, •]$, n) 
is precisely the Maurer-Cartan equation (13.25) of (&/,-,n), and similarly for the 
Maurer-Cartan equation (13.11) of (srf,p ). 

The fact that the notion of gauge equivalence of solutions of the Maurer-Cartan 
equation for pointed differential graded Lie algebras coincides in the cases of 
(HC*(^),[-,-]g)M) an d (3(*(^), [•,-]s, k) with the notion of equivalence of formal 
deformations of associative products and of Poisson brackets is also true, but it is 
less obvious. We prove it in the case of formal deformations of associative products, 
the proof in the case of Poisson brackets being completely analogous. Thus, we con¬ 
sider the pointed differential graded Lie algebra (HC* (s/)c, p ). Let x and y be 
solutions of the Maurer-Cartan equation associated to this differential graded Lie al¬ 
gebra, which is equivalent to saying that p+x and p+y are formal deformations of 
p. Let us suppose that x and y are gauge equivalent, which means that there exists 
an element \ G vHC°( I c/) v = vHom(,e/,,g/)[[v]], such that p +y = e ad ? (p + x), 
where ad^ = [B ,, -] G . Let 0 : &/ v —> be the F v -linear map, defined by <J> := +=. 
We show that 0 realizes an equivalence between the formal deformations p+x and 
p +y (see Definition 13.2). Since 0(F) = F (mod v) for all F G si, we only need 
to show that 

0((p+x)(0~ l (F),0~\G))) = (p+y)(F,G) 
for all F,GG si, which amounts to showing that 

e«((/x+x)(e-«(F),e-S(G))) = (e ad « (p +x))(F,G) 

for all F,GG si. Writing xf for p+x, the left-hand side of the above equation is 
given by 


(a/(e-«(n «"*(<?))) 

= x'(F 1 G)+ X X 

ke N* r,s,ten r.s. i. 

r+s+t=k 
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= x'(F,G) + X ^d\(x')(F,G)=e^(x')(F,G) 
ken* K - 

where the second equality is easily proved by induction on k G N*. This shows 
that if two solutions of the Maurer-Cartan equation are gauge equivalent, then the 
corresponding deformations are equivalent. The same computation shows that if two 
deformations are equivalent, then the corresponding solutions of the Maurer-Cartan 
equation are gauge equivalent: one constructs in this case E, G V Hom(,r/,,s/)[[v']] 
from by taking the logarithm (using the series expansion of log(l +x)). Summing 
up, we have shown the following proposition. 

Proposition 13.33. Let (g/ ,p) be a commutative associative algebra and let x,y G 
vHC 2 (gf) v . 

(1) x is a solution of the Maurer-Cartan equation associated to HC* (g/) if and 
only if p +x is a formal deformation of the associative product p; 

(2) Ifx and y are solutions of the Maurer-Cartan equation associated to HC* (#/), 
then x andy are gauge equivalent if and only if the formal deformations p+x 
and p + y are equivalent. 

The above proposition and its proof are easily transcribed to the case of Poisson 
brackets. The statement is the following. 

Proposition 13.34. Let (g/,-,n) be a Poisson algebra and letx.y G vX 1 (g/) v . 

(1) x is a solution of the Maurer-Cartan equation associated to £*(g/) if and 
only if n + x is a formal deformation of n; 

(2) Ifx and y are solutions of the Maurer-Cartan equation associated to X* (#/), 
then x and y are gauge equivalent if and only if the formal deformations n +x 
and n + y are equivalent. 

Both propositions are easily specialized to the case of smooth manifolds; in the case 
of Proposition 13.33 one can also restrict oneself to star products on the algebra of 
smooth functions on a manifold M, rather than considering arbitrary deformations 
of the standard product on C“(M). Also, taking all formulas in the above proof 
modulo v k+1 shows that two L-th order deformations p +x and p+y are equivalent 
if and only if x and y are gauge equivalent up to order k. 


13.4 Loo-Morphisms of Differential Graded Lie Algebras 

In this section we introduce the notion of an L«,-morphism and of an L XJ -quasi- 
isomorphism of differential graded Lie algebras and we show that an L^-quasi- 
isomorphism between two pointed differential graded Lie algebras (g, [■,-] o ,z 0 ) 
and (()) [• j induces a bijection between the sets MC(g)/ ~ and MC(fj)/ ~ of 

gauge equivalence classes of solutions of the Maurer-Cartan equation of (g, [■ ,-] 0 ,Zn) 
and of (I), [■,•][,,Zf,). 
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Let g = ® Qf and b = ® tez hr be two graded Lie algebras. In what follows we 
will be mainly interested in graded linear maps <J> : 5*g —► b of degree 0. We recall 
that g is the same vector space as g, but the degree of its homogeneous elements is 
lowered by one; it is this grading which is extended to S’g (see (13.28)). Denoting 
for k £ N by <L>/ the restriction of 0 to S k g, the fact that 0 is graded of degree 0 

means that 0^ maps g ;| ... g lA , to bqn_ Ht-k+i f° r all h, ■ ■ ■, 4 G Z. In particular, 0^ 

maps gi.. .gi to fti, a fact which will be useful when we consider solutions of the 
Maurer-Cartan equations associated to g and b ■ 

We extend <J> to a graded linear map 0 : 5"g —> ,S’*b, whose component in 
f)CS*f)is<£. First, the restriction of 0 to S°g ~ F is by definition the identity map 
onto — F. For k,£ G N* and for a homogeneous monomial X =xi.. .xi G S k g, 
we define the component in S% of 0{X) to be given by 

1 l 

X X > ( 13 - 52 ) 

q,...,z^6N* * j— 1 

r'lH- H(=k 

where is the set of (i\,. .. , 4 )-shuffles, i.e.. 


, ,J 

. 

<r(l)<—<ff(/i), 1 

CT(il+l)<-«T(ii+i 2 ), | 


i 

<r(h+<2-t—H'f-i+l)<-«T(n+<24— Hi) ) 


Remark 13.35. 

(1) 0 is the (unique) extension of 0 as a coderivation of .S'*g with values in ,S’*f), 
but this fact will not be used in what follows. 

(2) It is clear that, when 0 is identically zero on S k g for all k Js 2, i.e., when 0 is 
simply a graded linear map of degree 0 from g to 1), then <J> = S’0 (see (13.31)). 

(3) It is also clear that the component in S f h of ^(.ri.. .x^) is zero for all l > k. 

(4) The order of the terms in the product in (13.52) is important: the meaning of 
the product is that the terms are ordered as follows: 0, 0 tl ... <f>,.. 

Definition 13.36. Let (g, [•,-] 0 ,D 0 ) and (1), [• , •][,,£>[,) be two differential graded Lie 
algebras, whose total differentials are denoted by A 0 and by A[, respectively. A 
graded linear map <J> : S*g —> b of degree 0 is called an L„-morphism between g 
and b if 

0oA g =A h o0. (13.53) 

For* E 0 we have that A g (x) = D g (x) and 0{x) = 0\ (x). Therefore, if 0 : S’g —> b 
is an Loo-morphism, then 


0 l oD g =D h o0 i , 


( 13 . 54 ) 
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as maps 3 from g to b, so that d>i : g —» b induces a morphism in cohomology, 

Notice that 0\ is not a morphism of differential graded Lie algebras, in general. 
However, if a graded linear map 0 : g —> b is a morphism of differential graded 
Lie algebras (see Definition 13.23), then one can extend 0 to a graded linear map 
0 : S*g —> f), with 0\ = (j) and 0/. = 0 for all k > 2. According to item (2) of 
Remark 13.35, the map 0 is then an L^-morphism. In this sense, morphisms of 
differential graded Lie algebra are particular cases of L„-morphisms. 

Definition 13.37. Let (g, [■, -] 0 ,D 0 ) and (1). |-, ■][,./)[,) be two differential graded Lie 
algebras and let 0 : S ’g —> b be an L„-morphism. Then 0 is called an L,„-quasi- 
isomorphism if the morphism 0’ : I (g ) —> H’^ii)). induced by the restriction 
01 : g —> b of 0 to g, is an isomorphism. 

We have seen in (13.54) that the equation 0oA g = Af, o 0, which is an equality of 
maps S’ g —» S’ h yields, when restricted to S 1 g = g, the equality 0\oD g = D^o0\. 
Similarly, we can consider the restriction to S*g, which yields an equality of maps, 
involving 0i,...,0i c . In the example which follows, we show how this equality is 
obtained for k = 2. 

Example 13.38. Let (g, [• ,-] 0 ,D 0 ) and (h, [• ,•](,,Dj,) be two differential graded Lie 
algebras and let 0 : S ’g —> f) be an L XJ -morphism. We compute the restriction of the 
compact equation (13.53) to S 2 g. To do this, let x,y £ g, with x homogeneous, and 
recall that, by definition 

A s(xy) =D 0 (^)y+(-l) rf ° W xD 0 (y) + (-l) rf ° W [x,y] 0 , 

0(xy) = 0 2 (xy) + 0] {x)0\ (y) , 

while A 0 (x) = D 0 (x) and 0 (x) = 0\ (x). It follows that 

0°A g (xy) = 0i (D g {x))0i(y) + 0 2 (D g (x)y) 

+ (—1 ) d °(®t (x) 0i {D g (y)) + (xD g (y)) + ([x, y] 0 )) 


and 


A t) o$(xy) = D tl (0 2 {xy)) + Dt ) (0 l (x))0 i {y) 

+ (-1 f (x) ([0i(x),0 1 (y)] h + 0i(x)D tl (0 l (y)j) . 

Equating the right-hand sides of these two equations yields, upon using that 0\ o 
D g = o 0\ , the following equation, involving both the maps 0\ and 0 2 ' 

3 Strictly speaking, 4>i is a map from —> S'ij, but we rather consider it as a map from g to h, 
i.e., we consider g and f) with their original grading, as differential graded Lie algebras; with this 
convention <l>i induces maps in cohomology with the following labeling: (g) —> Hp (f|). 
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= 02(xD s (y)) + (-l) d °W (02(Dg(x)y)-Df,(02(xy))) ■ 


(13.55) 


Let O : 5*0 —► ti be a graded linear map of degree 0. The F v -linear extension of 
0 to (5*g) v will also be denoted by 0, and similarly for 0. To 0 , one can associate 
a map Q& : vg v —> vf) v , defined forx £ vg v by: 


«*(*) == I ■ 


(13.56) 


ke N* 


The infinite sum makes sense because, for every k £ N*, at most the first k terms 


contribute to the coefficient of v k in Q<i> (x). Notice that if x £ vgj’, then all elements 


x 4 are formal power series whose coefficients are elements of degree 0 in 5*0, since 
x* is of degree 0 when.x £ gi (orx £ gp. It follows that 0^(x k ) £ vf)[ for all k £ N*, 
hence Li<t,(x) £ vt)j. 

Sections 13.4.1 to 13.4.3 below are devoted to the proof of the following theorem. 

Theorem 13.39. Let (g, [■, -]g,z 0 ) and (fi, [•, •](, ,ztj) be two pointed differential gra¬ 
ded Lie algebras. If 0 : 5*g —> f) is an L„-morphism, then 


fl* :MC(g)/~-lMC(P0/~ 

cl(.x) I-A cl (X2<j>(.x)) 


is a well-defined map, which is a bijection if 0 is an L^-quasi-isomorphism. 

Theorem 13.39 is true more generally for L ^-morphism of arbitrary (not necessarily 
pointed) differential graded Lie algebras, but we will not use it in that generality. 


13.4.1 0,0 is Well-Defined 

We start with a proposition which will be useful for showing that £2$ is well-defined. 
Proposition 13.40. Let (g, [■,-] 0 ,£> 0 ) and Df ,) be two differential graded 


Lie algebras. Let 0 : S' g -A f] be a graded linear map of degree 0 and let L2& be the 
associated map, defined as in (13.56). 

(1) Ifx £ vgj', then 


0(e x ) = e°*W. (13.57) 

(2) Ifx £ vgj' and ft) £ vg v , then 


(13.57) 



(13.58) 
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Proof. Let x £ vg}’. It follows from the definition of Q, j>, that 

e iMx) = 1+1 ' I 77 —^^ (+')■ • • %(*) ■ (13-59) 

feN* eN* (1 - le ' 


For every k £ N* and for every permutation a £ S^, one has sgnfcru^) = 1, because 
x £ vg[. Hence, by definition of <7>, we have: 


= S ji ®c 


faEPt 


= '+1^1 I i I ( b, : ( v !| )... </>, i.v'' ! 

feN* *■ feN* 1!+-+^=* treSij,...,^ 
itv.it !> 1 


1 


- 1+ X 71 X 


1 


(t'l H-Fi^)! 




aeSi, 


which is the same as the right-hand side of (13.59), since #5,-, .7 = ■ This 

proves (7). 

In order to prove (2), we introduce a formal parameter f and we compute the 
coefficient in t of both sides of the equality 

$(e x+tm ) = fA»(*+ f ®) (mod r) . (13.60) 


The proof that this equality holds is the same as the proof of (13.57) since everything 
is computed modulo t 2 , so that all products of elements of odd degree in f), which 
are precisely the ones which do not commute, are discarded. For the same reason, 
the coefficient of t in 0(e x+tco ) is given by <X>(coe x ), which is the left-hand side 
of (13.58), and the coefficient of t in e Q <p( x + tm ) i s given by the coefficient of 1 of 
gfl®W e Zi(0 ) where Z\ (t) is the linear term in t of Q&ix + tof), which is given by 

z i( f )= X Ff X = X 77—“Try ®k{u)x k - 1 )f, 

jteN* K ' t=0 iteN* 1 )■ 

so that the coefficient of t in e n ${ x + ,a> ) j s given by the right-hand side of (13.58), 
which establishes (2). □ 

Proposition 13.41. Let (g, [•,-] g ,z 0 ) and (f), [•, •]ti,Zq) be two pointed differential 
graded Lie algebras. Let <S >: S*g —> f) be an L^-morphism and let £2,p : vg v —> vti v 
be the associated map, defined as in (13.56). 

(1) If x £ vg}' is a solution of the Maurer-Cartan equation associated to g, then 
Q<p(x) is a solution of the Maurer-Cartan equation associated to f); 

(2) Ifx,y £ Vg)' are gauge equivalent solutions of the Maurer-Cartan equation 
associated to g, then £2&(x) and £2tp(y) are gauge equivalent; 
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(3) Ifx £ vg\ and iq £ for some k £ N, then there exists s £ V a 1)q, such that 
&&(!; ©x) = sQQ$(x). Moreover, s = 0\{B,) (mod v k+1 ). 

Proof. We denote by A g and Af, the total differential of g, respectively of [). Accord¬ 
ing to Proposition 13.26, ifx £ vg|\ then x £ MC(g) if and only if A g (e x ) = 0, and 
L2<j>(x) £ MC(f}) if and only if A(,(e^®W) = 0. The fact that 0 is an Lc-morphism 
and (13.57) imply that 

A h (e°*W)=A t) o&(e x ) = ®oA g (e x ) , (13.61) 


and (1) follows. 

Let x,y £ V'gj’ be two gauge equivalent solutions of the Maurer-Cartan equation. 
As we saw in Proposition 13.31, x and y are also path equivalent, which means, by 
definition, that there exist a polynomial path y(f) in vg[ and a polynomial path 7 ] (t) 
in vgp, such that y( 0 ) = x, y(l) = v and 

|^)= a 8 ( me^) ■ 

Applying 0 to both sides of this equation, and using the definition of an L„„- 
morphism, we obtain 


=A t) o0( rl (ty^ , 

which gives, in view of both items of Proposition 13.40, 

^_ e n 0 ( Y (i ))=A h (x(f)AM ; ))) , (13.62) 

where 

*(0== E 773Tv7®*( t ?(0/" I (0)- ( 13 ' 63 ) 

&SN* l P 

Now Q<p(Y(t)) is a polynomial path in vf)j and y(f) is a polynomial path in v!)q. 
Equation (13.62) says that Cl& (x) = L2<j>(y(0)) and X2<f>(y) = X2o(y(l)) are path 
equivalent, hence gauge equivalent (by Proposition 13.31), which is the content 
of ( 2 ). 

According to Remark 13.32, if x £ vg\ and q £ V^gg, then the polynomial 
path 17 (f) which is used in establishing the path equivalence between x and q Q x 
can be chosen in V k gX, namely we can choose 77 (f) := -iq. Then the polynomial 
path y (f), given by (13.63), belongs to v A P )q so that, again by Remark 13.32, the 
gauge equivalence between il<i>iq ©x) and Q& (x) can be realized by an element 
5 £ V^bo-Since y(f) = fT>i ( 77 (f)) (mod V A+1 ), we have s = 0\ (^) (modv 4+1 ), 

which proves (3). □ 
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13.4.2 Surjectivity of Q& 

We show in this section that if 0 is an L„-quasi-isomorphism, then 12<j> is surjective, 
which is part of the statement of Theorem 13.39. We will use the following propo¬ 
sition, which describes how the operators Obs^ behave under an -morphism (see 
Section 13.3.3 for the definition of Obs; and for its relation to the Maurer-Cartan 
equation). 

Proposition 13.42. Suppose that 0 is an L„ -morphism between two differential 
graded Lie algebras (g, [■, -] 0 ,£) 0 ) and (!),[•, •][,,£)[,). Let x £ vgj 7 and let l £ N*. If 
x £ MQ?(g), then 12,j,(x) £ MC^(f)). Moreover, the following equality holds: 

0 X (Obs m (x)) = Obs^+i (Q*(x)). (13.64) 

Proof. As before, we denote by A 0 and Af, the total differentials on ,S’*g and .S'* Ft 
respectively. For x £ vg[, we have according to (13.61) that 

A h (^ W ) =0(A s (e x )) . (13.65) 

Both sides of this equation can be computed from (13.35), namely 

Af, («"*«) = (^Df,{Q 0 (x)) + ’ [fl*(x),fl*(x)] ^ , (13.66) 

® ( A 0 (e*)) = ® + ■ (13.67) 

Let (sN* and suppose that x £ MQ(g). Then D g (x) + ^ [x,x ] 0 = 0 (mod \A +I ), 
hence the right-hand side of equation (13.67) is zero, modulo v e+1 . In view 
of (13.65), the right-hand side of (13.66) is also zero, modulo V l: 1 1 , so that 

Dti(£2&{x)) + ^ [Q 0 (x), Q& (x)] ^ =0 (mod v £+l ) . 

This shows that Llo{x) £ MQ(fj), which proves the first part of the proposition. 
Forx £ MQ(g), the first part of the proof and (13.66) imply that 

(Af, (®(«*))) /+1 = (+l = Ob Se+1 {Q 0 (x)) . (13.68) 

Moreover, letting (0 := Z) 0 (x) + ^ [x,x] £ v f+1 go we obtain, using (13.67) and 
Proposition 13.40, 

Af, (®(0) = ®(o>e x ) = ( X t^— 0 k (cox k ~ 1 )) . (13.69) 

v y \kew J 


Therefore, 
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(\ (®(«*))) m = = ®l(0%+l) = ®i(Obs m (x)), 

which leads, combined with (13.68), to Eq. (13.64). □ 

We now prove that if 0 is an Loo-quasi-isomorphism between two pointed differen¬ 
tial graded Lie algebras (g, [•, -] 0 ,Z 0 ) and (f), [• then Q& is surjective, which 

is part of the statement of Theorem 13.39. 

Proof. First, let us point out a fact which will be used several times in this proof. Let 
(g, [■ ,-],£>) be a differential graded Lie algebra, let i G N* and let x = Xt- eW x k V k 
and x! = XteN* x J k v k . If x = f (mod v k ), then 

Obs*(x) — Obsjt(x') = D{x k —x k ), (13.70) 

in particular Obs^, (,v) — Obs^x') is a coboundary. This fact follows immediately 
from the definition (13.33) of the operator Obs<.. 

Suppose that y G MC(h) (in particular, all non-zero coefficients y k of y belong to 
l)i). We show that there exist formal power series x G vg[ and q G vflo, suc h that 
y = <§ Q PPs> (x). These series will be constructed term by term. Thus, we assume that 
we have constructed the first k terms xi ,... ,x k of x and the first k terms q \.... .q k 
of £,, such that 

(a*) x k '■= xi v H- \-x k v k G MQ(g); 

(bi) tq k '■= V H- V ^kV k and x k satisfy the following equation: 

y = % k Qn&(x k ) (mod V k+X ) . 

We show how to construct an extra term x k+ \ for x and q k +\ for q, such that (a,t + i) 
and (b* + j) are satisfied. Notice that (ao) and (bo) are trivially satisfied, since by 
construction xo = 0 and qo = 0, while the constant term of y is zero. 

First we construct x! k+x G gi such that x' k+x := xl + x^V^ 1 G MQt + i(g). In 
view of Proposition 13.42, (b^) and (13.70), there exists u G hi such that 

^(Obsi+itxi;)) = Obs^ + i(X2®(%)) = Obs£+i ((-?i)©;y) +D(u) =D{u) , 

where we used in the last step that y, and hence (~q k ) ©y, belongs to MC(f)). Since 

x k G MQ-(g), Proposition 13.24 implies that Obs^+iCxA-) is a cocycle, so it defines 

a cohomology class in Ilf (g); by the above computation, the image under 0\ of 
^0 

this cohomology class is trivial. Now 0 X : !If (g) —> Hf (h) is injective, since 0 

^0 

is an Loo-quasi-isomorphism, hence the cohomology class of Obs/., | (x k ) is trivial, 
i.e., there existsx[ +1 Ggi satisfying Obs^ + i(xi) = [x J k+] ,Z g ] . Letting xj. + | :=x k + 
x' k+l V k +\ we have that 

Obs, (x^. +1 ) = Obs,(lL) = 0, for all 1 < i < k , 


while (13.70) implies that 
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Obs^+j (4 +1 ) = Obs k+1 (x k ) + D Zg (4 +1 ) = Obs^+i (x k ) + [z g ,4+t] g = 0 , 

so that 4+i G MQ.+i(g), i.e., 4+i satisfies property (a^+i). 

We now prove that there exist a cocycle 4- , +i G 01 and an element <4+1 G ho, such 

that x k+ 1 : = 4+1 + 4+1 vk+1 = *k + (4+1 + 4+i) v A+1 and 4+1 : = 4 + 4+l v A+1 

satisfy property (bfc+i); property (a^+i) remains satisfied when we replace 4+1 
by x k+ \ because x" + i is a cocycle. 

Property (b k ) and the fact that 4+1 = x k (mod v A+1 ) imply that 

y = 4©A&(4+t) (mod v i+1 ). 

Writing 4©^4>(4 +i) = 24 N*4 v A , with X k £ hi f° r all k, we have according 
to (13.70) that 

ObSjt +1 (y) — Obs^+i (j k QQ&( 4+i)) = D Zf) (y k+ i~X k+1 ) . (13.71) 

As 4+i G MCi+i(g), Proposition 13.42 implies that X2 <j>(4+i) G MQ+i(h), hence 
4 © (4 + j) e MC i+ 1 (h), so that Obs i+ 1 (^ k OQ<p (4+i)) = 0. Moreover, since 
y £ MC(h), we also have Obs,t+i(v) = 0, so that (13.71) gives D z . (y^+i —X k+ \) = 0. 
Since 0} : H} } (g) —y H ^ (h) is surjective, there exists a cocycle 4+1 G gi and an 
element 4+1 G ho, such that 

yk +1 -Xk +1 = ®l(4+l) - D Zf,(%k+l) = <M4'+l) + [4+1 ) Zb] f, , 

in other words, we obtain 

y— (?*©Os(4+t)) = (^i(4'+i)+ [4+i,Zb]„) v i+1 (mod v A+2 ) . (13.72) 

With the help of (13.56) and (13.72), we compute modulo v A+2 : 

4+i © ^4(4+i) = (4 + 4+1 v* +1 ) © Aj> (4+1 + 4+ 1v A+1 ) 

= 4©^®(4+i)+ ( 0 i(4+i) + [4+i.Zfi] f,) v k+1 =y . 

Thus, x k+ \ and 4+1 satisfy (a*+i) and (b*+i). □ 

Remark 13.43. Notice that the fact that <J>* is an isomorphism is not fully used in 
the proof. In fact, we only used that <f> 2 : Hjy (g) —> Hjy (h) is injective and that 

: H b Zg (fl) -A H b Zi) (b) is surjective. 
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In this section we prove that Q& is injective, which is also part of the statement of 
Theorem 13.39. To do this, we use the following lemma. Recall that, for a formal 
power series x (in v), we denote by x k its coefficient of v k . 

Lemma 13.44. Let (g. [■, •], z) be a pointed differential graded Lie algebra. Suppose 
that x £ vg[ and that B, £ V k gg. 

(1) (B, Qx-x) k = -D z (t, k ); 

(2) If s £ go is a cocycle, then (B, + jv*) Qx = lqQx (mod v A+1 ); 

(3) IfB, Qx = x (mod v A+1 ), then Bq k is a cocycle; 

(4) If is a coboundary and x is solution of the Maurer—Cartan equation, then 
there exists Bf £ v* + 1 0 q, such that B, Qx = Bf Qx. 

Proof. Items (l)-(3) follow from the fact that, since q £ V k gf the term in v l in 
q Qx is X{ when 1 ^ I < k and is x k + [£|fc,z] = *k — D z (B, k ) when t = k. 

For item (4), assume that B, k is a coboundary, qk = D z (>]) for some I] £ g . |, and 
that x £ MC(g), so that [z + x,z + x] = 0. For w £ vg 1 ^, the graded Jacobi identity 
implies that ad ^ z+x fz+x) = - j [[z + *,z + x] ,w] = 0 , so that 

[w 1 z + x\Qx = x+ Y, n ad hw+*]( z + *) =x - 
km* K ■ 

In particular, if w £ V k g^ 1 , then 

4 0x = 4 0 {[w,z + x] Qx) = CH(i *,[w,z+x\) Qx , (13.73) 

and it follows from (13.39) that (CH(4, \w,Z+x]))k = B,k + [wt,z] = D-(r\ — wf). 
Therefore, taking w := t]V k , we have that Bf := CH(4, [w,z + x]) £ V a+ 1 0 q, while 
B,'Qx = B, Qx, according to (13.73). This proves (4). □ 

We can now prove that if <J> is an L^-quasi-isomorphism between two pointed dif¬ 
ferential graded Lie algebras (g, [•, -] 0 ,z 0 ) and (f), [■ ,-]ij,Z|j), then is injective, 
which is part of the statement of Theorem 13.39. 

Proof. Suppose that x,y £ MC(g) have the same image under Q&. which means 
that Q&(x) and L2<t>{y) are gauge equivalent. We need to show that x and y are 
gauge equivalent. To do this, we construct three sequences: a sequence (x^)ke^ 
in vgy with = x, a sequence (^^fkeN in 00 and a sequence (u^)ke N in fjo, 
with £ V k 1 1 f) ( ',' for all k. These sequences will be constructed such that their 
elements satisfy, for all k £ N*. the following four properties: 

(A*)*(*) = (^Wv 4 )©#- 1 ); 

(B k )xW=y (mod v A+1 ); 

(C k ) uf ~ 11 + is a coboundary; 

(D k )Q o (x^) = u^QQ 0 (y). 
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We first show that the existence of these sequences satisfying the properties (A /.) 
and (B/J proves that x and y are gauge equivalent; properties (Q) and (D 0 will 
turn out to be useful for constructing the sequences satisfying the former properties. 
Consider the formal power series E := lim^-^sW, where the polynomials E' k} are 
recursively defined by 3® := CH(^ + v k .E k - \ ) for k£ N* and Eq := 0. Notice that 
the limit is well-defined, because (mod v A ) for k £ N*, and that it 

belongs to vg^. In view of (Ai),... ,(A*), (B*), and (13.40), 

3® ©x = x ^ = y (mod v k+1 ) , 


for all k € N, so that ^,Qx — y. 

We proceed to the construction of the three sequences. First, we set ^ <(y> := 0 and 
we choose for an element in vbo for which «(°>0 f3(j)(y) = Q&(x), which can 
be done because, by assumption, £2&(x) and Q&(y) are gauge equivalent. In order 
to satisfy (Ao), (Bo), (Co) and (Do), we define X+ 1 ) := x 1 ' 01 = x and Uq *■* := 0. Let 
us assume that,..., x^ A * and u^ and ^+,...,^W are constructed, and 

satisfy the above conditions (A{), (B/ ), (Q) and (D^), for £ = 0,... ,k. 

We first construct x+ +11 and <+++ satisfying (A^+i) and (B^+i). In view of (B^), 
x^ and y agree modulo V k 1 1 . As a first consequence, since both are solutions of the 
Maurer-Cartan equation, (13.70) implies that D(x k \ —yk+ 1 ) = 0, i.e., (x® —y)k+ 1 
is a cocycle. As a second consequence, = <fi/>((x+) A ) (mod v A+2 ) for i ^ 2, 

so that 

(4p(xW)-fl*(y)) = Oi (xgj -y*+i) . (13.74) 


The left-hand side of (13.74) is a coboundary, in view of (D^) and item (1) of 

Lemma 13.44. Since : Hq (g) —> Hp (fj) is injective, (x^ —y)k +1 is also 

^0 


a coboundary, i.e., there exists q( k+l '> S go such that D Zg (^ k+l '>) = xf^ -y k +v 

( A+1 ),Z 0 , so that (^( A+1 )v A+1 )0x (A ) =y 

(mod v A + 2 ). Defining X++) := (£j(* +1 )v t+1 )0x(*\ it follows thatx^ A+1 ) and <^( A+1 ) 
satisfy (A* +1 ) and (B k+1 ). 


Now ((^( A+1 )v i+1 )0xW){ + i =4+1 + 


The constructed element does not satisfy (C+ + |), namely w[+i +<&i (^ A+1 )) 

need not be a coboundary, but it is a cocycle. In fact, in view of (Ajt+i) and (B/. + i), 


(£(*+i) v *+i) Q x(*) =y (mod v A+2 ) , 


so that, in view of (D/Q, we have the following equalities, modulo v A+2 : 


uWqQ 0 ^ k+ ^v k+l )Ox^=u^OQ 0 (y)=Q 0 (x^) . (13.75) 


Since <X> is an L*,-morph ism, item (3) of Proposition 13.41 implies that 

Q 0 (^ k+ ^v k+1 Qx {k) ) = 0 1 (^ k+l) v k+1 )oQ 0 (x^) (mod v A+2 ), 
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so that, still modulo v k+2 , the left-hand side of (13.75) is CH(«®, (| ( fc+1 ) v i+1 )) © 

Q<j>(xW). According to (13.39), 

(CH(««,<P 1 (^* + 1 )v * +1 ))) Jk+1 = M g 1 + 0 1 (^ (i + 1 )) , 

(k) 

so that we can apply item in (3) of Lemma 13.44 to (13.75), to conclude that u k J_ x + 
i(^( /:+1 )) is a cocycle. 

We now show how | can be modified, so that (Q+i) is satisfied, i.e., so that 
u f+i + < £ , i( < 3 ^ +1 )) i s a coboundary. We will do this without much altering x^ k+1 \ 
Since + 0i(^ k+1 ^) is a cocycle it defines a cohomology class in H ^ (fo); 

Z f) 

since f/tj 1 : H ( f \ (g) —> //(( (f)j is surjective, this cohomology class is the image of 

a cocycle K G go. Upon replacing by — k\ the new x^ k+l \ defined by 

(A/;+i), still satisfies (B* + i), in view of item (2) of Lemma 13.44, i.e., removing a 
cocycle from ^ k+1 '> does not alter x^ 1 ' 1 modulo v A+1 . However, the cohomology 
class of + d>i (^( /:+1 )) is now trivial, i.e., the latter element is a coboundary. 

The last step of the construction is the construction of Uk+ \, such that (D/. + j) is 
satisfied. Item (3) in Proposition 13.41 yields the existence of s G V k 1 1 ()q such that 
Q&[^( k+ 1 '>V k+l ©jc«) = sQfiif^); by the same proposition, 5 = 5>i(^ a ' +1 ^) 
(mod v k+2 ). Using (A^+i) and (D<.), it follows that 

Ae>(x^ +1 )) = s©X2<i>(jc®) =sQ = CH(s,«W) ©X2®(y). 

In view of (13.39), (CH(.s,i/*l))t + | = &\(!;( k+l )) + u^ v which is a coboundary, 
according to (Q. + i). Item (4) in Lemma 13.44 implies that there exists in 

V k+2 t)Q such that 

u^QQoiy) = CH(s,iiW)0fl < p(y) = Q 0 {x^ k+1 '>) , 
which is (D^ + i). □ 

Remark 13.45. The fact that <J>* is an isomorphism is not fully used in the proof of 
the injectivity of C2<p. Indeed, we only used that ffi , 1 : Hp (g) —> Hj } (h) is injec¬ 
tive and that <t>? : H ^ (g) —>• Hp (fj) is surjective (see Remark 13.43 for a similar 
Z 0 Z \) 

remark concerning the proof of the surjectivity of X 2 <j>). 


13.5 Kontsevich’s Formality Theorem and Its Consequences 

The present section is devoted to a fundamental result by Kontsevich, whose state¬ 
ment and implications are accessible for the readers who have become sufficiently 
familiar with the concepts developed in the previous sections of this chapter. In- 
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stead of giving a full proof of Kontsevich’s theorem, which is beyond the scope of 
this book, we present some of the main ingredients, and we concentrate on a few of 
its consequences, which have deep implications to both Poisson geometry and Lie 
theory. The most popular consequence can be stated in a few words: the algebra of 
smooth functions on a real Poisson manifold admits a formal deformation quantiza¬ 
tion. This result will be proved in Theorem 13.51, as a consequence of Kontsevich's 
formality theorem (Theorem 13.46). 


13.5.1 Kontsevich’s Formality Theorem 

Let M be a real manifold and denote by jd the usual product on C°°{M). Recall that 
there are two pointed differential graded Lie algebras, which are naturally associated 
to M: 

• (3E*(M), [•,•]$,()) is the graded vector space of multivector fields on M, with 
shifted degree, equipped with the Schouten bracket and with the zero differen¬ 
tial (see Example 13.18); 

• (HC* iff (M), [•,) is the graded vector space of differential Hochschild 
cochains of C°° (M ), with shifted degree, equipped with the Gerstenhaber bracket 
and with the Hochschild differential associated to jJ (see Example 13.20). 

First, we show how these differential graded Lie algebras are related. Let P be a 
/>vector field on M, where p ^ 1.A p-linear map (j)(P) : —> C°°(M) is 

naturally associated to P by setting, for all F\,... ,F p £ C°°{M), 

ty{P){F\,..-,F p ) := ~^P[Fi,...,F p \ . (13.76) 

It leads for every p to a graded linear map of degree 0, 

(j) : X P (M) HC^ iff (M) , (13.77) 

which is injective, because P can be recovered from (j)(P). We have, according to 
(13.7), for all F 0 ,...,F p £ 

8£(p\<P(P))(F 0 ,... ,F p ) = F 0 P[F U . ..,F p ] + (-1 )P +1 P[F 0 ,.. .,F P -i\F P 

+ ^(-l) i P[F 0 ,...,F i _ l F i ,...,F p ] 

i=i 

= 0 , 

where we used in the last equality that P is a derivation in each of its arguments. 
It follows that the map (j) takes values in the Hochschild cocycles of (C°° (M), ji). 
In particular, (j) induces a linear map H’(j) between the cohomologies of the pointed 
differential graded Lie algebras (X*(M), [•, -]s,0) and (HCj iff (M), [•,-]g,jU). Ac¬ 
cording to the Hochschild-Kostant-Rosenberg theorem (see [131]), H*(j) is an iso- 
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morphism of differential graded Lie algebras. The map <j) itself is however not a 
morphism of (differential) graded Lie algebras, since [P, Q\ s f [P. Q] ( . for general 
multivector fields P, Q as one easily checks from the definitions. 

The following result, due to Kontsevich, states that, even if <j> is not a mor¬ 
phism of differential graded Lie algebras, it extends to an L, x ,-morphism & between 
(£*(M), [•,-]s,0) and (HCj iff (M), [■ since the induced map in cohomology 

H’0 i is 11’(I), which is according to the Hochschild-Kostant-Rosenberg theorem 
an isomorphism, 0 is an L-quasi-isomorphism (see Definition 13.37). 

Theorem 13.46 (Kontsevich’s formality theorem). Let M be a real manifold and 
denote by p the usual product on C°°(M). There exists an L^-quasi-isomorphism 0 
from (£*(M), [•, -Js.O) to (HC* iff (M), [•, -]g) p). such that the map 0i : £*(M) —> 
HCJijf(M) is the natural inclusion map (/), defined in (13.77). 

For a proof of this theorem, which is quite involved and is beyond the scope of 
this book, we refer to [38, 39, 107, 189] and [14]. We will give in the following 
section some more details about the construction of the Loo-quasi-isomorphism in 
the case of M = W 1 . But first, we say a few words about the origin of the name 
of the theorem. Recall from Example 13.21 that the cohomology of a differen¬ 
tial graded Lie algebra is itself also a (pointed) differential graded Lie algebra. In 
the case of (£*(M), [•, •]$,()), the differential is trivial hence the latter differential 
graded Lie algebra and its cohomology are isomorphic differential graded Lie al¬ 
gebras. According to the Hochschild-Kostant-Rosenberg theorem, cited above, this 
cohomology and the cohomology of (HC* iff (M), [■, ■]<•_;■ ,U) are isomorphic differen¬ 
tial graded Lie algebras. Thus, Kontsevich’s theorem says that there exists an L„- 
quasi-isomorphism between (HC* iff (M), [•, ■}(_;■ jd) and its cohomology. A differen¬ 
tial graded Lie algebra which admits an L cx -q uasi -i somorph i sm to its cohomology 
is called formal , a terminology which is borrowed from topology. Thus, Kontse¬ 
vich’s theorem says that (HC* iff (M), [•, -]g,P) is formal, which explains the name 
“formality theorem”. 


13.5.2 Kontsevich’s Formality Theorem for W 1 

Without going into technical details, we present in this section Kontsevich’s ex¬ 
plicit construction of the L^-quasi-isomorphism 0 between (£*(M), [• ,-]s,0) and 
(HC* iff (M), [• in the particular case where M = M. d . In order to do this, we 

first need to explain how multi-differential operators are naturally coded by graphs, 
how weights are associated to these graphs and how they all sum up to yield a for¬ 
mula for the L x .-quasi-isomorphism 0. 
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13.5.2.1 A - Kontsevich’s Graphs 

We describe in this subsection the graphs which are used in Kontsevich’s construc¬ 
tion. Recall that an oriented graph is a pair (V,A), where A is a subset of V x V. 
The elements of V are called vertices and the elements of A arrows. For an arrow 
a = (jc,;y) £ A, we call y its head, denoted h(a) and x its tail, denoted t(a). We will 
assume that F contains no loops, which means that if (x,y) £ A, then x f y. For given 
integers k, £ £ N, the vertex set of the graphs which are considered is the set V k ,t, 
defined by 

V M :={1,...,*}U{T,. ..,£}. 

For reasons which will be clear later, it is demanded that these integers satisfy 2k + 
£ — 2 2z0, that is the cases (k,£) = (0,0) and (k,£) = (1,0) are excluded. The k 
vertices 1 ,..., k of V k j are called vertices of the first type, while the £ vertices T,... ~£ 
of V k e are called vertices of the second type. Another piece of data added to the 
graphs which are considered here is an ordering of each of the sets of arrows with a 
common tail, i.e., of each of the sets 

Star(s) := {a £ A | t(a) = j} , 

for $ £ {1,..., k}. Denoting the number of elements in Star(.y) by p s , such an order¬ 
ing amounts to a numbering a s of the elements of Star(.v) by the integers I..... p s ; 
using this numbering we write Star(j) as Star(i) = {cr, 1 ,..., erf 1 } . 

Definition 13.47. Let k,£ £ N, such that 2k + £— 2 ^ 0. A triplet F = (V k j.A, a) is 
said to be a Kontsevich graph if 

(1) The pair (V k y,A) is an oriented graph without loops, called the underlying 
graph of F; 

(2) For every arrow a £ A, its tail t(a) is a vertex of the first type; 

(3) For every s £ {1,..., k}, O s is an ordering of Star(.v). 

The set of Kontsevich graphs F = (V k y,A,o) is denoted by G k j. The underlying 
graph of some element G 3.4 is depicted in Fig. 13.1. 


13.5.2.2 B - The Weight of a Kontsevich Graph 

Let k, £ £ N, such that 2k + £ — 2f 0. To a Kontsevich graph F £ G k j we associate 
a number GJ r, called its weight. The definition involves angles in the Poincare half¬ 
plane and integration over a configuration space. We recall first that the Poincare 
half-plane is the open subset 

^:={(*,v)£R 2 |y>0} , 


equipped with the metric 
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Fig. 13.1 The elements in Gt-j are triplets (V,A, a), where the set of vertices consists of k vertices 
of the first type, denoted 1,... ,k and £ vertices of the second type, denoted All arrows start 

from vertices of the first type and are ordered by a. Depicted here is the graph (V,A) that underlies 
some element of For reasons that will become clear later, the graph is drawn in the upper 
half-plane, with the vertices of the second type on its boundary. 



the vertical geodesic through p and the geodesic through p and q. 


(isf - , 

whose geodesics are the vertical half-lines, starting from the horizontal axis (the 
line v = 0) and half-circles, with center on the horizontal axis. For p.q £ J$f := 
= 0}, with p ^ q, we denote by 9(p,q) the angle (at p) between the verti¬ 
cal geodesic through p and the geodesic through p and q (see Fig. 13.2). The angle 
function 6 leads, for each arrow a of F, to an analytic function 0 a on a configu¬ 
ration space of points, whose construction we briefly recall (see the appendix by 
A. Bruguieres in [39] for details). With k, t as above, consider Conf/y, the space 
of (£ + f)-tuples of distinct points, the first k points belonging to and the t re¬ 
maining points belonging to the boundary of £%?. We write a point of Conf/.y as a 
(A: + £)-tuple (zi,... ,Zi,Zj, • •. ,z»), since we think of such a point as corresponding 
to the vertices of a graph of G^j, drawn in . The group G of affine transforma¬ 
tions of C of the form z Xz + H, with X £ R!!j_ and p £ R, acts in a natural way 
on Con4j. This action is free and the quotient manifold 
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Fig. 13.3 The graph 1} belongs to G\^. It has one vertex of the first type and £ vertices of the 
second type. Its weight is 1/(F) 2 . 


Ck,e ■= Conf^/G 


has dimension 2k + i— 2; the class of a point (zi ,... ,Zk,Zj, ■ ■ -,Z() G Conf^f in Ck/ 
is denoted by [(zi,... • •. ,Za)]. The manifold Q/ admits a natural compact- 

ification as a manifold with comers; the connected component which contains the 
points [(zi,... ,Zk,Zj,- ■ ■ ,Z|)] for which zj < Zi < ■ • • < Z~ t is denoted by Ck/. To an 
arrow a = ( t(a),h(a )) of F, we can associate an analytic function on Q. (, by defin¬ 
ing 9 a ([(zi,■ ■ ■ ,Zk,Zi,■ ■ ■ ,Zi)]) := 0{zt(a),Zh ( a ))■ When F has p arrows, we obtain in 
this way p functions, and hence a p-form on the configuration space, which leads 
upon integrating to the weight associated to F = (Vk/,A, a), namely 



Ckj 


We do not discuss here the technical issues, related to the fact that Cki has corners 
and concerning the choice of ordering in the above wedge product. We simply point 
out that, for dimensional reasons, CJj- = 0 whenever the number of arrows in F is 
different from the dimension 2k + l — 2 of Ck,e- 

Example 13.48. Up to the ordering of its arrows, there is a single graph F/ in G\ j 
which has l arrows. It is depicted in Fig. 13.3. The Kontsevich weight of F is given 
by 




O<0i<-<0«<27T 


(13.78) 
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Fig. 13.4 To each vertex of a graph one associates a multivector field on (a 0-vector field, i.e., 
a function, when the vertex is of the second type). Depicted is the graph of Fig. 13.1, with the extra 
data. 


13.5.2.3 C - The Differential Operator Associated to a Kontsevich Graph 

Let r = (V k j. A, a) £ G k j be a Kontsevich graph, with 2k+(. — 2 ^ 0, as before. We 
show how there is naturally associated to F (equipped with some extra data) a multi¬ 
differential operator on R'f the natural coordinates on W 1 are denoted by xj,... .xj. 
We add the following data to the graph: 

(1) To each vertex 5 of the first type, a -vector field Q s on R d ; 

(2) To each vertex t of the second type, a smooth function F t on R'f 

See Fig. 13.4, which is Fig. 13.1 with the extra data. Let y:A—»{l,...,d}be any 
map. Using the above data and y, we can associate to each vertex t of the second 
type a function namely 


D r 7 AF t ) 


n 


aeA ^ X y{a) 
\ h{a)—t 


Similarly, we associate a function S (Q S ) to each vertex s of the first type, by 
setting 


Dy, s m 


n 

a£A 

\h(a)=s 


dx, 


r(«) 


(q. 


c r(o-, 1 )> 


V(of 


where we recall that {<7 ^,..., erf 1 } = Star(j) is the set of arrows whose tail is s, 
ordered by <7 S . When the above products are taken over the empty set, i.e., if f, 
respectively s, is not the head of an arrow in A, then the derivatives reduce to a 
zero-th order derivative, i.e., no derivatives are taken. Taking the product of the thus 










404 


13 Deformation Quantization 


Q 



Fig. 13.5 The graph 1} with some extra data. 


constructed k + £ functions and summing over all maps y: A —> {1,. leads to 

the function 


k i 

Br(Qu • • •, Qk'm , ■ • .,F t ) := X YltfM) U D rA F ^ ■ 

y:A-»{l....,4}s=l t=l 


The right-hand side of this equation is clearly a multi-differential operator in the 
functions F\,... ,F(. In summary, we have associated to each Kontsevich graph F = 
(Vkf.A) and to each choice of multivector fields (of the right degree) an /-differential 
operator Bp(Qi, ■ ■ ■,Qk ), whose action on functions is defined as above. If at least 
one of the multivector fields Q s is not of the right degree (i.e., its degree is different 
from p s , the number of arrows of F whose tail is .v), we define Bp (Q \,..., Qi ) to be 
equal to the zero (-differential operator. Extending these definitions by linearity, we 
get for each Kontsevich graph F = (14./?, A) £ Gkj a linear map Bp : S k cj —> b, where 
we recall that g and [) are respectively the pointed differential graded Lie algebras 
and (HC* iff (K rf ),[-,-]G,F)- 

Example 13.49. We write down Bp r where 1} is the graph in G 1 1 which we intro¬ 
duced in Example 13.48. Let Q be an (-vector field on W 1 and let F \..... F f be 
functions on W 1 . See Fig. 13.5, where these data have been added to the graph. We 
label the arrows of the graph from 1 to (, so that the arrow labeled i connects 1 to i , 
for all i = 1 ,...,£. For a map y : A = { 1 1 d} we write y(i) as y; 

then, summing over all such maps y simply amounts to summing over all yi,..., y?, 
ranging from 1 to d. With these notations, 


Br t (Q)(F u 


,F t ) = 




dF\ dFj 

dXy^ d.Xy^ 


= Q[F 1 ,...,F e \, 


dF e 

d 


so that Br £ (Q) = Q. 
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Example 13.50. Similarly, we write down Bp, where F is Ihe graph of Fig. 13.4. 
The arrows of the graph are labeled 1,... ,7, starting with the arrows whose tail is 
01 £ X 2 (R d ), then those whose tail is 02 £ X 3 (R c/ ), finally the ones whose tail is 
<23 £ X 2 (R d ). It leads to the following formula: 


-Br(<2i, 02, (?3 )(Fi ,... ,F 4 ) 


<50i 

1 <Yl,-,Y7<d ox Y6 


02 03 


dFi 

dXy { 


d 2 F 2 
d dXy^ 


d 2 F 3 dF A 

dXy^ dXyj d Xy^ 


where 


0i := 0i [x 7 i .x^}, 02 := Q 2 [x n ,x j4 ,Xy 5 ], 0 3 := 03 [xy^x^] . 


13.5.2.4 D - Kontsevich’s Formula for the -Quasi-Isomorphism 

We have introduced in the previous subsections all the ingredients which are 
used in Kontsevich’s explicit construction of the L„ -quasi-isomorphism 0 between 
(X*(M rf ), [• ,-]s,0) and (HC 4 iff (R' / ), [•, -]g,P)- As above, we denote these pointed 
differential graded Lie algebras by g and b respectively, and we denote the natu¬ 
ral coordinates on Ml 1 by X[ .... ,x,j. Recall that 0 : .S'*g —» h is completely deter¬ 
mined by the family of maps ( 0k)ken > where for each k £ N, 0 k is the restric¬ 
tion of 0 to S*g. They are defined as follows: for all pi.....p k £ N and for all 
0 102 • • ■ Qk £ Spj-f'Sft-i, the ^-differential operator 0 k (QiQ 2 ■ ■ Qk) £ iff 1 , 
where £ := 1 Pi — 2k + 2, is defined by: 

^( 0102 ... Qk) ■■= I ®r*r(0i,...,0fc). (13.79) 

r £G k e 

In this definition, the sum is taken over all Kontsevich graphs F = (V k (.A) £ G k / 
and for each such graph F, tSp and Bp are the weight and the ^-differential operator 
associated to F, as defined in Subsections 13.5.2.2 and 13.5.2.3. 

A few comments about this definition are in order: 

(1) As we have seen, (Dp = 0 when F is a graph in G k / whose number of arrows 
is different from 2k + £ — 2. This explain why the sum in (13.79) is only taken 
over G k /, where £ := Y!l= \ Pi — 2k+ 2. Recall also that Bp is zero when F has 
a vertex i for which the number of arrows which start from i is not equal to p,. 

(2) With respect to the grading which we introduced on S"g, the monomial 
0102 •• • Qk in (13.79) is of degree p, - 2k. while Bp(Q\Q 2 ■ ■ ■ Qk) is of 
weight 1—2, with £ as above. It follows that 0 is a graded map (of degree 0). 

(3) Each 0 k is well-defined: the order of 0 1 ..... 0/. in the right-hand side of 
(13.79) is irrelevant, since both CTj- and Bp are independent of the ordering 
of the vertices of the first type. 

(4) The above formula for 0 k is particularly simple for k = 1. In fact, there are £\ 

graphs 1 } = cr) in G\? with i arrows, differing only by their ordering 

(as given by cr). As we have seen in Example 13.48, the weight of these graphs 
is 1 /(F) 2 ; according to Example 13.49, Bp e (Q) = 0. It follows that 
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<M Q)= I ®rBr(Q) 


reG u 



In view of (13.76), it follows that 0\ = (f>, as stated in Kontsevich’s formality 
theorem (Theorem 13.46). 

The main result is that 0 is an L,„-quasi-isomorphism between g and f). As a con¬ 
sequence, Kontsevich’s formality theorem (Theorem 13.46) holds for W 1 and the 
Loo-quasi-isomorphism which proves this theorem can be constructed quite explic¬ 
itly. For a proof that 0 is an -quasi-isomorphism we refer to [39, 107]. 


13.5.3 A Few Consequences of Kontsevich’s Formality Theorem 

The following theorem is a first important corollary of Kontsevich’s formality theo¬ 
rem. 

Theorem 13.51. Let M be a real manifold and denote by p the usual product 
on 

(1) Every Poisson structure n on M admits a star product, i. e., there exists a star 
product /i* = p + X;eN* Pi v ' on C°°(M), with pi = 

(2) There is a one-to-one correspondence between the set of equivalence classes 
of formal deformations of the trivial Poisson structure on M and the set of 
equivalence classes of star products on C°°{M); 

(3) The correspondence in (2) is natural in the following sense: if the equivalence 
class of a formal deformation n * = X/eN* n i v ' of the zero Poisson structure 
on M and the equivalence class of a star product p+ = jU +X('eff* Ah'V ( on M 
correspond under (2), then TZ\ is the skew-symmetric part of 2p\. 

Proof. Let n be a Poisson structure on M. It is an element of degree one of 
(X*(M), [•, -]s,0) and since it satisfies the Jacobi identity, vn is a solution of 
the Maurer-Cartan equation associated to (£*(M), [•,-J^O). According to Theo¬ 
rem 13.46, there exists an L,„ -quasi-isomorphism <J> between the differential graded 
Lie algebras (£*(M), [•, -]s,0) and (HC^ iff (M), [• with & { = (p. According 

to the first item of Proposition 13.41, Ll<i,(vn) is a solution of the Maurer-Cartan 
equation associated to (HC* iff (M), [• so that p + Q<p(vn) is a star product 

on C°°(M) (Proposition 13.33). Moreover, by definition of L2,;, (see (13.56)), we can 
write 



(13.80) 


(pin) = 


K 

2 ’ 


so that the coefficient in v of the star product p + Ll<i>(vn) is 0\ (n) 
according to Theorem 13.46. This shows (1). 
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Theorems 13.46 and 13.39, combined, show that there is a one-to-one corre¬ 
spondence between the set of gauge equivalence classes of solutions of the Maurer- 
Cartan equation associated to the differential graded Lie algebra (3E*(M), [•. -].s'.0) 
and the set of gauge equivalence classes of solutions of the Maurer-Cartan equa¬ 
tion associated to (HCJ iff (M), [•, -]g,a0- According to Proposition 13.33, the first 
set is the set of equivalence classes of deformations of the trivial Poisson structure, 
while the second set, after a translation by /i, is the set of equivalence classes of star 
products on C°°(M). This yields the one-to-one correspondence in (2). 

Let jp = Xfefr n kV k be a formal deformation of the trivial Poisson structure on 
M and consider p, := p + £2<j>(iit), which is a star product on C°°(M). Recall that 
the equivalence class of lit and the equivalence class of /i* are related by the one-to- 
one correspondence in (2). We have, as in (13.80), that /i* = p + 9-v (mod v 2 ). 
Let n't = p + XagN* P'k v>: be an arbitrary star product on C°°{M) which is equivalent 
to jU*, which means that pi — p and p t ~ A 1 are g au g e equivalent. Then there exists 
^ = Xa-gn* %kV k in v HC° iff (M) v such that n't = (AL), so that 

R* = M+(y+ [^t,M] G ) v (mod v 2 ). 

The bilinear map [B,\ ,/j] G C is symmetric, because 

[Mg ( f , G ) = 6 (M (F, G))-n (§i (F), G) - n(F, &(G)), 

for all F,G £ C°°{M). This shows that 7 t| is the skew-symmetric part of 2 n[, which 
is the content of (3). □ 

If (M, 71) is a real Poisson manifold, one can also consider the formal deformations 
of k rather than of the trivial Poisson structure on M. We show in the following 
theorem how these deformations are related to star products on 

Theorem 13.52. Let (M , n) be a real Poisson manifold and let n denote the usual 
product on C°°(M). There is a one-to-one correspondence between the set of equiva¬ 
lence classes of formal deformations of the Poisson structure n and the set of equiv¬ 
alence classes of star products Pt = n + XteN* A4-V* on for which n is the 

skew-symmetric part of2p\. 

Proof. Let us denote by the set of equivalence classes of formal deformations 
of the trivial Poisson structure on M and by the set of equivalence classes of 
formal deformations of the Poisson structure n on M. Let us also denote by .5^/ the 
set of equivalence classes of star products on C°°(M) and finally by the set of 
equivalence classes of star products Pt = p +XteN* AL v>( °n C°°(M), such that the 
skew-symmetric part of 2p\ is n. Of course, one has ,5V 7 r C <5^ and according to 
item (2) of Theorem 13.51, there exists a bijection \ft: —> 

An element Tit = n + Xa-gn* n kV k G 3c l (M) v is a formal deformation of n if 
and only if [te*, 7 E *] 5 = 0 , which is also equivalent to TitV] s = 0 , meaning that 
TitV = KV + Xa-gN* n t;V k 1 1 is a formal deformation of the trivial Poisson structure. 
Moreover, saying that two formal deformations tit and n[ of n are equivalent means 
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that 7T* — n and n'^ — n are two gauge equivalent solutions of the Maurer-Cartan 
equation associated to the pointed differential graded Lie algebra (X*(M), [•, •]$, n), 
i.e., that there exists | £ vX°(M) v satisfying 

< = e ad? far) ■ 

Since this equation is equivalent to tt' V = ve ad ^ (Kt) = e ad ? (te*v), two formal de¬ 
formations n * and 7r' of n are equivalent if and only if n t V and n[ V are equivalent 
as formal deformations of the trivial Poisson structure. This fact permits us to iden¬ 
tify vSi K with a subset of . Now, according to item (3) of Theorem 13.51, we 
have t jf(v@ n ) C ,^. n . Moreover, if jU* = p + XjteN* BkV k is an element of 
one has 2p^ = n and, once more according to item (3) of Theorem 13.51, there 
exists a formal deformation n * = Xa- 6 n* n kV k of the trivial Poisson structure, whose 
equivalence class is sent by t// to /i* and such that n = 2/i j“ = 7Ti. This implies in 
particular that i is a formal deformation of the Poisson structure n and that /i, 
lies in \fj(vS) n ). This shows that y/{vS> K ) = so that y/ induces a bijection 

between V°/J K and ,R[ l7r , hence between and ■'7’u n . □ 

Example 13.53. In the case of R' / , the explicit construction of the L„-quasi-iso- 
morphism which we have given in Subsection 13.5.2.4 leads to an explicit formula 
for the star product on C°°(R d ), equipped with an arbitrary Poisson structure n. 
Specializing (13.80) to (13.79), gives the following formula for the star product 

on C°°(R d ), for F, G £ C 00 ^), 

AL(F,G) = p(F,G) + X ^0 k (Jt k )(F,G) 

yk 

= p(F,G) + ^ — X tn r n)(F,G). 

k^ 1 ’ 2 

In the above sum, only those graphs for which every vertex of the first type is the 
tail of exactly two arrows contribute, since Bp {n ,..., n) is equal to zero for all other 
graphs. 


13.6 Notes 

Deformation quantization was proposed by Bayen, Flato, Fronsdal, Lichnerowicz 
and Sternheimer in [19] as an approach to reverse the standard operation of tak¬ 
ing the classical limit of a quantum system, which is loosely speaking done by 
letting Planck’s constant h tend to zero. They raise the question whether a defor¬ 
mation quantization of every Poisson manifold exists. For symplectic manifolds, 
an affirmative answer to this question was given by De Wilde-Lecomte [57], who 
use the Moyal-Weyl product, which answers the question locally (for symplec¬ 
tic manifolds). A geometric proof of the latter result was given by Fedosov [73]. 
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The fact that every Poisson manifold admits a deformation quantization has been 
shown by Kontsevich [107]. An alternative proof of Kontsevich’s result was given 
by Tamarkin [189]. 

In a purely algebraic context, the problem of (formally) deforming commuta¬ 
tive associative algebras was considered by Gerstenhaber in [82], who establishes 
the link with Hochschild cohomology. Deformations of Poisson structures were in¬ 
troduced in [126], Deformations of Poisson manifolds, in which both the associa¬ 
tive product and the Poisson bracket are deformed, are considered in Ginzburg- 
Kaledin [85], 



Appendix A 

Multilinear Algebra 


In this appendix, we recall some basic definitions and properties related to multi¬ 
linear algebra, including (graded) algebra and coalgebra structures, derivations and 
coderivations. We need them in two particular cases, namely for vector spaces over 
a field F, and for sf -modules, where .!-/ is a commutative associative algebra over a 
field F. Notice that the latter modules can also be thought of as vector spaces over F, 
a fact which we often use, since many operations which we consider are F-linear, 
rather than ^-linear. In order to cover both cases, we consider in this appendix 
the structures which we need on modules over an arbitrary commutative ring R with 
unit; the reader may find it useful to keep in mind the example of the C°°(M )-module 
of vector fields or differential forms over a manifold M. 

Throughout the appendix, F denotes a field of characteristic zero and R denotes 
an arbitrary commutative ring with unit, denoted by 1. 


A.l Tensor Algebra 

For ^-modules V and W, the set of linear 1 * * * * maps V —> W is denoted by Homjj(V, W ), 
or by Hom(V, IT) when it is clear that V and W are considered as /^-modules. 
Hom(V, W) is itself an A’-module in a natural way. When V is a free /^-module (for 
example when R = F, so that V is an F-vector space) and is a basis of V, every 
map SS —> W extends to a unique element of Hom(V, W) by linearity; when both V 
and W are finite-dimensional F-vector spaces, and bases for V and W have been 
fixed, we often think of elements of Hom(V, W) as matrices (with dim W rows and 
dim V columns). 

The dual of an A’-module V is the A’-module V* := HomfV 7 . R). For a finite¬ 
dimensional F-vector space V, the dual V* is an F-vector space, isomorphic to V; 
the isomorphism is however not canonical, since it depends on the choice of a basis 

1 We rarely use the word ff-linear, to avoid confusion with the terminology for multilinear maps, 

i.e., A-linear maps, with k 6 N*. 
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for V. The natural pairing (evaluation map) 

(-,•): V*xV ->R 

($,v) ^ (4iv) := |(v) , 


(A.l) 


leads for fixed v S f to a linear map (-,v) : V* —> R, i.e., to an element of (V*)* = 
Hom(W,i?). The /^-module (V*)* is called the bidual of V. The resulting linear map 
V -A (V*)* is, in general, neither injective nor surjective, but there are two important 
particular cases in which it is an isomorphism: 

• When Visa finite-dimensional vector space over R = F; 

• When R = C°°{M), the algebra of smooth functions on a smooth manifold M, 
with V the space of smooth differential fc-forms on M; in this case, V* can be 
identified with the i?-module of smooth vector fields on M. 


We will often deal with bilinear maps, sometimes with more general multilinear 
maps between ^-modules, where multilinear means (A’-) I inear in each of its argu¬ 
ments, keeping the other arguments fixed. The language of tensor products, which 
we introduce now, is very useful for this. Let Vj, Vj,V and W be /^-modules and 
let p : Vj x Vj —> V be a bilinear map. If we compose p with a linear map V -A W, 
then we obtain a bilinear map Vj x Vj —> W; one may wonder if, given Vj and Vj, 
there exists an ^-module Vj such that, for every A’-module W, every bilinear map 
Vj x Vj —> W can be obtained in this way from a linear map on V —> W. In fact, 
there is a unique (up to isomorphism) such A’-module, called the tensor product of 
Vj and Vj, denoted by Vj \ j, or Vj 0 Vj, and it comes with a natural bilinear map 
p : Vj x Vj —> V] 0 Vj. Formally, the stated property means that every bilinear map 
<j) : Vj x Vj —> W factors uniquely via p, meaning that there exists a unique linear 
map (f), such that 0 o p = 0. This property is displayed in the following diagram: 

Vj x V 2 ---> Vj 0 V 2 



In practice we do not make a distinction between the bilinear map 0 and the linear 
map 0, so we simply write 0 e Hom(Vj 0 Vj. W). A natural construction of the 
tensor product Vj 0 Vj is as the quotient of the free /^-module which is generated by 
all formal expressions vi 0 v 2 , with vi € Vj and v 2 € Vj, divided by the equivalence 
relation defined by 

(Vl + Vj ) 0 V2 = Vl 0 V2 + v\ 0 V2, 

Vl 0 (V2 + vj) = VI 0 V 2 + VI 0 vj, 
a(vi 0 V 2 ) = (avi) 0 V 2 = vi 0 (av 2 ), 

where vi, vj £ Vj and V 2 , vj £ Vj and a £ R. One says that vi 0 V 2 is the ten¬ 
sor product of vi and V 2 - The maps p and 0 are in this notation simply given by 
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p(v i, V 2 ) = Vi 0 v 2 and 0(v 1 0 V 2 ) = 0(vj, V 2 ). In view of the above three properties, 
p is a bilinear map. 

As an application, consider the bilinear map V\ x V 2 —> V3 0 V|, which is given by 
(vi, V 2 ) *-> V 2 0 vi. It factors via p to yield an 7?-module isomorphism S : V\ 0 V 2 —> 
V 2 0 Vi, given by S(vi 0 V 2 ) = V 2 0 vi, and called the twist map. 

One easily shows that for arbitrary /^-modules V\. V 2 and V 3 , one has a natural 
isomorphism (Vi 0 V 2 ) 0 V 3 — Vi 0 (V 2 0 V 3 ). The latter is also denoted as Vi 0 
V 2 0 V 3 as it can also be described, like in the case of bilinear maps, as a universal 
object for trilinear maps, defined on V\ x V 2 x V 3 . Under the natural isomorphisms, 
(Vj 0 V 2 ) 0 V 3 ~ Vj 0 (V 2 0 V 3 ) ~ V\ 0 V 2 0 V 3 , one has that 

(Vl 0 V 2 ) 0 V 3 £4 V'l 0 (V 2 0 V 3 ) £4 Vl 0 V 2 0 V 3 , (A.2) 

so that, in the sequel, we will not make a notational distinction between the elements 
in (A.2). The extension to several /^-modules is clear. For a given /Gmodule V, we 
obtain a natural sequence of /^-modules T k V := V®*, where k = 0. 1.2...., which is 
defined, as the notation suggests, by V® k := V 0 • • • 0 V (k factors), when k ^ 1 and 
V®° := R. Equipped with the product (X. Y ) 1 —> X 0 K, where X e V® k and Y € V' zd , 
the i?-module 

n : =0r‘y = 0y®‘ 

k =0 k=0 

becomes a graded A-algebra, called the tensor algebra of V. See Section A.3 below 
for the basic definitions on graded algebras. 

Fixing one /0module Z, it is useful to think of taking the tensor product with Z 
as a functor, which means on the one hand that a linear map (j> G Hom(V, W) yields, 
in a natural way, a linear map 

<j) £ Hom(V 0 Z,IV 0 Z) , (A.3) 

simply by putting |(v0z) := </>(v) 0z, for v G V and z G Z, which is well-defined; 
the map <j) is usually denoted by 0 0 1/, where ±z stands for the identity map on Z. 
On the other hand, it means that taking the tensor product with Z has the usual 
functorial properties, which make it into a covariant functor. In formulas, this is 
written as follows: 


tv 0 lz = 1 v®z, (0 o y/) 01 z = (001 z) o (t //0 lz), 

where 0 G HomfV', W) and t// G Horn (77, V). Above, we tensored with Z on the right, 
but we could also have tensored with Z on the left. 

For /^-modules F, and W,, with i = 1,2, there is also a natural injective morphism 
(which is not surjective, in general) 


Hom(Vi, W\) 0 Hom(V 2 , W 2 ) -A Hom(Vi 0 V 2 ,VTi 0 Wi) , 


414 


A Multilinear Algebra 


where </>i (S> </>2 S Hom(Vi, Vtj) ® Hom(V2,W 2 ) is, as a linear map from V\ ®V 2 to 
Wi <g) W2, given by 


(01® 0 2 )(v'i®v 2 ) :=0l(vi)® 0 2 (v 2 ) , 

for all v'i G Vj and v 2 G V 2 . This justifies the notation 0 01/ introduced above. 

For A’-modules Vj, V 2 and W, bilinear maps Vj x F G W are also in natural 
correspondence with linear maps Vj —> HomflA, IV), or with linear maps Vj —>• 
Hom(Vj. VV). We use this usually in the form of the two natural isomorphisms 

Flom(Vj ®Vj,W) ~ Fk>m(Vj,Fk>m(Vj,Vy)) ~ Horn (Vj, Horn (Vj, VV)) , 

which allows one to use a single bilinear map Vj x Vj —► W to associate to each 
element of Vj (respectively Vj) a linear map V2 —► VV (respectively a linear map 
Vj —> W ). For example, for arbitrary A’-modules V and W, 

(V (g> VV)* ~ Hom(V, W*) ~ Hom(W, V*) . (A.4) 

For given /^-modules V and VV, there is also a natural linear map ¥* : V* ® VV —> 
Hom(V,IV), which associates to an element E, ® w, with E, G V* and w G VV, the 
linear map 

*F(| ® w) : V —> VV 

V I —> E, (v) W = (4 , v) VV . 

The map is always injective, but is in general not surjective. When R = F, then 
is an isomorphism if and only if V or IV is finite-dimensional. Combining the 
injection V* ® VV* —> FIom(V, IV*) with the first isomorphism in (A.4), we obtain a 
natural inclusion 

V*®VV*-S>(V®VV)* , 

which is an isomorphism when R = ¥ and V or VV is finite-dimensional. 

When 0 1 G si) and 0 2 G Hom(V2 )I £/), where si is an AGalgebra, then 

01 ® 02 is often implicitly combined with the multiplication map si ® si —> si , 
yielding 0i ® 0 2 G Hom(Vi ® V 2 ,si), given for v'i G Vj and V2 G Vj, by 

(01 ® 0 2 )(vi ®V 2 ) := 0i(vi)02(v 2 ) , (A.5) 

where the latter product is the multiplication in si. When this multiplication has 
extra properties, they yield similar properties for the product of maps: for example, 
if si is commutative, then 


01® 02 = (02® 0l)oS, 

as elements of Hom(Vi ® Vj, si). Associativity of si implies that 

(01 ® 02) ® 03 = 01 ® (02 ® 03) , 

as elements of Hom((Vi ® V 2 ) ® V},si) ~ Hom(Vi ® (V 2 ® V3 ),si). 
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Our multilinear maps are usually skew-symmetric /.'-linear maps V k —> V, where V is 
an 7?-module, so we recall here the corresponding tensorial notions. In T’V, consider 
the submodule N which is generated by all ^-tensors (£ G N*) of the form v,j ® • • • ® 
Vj e , where v, s = v, f for some 1 ^ s < t ^ £, and let N k : = NC\T k V for k G N* and 
No := {0}. Then we may consider 


A*V := T’V/N = 0 T k V/N k = 0 A k V , 
k=0 k—0 

where A k V := T k V/N k , for k G N. Notice that A k V = {0} as soon as k is bigger 
than the (minimal) number of generators of V. We denote the quotient maps by 
p : T'V -A A*V and p k : T k V -A A k V. Since N is a two-sided ideal of T’V, we have 
that the associative product ® on T’V induces an associative product on A’V, which 
is denoted by A. Thus p(v\ ® • • • ® v*) = p{v i) A • • • A p(v k ), which we also write as 
vi A • • • A v k , because p\ (i.e., the restriction of p to V) is injective. One easily verifies 
that, if X e A'V and Y € A ; V, then X A Y G A !+; V and 

XAY = (-l) ij Y AX . (A.6) 

In the language of the next section, this property is called graded commutativity. 
The associative, graded commutative 7?-algebra (A*V, A) is called the exterior alge¬ 
bra of V and elements of A*V are called multivectors. One similarly constructs the 
symmetric algebra (S’V,-) which is the associative commutative graded /^-algebra 
obtained as T’V/N', where N' is the two-sided ideal of T’V, generated by all 
v ® w — w ® v, where v, w G V. 

It is clear that every skew-symmetric k-linear map <j) G Hom(y® A \IT) vanishes 
on N k . Therefore, for /Gmodules V and W, we have that every skew-symmetric 
/.-linear map 0 G Horn ( V' Zik . Vk) corresponds in a canonical way to a linear map 
<P : A k V —> W, as in the following commutative diagram: 



W 


In formulas, 0(vi A• • • A v k ) = <j) (vi ,...,v k ). From now on, we do not distinguish 
notationally between the maps (/> and (jy. we write (j> G Hom(A* : y, W) and we simply 
say that 0 is a skew-symmetric /.'-linear map. 

One usually thinks of elements of A k V as skew-symmetric tensors: the permuta¬ 
tion group S k defines a natural linear action on V' 4k which is defined for cr G S k and 
vi <8> ■ • ■ ® v* G V® k by 
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a(vi ® ■ ■ ■ ® v k ) := <g> ■ ■ ■ <g> . 

An element X £ V® k is called a symmetric tensor when cr(X) = X for all cr £ Sk, 
while it is called a skew-symmetric tensor when a(X) = sgn(<r)A for all a £ Sk, 
where sgn(<7) denotes the signature of a. In order to identify the skew-symmetric 
^-tensors with A k V, one defines a linear map p k , the skew-symmetrization map, by 

p k : A k V —> T k V 

vi A---Av k — £ sgn(cr)v ff(1) (g)---®v CTW . ^ A - 7 ^ 

CT€.S' t 

It is easy to see that this map is well-defined and injective, and that its image consists 
precisely of all skew-symmetric k-tensors. One similarly identifies the symmetric k- 
tensors with S k V by using the symmetrization map 

Pk • S k V -A T k V , 

whose definition is formally the same as the above definition (A. 7) of the skew- 
symmetrization map, except that one leaves out the factor sgn(cr). 

There are two types of internal products related to the exterior algebra. Let V 
and W be arbitrary ^-modules. For X £ A J V, the internal product ix yields, for 
every i £ N, a linear map 

ix : FIom(A ! F,IF) -A FIom(A' _; V,VF) , 


which is given by 

ixp (Z) := (j)(X AZ) 

where <j) : A'V -A W and Z £ A‘~ J V, assuming i iy j\ otherwise, i.e., when i < j, then 
i x <t> := 0. It is easily verified that 


ix/\Y = iY°ix , 

for X £ A J V and Y £ A k V . For (j) £ Hom(A'y,/?) the internal product i is the 
family of linear maps, indexed by j £ N, 

14 : A j V -A A j ~ l V , 

defined for all vi A • • • A Vj £ A^V by 

H (yi A ■ ■ ■ A vj) := £ sgn(cr) </> (v ff(1) ,..., v ff(/) ) v ff(i+1) A • • • A v a(j) 

aeStj-i 

when i A j, and ; C) is the zero map otherwise. In this formula, S k k denotes the set 
of all (, i,k)-shuffles, i.e., all permutations a £ S, + k for which (7(1) < • • • < ff(i) and 
<j(i + !)<■••< a(i + k ); sgn(cr) is the signature of (7 as a permutation. 
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To finish this section, we define a product on skew-symmetric multilinear maps 
which take values in a commutative associative /Aalgebra j/J. We write FG for the 
product of elements F and G in v/. As above, V denotes an arbitrary /^-module; 
often, in the body of the book, this product will be considered for V = a/, viewed 
as an F-vector space (R = F). For 0 £ Hom(A'y, s/) and y/ £ Hom(A ; V, £&), where 
i,j > 0, we define 0 A y/ £ Hom(A' + - 7 V, &/) by 

(0A^)(vi,...,Vi +y -) := X s g n ( CT ) , 

a eSij 


for all v \,..., v, + / - £ V. We also write 

(0 A ty/, vi A • • • A V/+ j) := (0 A y/)(vi,..., v i+J ) , 

thereby extending the notation of (A.l). 

Notice that, if si = R, so that 0 £ (A'V)* and y/ £ (A ; V)*, then we can alterna¬ 
tively define 0 A y/ £ (A ,+J V)* as being the linear map y/ o . In this particular case, 
the definition implies the following relation between i and A: 

= ly ° l (f> > 

for 0,t// £ (Bk e ^(A k V)*. Indeed, let 0 £ Hom(A'V,/ 2 /) and y/ £ Horn (AW, .e/), 
where ;, j > 0, and let v \,..., £ V, with k ^ i + j. Then, 

( </>ai|/( v i j • ■ ■ j v &) 

= X sgn{c7)(0Av/)(v (T (i),...,v (T ( ! - + y))v (T ( ! - +7+1 )A---Av (TW 
G£Si+j,k-i-j 

X s gn(T) 0(v T (i),.. •, v T (/)) V / ( v t(/-i-i) ? - • • > v t(i+/) ) 

T6 Si ilk -i-j (A.8) 

v r(i+y+l) A • • • A 

= v X sg n (p)0(Vp(i),...,Vp (i ))v p (i + i)A---AVp W 
\pes fi *_i 

= (tyOty)(vi,...,V*) , 

where we have used the notation S,■ ; *_*_, for the set of all permutations of{1...., k} 
that are increasing on the intervals 1,..., i and i + 1,...,/ + / and i + /+ 1..... A. 

We return to the general case for which is not necessarily /A but an arbitrary 
commutative associative /Aalgebra. We point out that, if 0 £ Horn (A'V 7 , ///), I// £ 
Hom(A ; V, W) and £ £ Hom(A*V, W), where i,j,k^ 0, then 

(0At^)AX = 0A(t//Ax) , 

i.e., A is an associative product on ©< € NHom(A f ,^). This is obtained by exactly 
the same computation as in (A.8), with k = t— i — j and with % acting on the last 
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part (i.e., on the last v s that appear out of the arguments of 0 and 1 //). Moreover, for 
0 £ Hom(A'y,^/) and 1 // £ Hom(A ; V,.e/), we have 

0 A i/f = (-l^yrA 0 • 

In the language of the next section, the product A makes ©jtGNHom(A^y,^) into a 
graded /©algebra which is associative and graded commutative. Notice that, in the 
notation which we use, if 0i,..., 0* £ Hom(V, srf) and v \,..., v* £ V , then 

(01 A---A0i,vi A---AV*) =det«0;,v J )) 1<ua . (A.9) 


A.3 Algebras and Graded Algebras 

In this section we recall the basic definitions of algebras and graded algebras. These 
definitions will be dualized in the next section, to obtain the notions of a coalgebra 
and of a graded coalgebra. 

Let V be an /©module. An algebra structure on V is a bilinear map p : V x V —> V , 
called a product. We also view p as an element of Hornf V 0 V.V), and we say that 
( V,p ) is an /©algebra. Usually, p is assumed to have additional properties; the typ¬ 
ical extra properties that p may be supposed to have are summarized in Table A. 1 . 


Table A.l A product p on an /©module, which makes it into an R-algebra, is usually assumed to 
have one or two additional properties, taken from the list which appears in this table. We write the 
properties in their usual form (with u, v, w 6 V) and in their functional form; the latter is useful for 
obtaining the “co”-version (see Section A.4). S is the twist map u ® v i—> v <g> u and 5? is the cycle 
map m®v®wi-»v0w®h. 


Property 

Usual / functional form 

commutative 

1= 

P R 

II II 

IT 

< 

skew-symmetric 

p(v,u) = —p(u,v) 
poS = -/i 

associative 

p(u,p(v,w)) = p{p(u,v),w) 
jUo(l v ®/i) = po(p®l v ) 

Jacobi identity 

p(u,p(v,w))+ 0 ( u,v,w ) = 0 
X?=oft ° (lv ® p)°y e = 0 


The usual combinations of adjectives are the following: (1) If p is skew-symmetric 
and satisfies the Jacobi identity, then (V,p) is called a Lie algebra , and /i is called 
a Lie bracket on V. We employ the standard custom of using brackets, such as [■, •] 
and for the product. (2) An equally important combination of properties that /i 
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may have are commutativity and associativity; some authors call (V. p) in this case 
simply an algebra (or /^-algebra), but we will not use this convention here since 
our modules will usually have two algebra structures, one of which is a Lie algebra 
structure, and the other one is associative and commutative. 

Example A. 1. A simple example of a Lie algebra structure is given by the vector 
space Hom(IV, IV), where W is an arbitrary vector space, equipped with the commu¬ 
tator 

[ 01 , 02 ] := 01 0 02 - 02 ° 01 , 

where 0i, 02 G Hom(IV, VV'). The Jacobi identity for [•,•] is a direct consequence of 
the associativity of the composition of (linear) maps. 

A linear map 0 : V —> W between A’-algebras ( V. p) and ( W. p') is called an 
algebra homomorphism if 0( J lt(vi, V 2 )) = J U / (0(v'i),0(vo)), for all iq, V 2 G V, which 
is written in functional form as (j) o p = p' o (0 0 0 ), and which corresponds to the 
commutativity of the following diagram. 

v®v ——^v 

0 (A. 10) 

w<g>w a* IV 

In the case of Lie algebras (V, [■,■]) and (IV, [■, ■]'), such a linear map 0 is called 
a Lie algebra homomorphism. The homomorphism property then takes the form 
0([vi,v 2 ]) = [0(vi),0(v 2 )]' for all vi,v 2 G V. 

We now turn to the graded version of these definitions. For this, it is assumed 
that V is a graded R-module, 

V = 0v;-, (A.ll) 

iez 

where each of the subspaces V, is invariant under the action of R. The notation V. 
(or V, when the subspaces are indexed by superscripts) is also used for V . In many 
cases, one has V = or even V = ®f =0 V;, the other Vj being undefined, but 

one easily arrives at the form (AT 1) by defining V) := {0}, for those values of i 
where V) was undefined. An element of V, is called a homogeneous element of V of 
degree i. A linear map 0 : V —> W between graded ^-modules is said to be graded 
of degree r if 0 (V)) C W, +r for every i G Z. When V and W are written as V, and W,, 
the suggestive notation 0 : V, —> W.+ r is also used. We denote the /Gmodule of all 
graded linear maps from V to W of degree r by Horn,. (V, IV). A graded product on V 
is a product p on V such that 



p ( Vi (8) Vj) C Vi+j , for all i, j G Z . 

Then V, equipped with p , becomes a graded R-algebra and we have induced maps 
Pij : V/ <8 Vj Vj+j for all j. A graded linear map of degree zero 0 : V —> W which 
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is a (Lie) algebra homomorphism is called a graded (Lie) algebra homomorphism. 
The graded analog of Table A. 1 is given by Table A.2. 


Table A.2 The graded analog of Table A.l is displayed. The only difference between the graded 
and ungraded notions lies in the signs; in fact, as there are no signs in the case of graded associa¬ 
tivity, the notion of associativity and graded associativity coincide. For the graded Jacobi identity, 
it is understood that when one sums over the three cyclic permutations of ( i,j,k ), the exponent i 
takes the consecutive values 0,1 and 2. The elements u, v and w are assumed to be homogeneous 
of respective degrees i,j and k. 


Property 

Usual / functional form 

graded commutative 

p(v,u) = (-1 yjp(u,v) 

Pj,i°s = (-1 y j Pi,j 

graded skew-symmetric 

p(v,u) = -(-1 ) lJ p(u,v) 
bjjos = -i-iyjpij 

(graded) associative 

p(u,p{v,w)) = p(p(u,v),w) 

Pij+lc O (l Vj ® p jtk ) = p i+hk o (Pij 0 l Vk ) 

graded Jacobi identity 

(—1)'* p(u,p(v,w))+ (3 (u,v,w) = 0 
(“L'Vij+i ° (lVi ® hj,k)°y e + o (i,j,k) = 0 


As in the ungraded case, the combination of graded skew-symmetric and the 
graded Jacobi identity leads to the notion of a graded Lie bracket and of a graded 
Lie algebra. The combination of graded commutativity and associativity leads to 
the notion of an associative, graded commutative algebra. 

Example A.2. To give a simple example of a graded Lie algebra, we define for 
graded linear maps (j), € Horn,. (U, V), where i = 1,2, their graded commutator 
[ 01 , 02 ] as the graded linear map of degree r\ + rj, given by 

[0!,0 2 ] := 0! o0 2 -(-l)'-i'-2 0 2 o0 1 . (A. 12) 

The graded /(-module (Dre 7 /. Hom, (V / , V), equipped with this bracket, is a graded 
Lie algebra. For graded linear maps 0i, 0 2 ,0 3 of degree r\. ri, f '3 , the graded Jacobi 
identity takes the following form 

(-1)' 1 ' 3 [0 1 ,[0 2 ,03]] + (-l)' 2 ' 1 [0 2 , [03,0l]] + (—l)' 3r2 [03, [01,02]] = 0 , (A. 13) 

which can also be written, in view of the graded skew-symmetry of [-,-], as 

[01, [02,03]] = [[01,0 2 ],03] +(-l )' 1 '' 2 [02, [01,03]] • 

In the language of Section A. 5, this means that [0i, •], which is a graded linear map 
of degree r\ , is a graded derivation of [•, •]. 
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We have in this appendix already met the following three examples of graded 
algebras, associated to an /©module V. 

(T'V,®) is a graded R- algebra, which is associative; 

(A*V,A) is a graded /©algebra, which is associative and graded commutative; 
(S'V, •) is a graded /©algebra, which is associative and commutative. 

The grading on T'V comes from the natural decomposition T'V = © i6 p}V®'; 
for A*V and S'V, the induced grading is used. The commutativity of the graded 
algebra (S'V,-) should not be confused with the graded commutativity of the 
graded algebra (A*V,A): in the former the arguments commute, but in the latter 
they only commute up to a sign, see (A.6). We think of T' as a functor: given 
a linear map 0 £ Hom(V, W), we obtain a homomorphism of graded algebras 
7"*</> : T'V —» T’W, whose restriction to T k V is the linear map T k V —» T k W, de¬ 
fined by T k (j) := 0 ® 0 ® • • • ® 0, i.e., 

T k (j) (vi ®V 2 ® ••• ®vjt) := 0(vi) (g> 0(v 2 ) (8) — <g» 0(v*) . 

T’ is a covariant functor: for 0 £ Hom(V / , W ) and t// £ Hom(lV.Z) one obtains 

r(i v ) = ij-v, r(vfo^) = r(vA) o r(0). 

Similarly, A* and S' are covariant functors. 

Associated to a graded vector space V = 0,.- x Vj there is a graded exterior al¬ 
gebra which takes into account the grading on V. This algebra, denoted by A*V 
is the associative, graded commutative algebra, obtained by dividing the tensor al¬ 
gebra T'V = 0; tgN 7’ A: y of y by the ideal generated by the elements of the form 
(—l) !; y®x, withx G Vj and y G Vj. Denoting by A the product in A*y, one 
then has 

xAy = —(—lyiyAx, 

for all x G Vi and y G Vj. For integers i|..... 4 and for a G an arbitrary permu¬ 
tation of {1,... .k}, let sgn(<7;ii,... ,4) € {1,-1} denote the sign, defined by the 
equality 

xi A • • • A x k = sgn(a; 4,..., 4) A • • • A, 

where X( is an arbitrary homogeneous element of V of degree if. for ( = 1.... .7. As 
in the ungraded case, if 0 : V® k -^r IV is a linear map, satisfying 


0 (x= sgn(cr;ii,...,4) (j){x a ^ ®-"®x <T ( k )), 

for all homogeneous elements xi,... ,Xk, with 4 denoting the degree of x/ for l = 
1 then 0 descends to a linear map A*y — > W, which we also denote by 0. 
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A.4 Coalgebras and Graded Coalgebras 

We now consider the “conversions of the concepts which were introduced in the 
previous section. This is done in the customary way, namely we obtain the “co”- 
versions by dualizing the definitions of the previous section, written in their func¬ 
tional forms (see Tables A.l and A.2), which is done by reversing all arrows and 
switching the order of their composition. Let us first dualize the definition of an al¬ 
gebra: a coalgebra structure on an /Amodule V is an element A of Hom(V, V0 V), 
called a coproduct. The most important additional properties which A may have, are 
summarized in Table A. 3. 


Table A.3 Dualizing the usual properties of the product of an algebra, written in functional form, 
as in Table A. 1 , we obtain the usual properties which the coproduct A , defining a coalgebra struc¬ 
ture on an R-module, can have. As before, S is the twist map and S? is the cycle map. 


Property 

Functional form 

cocommutative 

co-skew-symmetric 

coassociative 

co-Jacobi identity 

SoA = A 

SoA = -A 

(ly® A)oA = (A®1 V )°A 
l 2 e=0 y e °(lv® A)°A =0 


In order to define a homomorphism of coalgebras, we just reverse the arrows 
in (A. 10): for given coalgebras (V,A) and (W,A r ) we call a linear map (j) :W -A-V 
a homomorphism if the following diagram is commutative. 


V0V ^— V 



w®w <—-— w 

A 


We now consider the graded versions of the above “co”-concepts. Let V be a graded 
R- module, V = ©,-gzV,-. A graded coproduct is a coproduct A on V such that for 
every k e Z, 

MV k )c 0 V t ®Vj, 

i+j=k 

is finitely supported, i.e., A (V)) has a non-trivial intersection with only a finite 
number of V t 0 Vj. Notice that A (14) is automatically finitely supported when 
Vi = {0} for all i < 0. A graded /^-module V, equipped with a graded coprod¬ 
uct A, is called a graded R-coalgebra. For fixed i,j£ Z, we will need the linear map 
Ai.j : Vi+j -AVj<g> Vj, which is obtained by composing A, restricted to V l+ j, with the 
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natural projection V ® V -A V, 0 Vj. The usual properties of a graded coproduct are 
displayed in Table A.4. 

Table A.4 This last table deals with the case of graded coalgebras. We recall that S is the twist 
map and 5? is the cycle map (see Table A.2). 


Property 

Functional form 

graded cocommutative 

graded co-skew-symmetric 

graded coassociative 

graded co-Jacobi identity 

SoA u = (-l)VA,j 

SoA u = -(-l) i iA iJ 
(IVj ® Aj tk )oAij +k = {Aij <S> Ivi) o Ai+jf 
(—l) ik y e 0 (t Vl ® Aj k )oAij +k + 0 (i,j,k) = 0 


We have seen in the previous section that the graded /^-modules T'V, f\’V 
and S' V have a natural (graded) algebra structure. We now show that they also have 
a graded coalgebra structure; the latter structure is important at a few places in this 
book. The coalgebra structure A on T'V is called de-concatenation and is defined, 
for k G N and for v \,..., v k £ V, by 

k 

A(vi ® := ^(vi ®(vj+i ® , (A. 14) 

i=0 

which means that the linear maps Ajj are given by 

A u : y®( ; +;) ->• V®‘ ® V® j (A15) 

vi ® ■ ■ ■ ® v i+j i-a (vi ® ■ ■ ■ ® v,-) ® (v i+ 1 ® • • • ® Vi+j). 

Graded coassociativity of A is an immediate consequence of the associativity of ®: 

{{Aij ® ly k _ t _.)oA i+ jj c - i -j)(vi ® ■ ■ ■ ® v k ) 

= ((vi ® ■ ■ • ® V/) ® (v,' + l ® — ® Vy)) ® (Vj +1 ® • • • ® Vk) 

= (vi ® — ® v,-) ® ((v; + i ® • • • ® Vj) ® (v 7 ' + i ® — ® V*)) 

= ((1^. ® o 4,- t _i)(vi 8 • • • ® v t ) . 

We now turn to the natural coalgebra structure of the exterior algebra /\'V. Let us 
denote by 8 the diagonal map V —> V x V : v i —> (v,v). By functoriality of A*, it 
induces a linear map 

A*(5 : A'VaA*(V xV) , 
which we view as a linear map 


A :=poA*(5:A*y-)-A*V®A*y , 
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where p : A*(V x V) —> A*V 0 A*y is the natural isomorphism, given by 


p ((vi,0) A • • • A (vj,0) A (0, Vf+i) A • • • A (0, v*)) := 

(vi A • • • A v,-) 0 (v,-+i A-'Avt) , 


where Vi,..,, v k £ V . We denote the natural product on A* V 0 A* V which makes p 
into a homomorphism of graded algebras by A (not to be confused with A). It 
follows easily from the graded commutativity of A that, if v,- £ A r 'V for i= 1,... ,4, 
then 

(vi ®V2)A(V3®V4) = (—l) rar3 (vi AV 3 )<g)(v 2 AV 4 ) . (A.16) 

The commutative diagram 

V ---> VxV 

5 5xly 

V x V --+ V x V x V 

lyxS 

leads to a commutative diagram 


a*v 


A*5 


a a*(v xv) 


A '8 


A*(5xly) 


A*(V x V) ->■ A*(y x V x V) 

V ’ A*(lyx5) V ' 


which, in terms of A , becomes the coassociativity property of the coproduct A. 


A'V 


a A*yoA*y 


4®1a 


A*y®A*y ———a A*y®A*y(g)A*y 

l A .y®4 


The graded algebra structure on A*y 0 A*y 0 A*y is defined as in (A.16). An ex¬ 
plicit formula for A is given by 


4 (vi A v 2 A ■ ■ ■ A v k ) = p(A*5(vi A * * * A v*)) = p (5(vi) A • • • A 5(v*)) 
= p((Ot,0) + (0,vi)) A---A((v*,0) + (0,v*))) 

= (vi 01 + 10vi)A - ■ • A(vjfc01y + ly 0 Vk) 
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= X X s g n OX v ff(i) A-Av ff(i) )® (v ff (i + i)A-AiV( t) ) . 

i+j—k oeSij 


In particular. A, j is given by 


Aj(vl A • • • A v i+j ) = X s g n (<7)(v C r(i) A • • • A v ctW ) ® (v ff( , + 1) A • • • A v ct(;+j) ) , 


(A. 17) 

when i, j £ N and Ajj = 0 when i < 0 or j < 0. The above formula is similar to the 
de-concatenation formula (A. 14) which we have introduced in the case of the tensor 
algebra. 


A.5 Graded Derivations and Coderivations 

Let (V,/t) be a (not necessarily associative) graded algebra, where V = ©,- 6 zVi is a 
graded /(-module. A graded linear map 0 £ Hom,-(V / . V ) of degree r is said to be a 
graded derivation of degree r if 

( l i (vw) = 0 (v)w + (— 1 ) rp vtj) (w), 

for all v £ V p and w £ V q , where vw is a shorthand for /i (v, vt’). In functional notation 
this means that for every p,q £Z, 

= Mp+r ! < ? o(^®lvJ + (-l) rP Mp,r+ 9 0 (lv p ® <l>) , (A.18) 

as linear maps V p ® V q —> V p + r + q . We denote the /(-module of all graded deriva¬ 
tions of degree r of V by Der r (V). It is easily verified by direct computation that 
the graded commutator of two graded derivations of degrees ri and /'2 is a graded 
derivation of degree r\ +r 2 - This implies that (D r ex Leiy(L) is a graded Lie algebra, 
with the graded commutator as Lie bracket. It is a Lie subalgebra of the graded Lie 
algebra (B r ez Hom r (L, V), equipped with the graded commutator, which we consid¬ 
ered in Section A.3. Clearly, a derivation is completely determined by its values on 
an arbitrary set of elements of V, which generates V as a (graded) algebra. 

Example A.3. Let V be an /(-module and consider the graded algebra A* V. Equipped 
with the graded commutator, the /(-module © re zDer r (A*y) is a graded Lie algebra. 
Particular elements of Der,-(A*L) can be constructed from linear maps V —> A r+1 V: 
every linear map 

0 : V —> A r+1 V 

extends to a derivation of degree r of the graded algebra (A*V, A) by putting 

0 : A*L -A A* +r y 

k 

Vi A • • • A v& i —y l)* -1 0(v/) A vi A • • • A vj- A • • • A . 

i= 1 
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Indeed, for X £ A P V and Y € A q V, 

(j)(XAY) = 0(X)AT + (-l) pr XA0(y), 

which is an easy consequence of the fact that 0 will either be applied to a factor 
which appears in X, leaving Y untouched, or vice versa. 

We now formulate the notion of a derivation for the case of a graded coalgebra. 
As before, (V,A) is a graded coalgebra, where V = ©,:<=zV/ is a graded /^-module. 
Dualizing (A.18), a linear map 0 : V —> V of degree — r is called a graded coderiva¬ 
tion of degree r if for every p. q £ Z, 

A p ,qO(j) = ((j) ®t Vq ) O A p+rt q + (-l) rp (l Vp ® (j))oA pp . + q , 

as maps from V p+r + q to V p A) V q . We denote the /^-module of all graded coderivations 
of degree r of V by CoDeiy(V'). Again, it follows by direct computation that the 
graded commutator of two graded coderivations of degrees r\ and n is a graded 
coderivation of degree r\ + ip. This implies that © r6 zCoDer, (V) is also a graded 
Lie algebra, with the graded commutator as Lie bracket. Like (B re %Der r (V), it is 
a Lie subalgebra of the graded Lie algebra © r(E zHom,.(V, V), equipped with the 
graded commutator. The following example is the “co”-version of Example A. 3. 

Example A.4. Let V be an /^-module and consider the graded coalgebra A*V. 
Equipped with the graded commutator, the /(-module © rG z CoDer,-(A*L ) is a graded 
Lie algebra. Particular elements of CoDer,-(A*V) can be constructed from linear 
maps A r+1 V —> V: every linear map 

(/) : A r+1 V-> V 

extends to a coderivation of degree r of the graded /Acoalgebra (A m V.A) by putting 
0 : A*V A— r V 

vi A---Av k ha Y, sgn(r)(|)(v T ( 1 ),...,v T ( r+1) )Av T(r+2 ) A---Av T(i) . 

It is understood that the above definition means that 0 = 0 on A k V for k A :: r. It 
follows that, for p, q £ N we have that 

Ap,qO(j) = (0(g)l A9 y)oA / , +ri9 +(-l)'' P (l AP y<g) 0)oAp :r+9 . (A.19) 

All coderivations of A* V are obtained in this way: if <J>: A*V -A A*' ' V is a coderiva¬ 
tion of degree r of (A *V,A), then & = 0, where 0 : A r+1 V —> V is the restriction of 
0 to A r+x V. Indeed, since 0 and 0 agree on A k V, for k ^ r+ 1 (they are both zero 
when k£i r, for degree reasons), they also agree, in view of (A.19), on A r+1 V (take 
p = q= 1 in (A.19)), and similarly for the higher exterior powers of V. 


Appendix B 

Real and Complex Differential Geometry 


In this appendix we recall the basic notions of differential geometry: the definition 
of a real manifold, of a complex manifold and of a vector field on such a manifold. 
We also recall briefly the main properties of vector fields on manifolds: the existence 
of integral curves of a vector field, the flow of a vector field, the bracket of vector 
fields and the straightening theorem, which says that a vector field takes, in well- 
chosen coordinates, a simple form. Our definition of vector fields on a manifold is 
based on the concept of a pointwise derivation. This approach easily generalizes to 
the introduction of the concept of a bivector field on a manifold, a crucial element 
in the (geometrical!) definition of the notion of a Poisson structure on a (real or 
complex) manifold (see Section 1.3). 


B.l Real and Complex Manifolds 

We adopt the following geometric point of view: a differentiable manifold is a (sec¬ 
ond countable, Hausdorff) topological space which is covered by a family of co¬ 
ordinate charts ( U,x ), where U is an open subset of M, called the domain of the 
chart, and x = (x |,..., x,i ) is a homeomorphism from U to an open subset of R/ / . 
The functions x\,... ,Xd are called local coordinates ; they are said to be centered at 
m if x(m) = o, where o stands for the origin of . The coordinate charts are de¬ 
manded to be compatible in the sense that, if (U,x) and (V.y) are coordinate charts, 
with U (~l V ^ 0, then the homeomorphism 

y° x ~* L^v ) :x ( unv ) y(unv) 

is a smooth map, see Fig. B.l. This homeomorphism is called a transition map. A 
collection of compatible coordinate charts of M, whose domains cover M, is called 
an atlas of M. For connected differentiable manifolds, the integer d is independent 
of the coordinate chart; it is called the dimension of M, a terminology which we also 
use in the non-connected case, when d is independent of the coordinate chart; it is 


C. Laurent-Gengoux et al., Poisson Structures, 

Grundlehren der mathematischen Wissenschaften 347, 

DOI 10.1007/978-3-642-31090-4, © Springer-Verlag Berlin Heidelberg 2013 


427 


428 


B Real and Complex Differential Geometry 



Fig. B.l A manifold comes equipped with an atlas, a collection of coordinate charts (U,x), where 
the transition maps joC 1 between coordinate charts (U,x) and (V,y) (with U C\V f 0) are de¬ 
manded to be smooth. 


denoted by dimM. When the integer d is even, we may interpret the homeomor- 
phisms x as taking values in C' 2 / 2 ; in this case, if all transition maps are complex 
analytic (holomorphic), then M is called a complex manifold and d/2 is called the 
(complex) dimension of M. It is a trivial, but important, fact that every non-empty 
open subset of a real or complex manifold is itself, in a natural way, a real or com¬ 
plex manifold. In particular, every open subset of a (real or complex) vector space 
is a (real or complex) manifold. 

The main virtue of manifolds is that we can do calculus on them, hence also 
analytic geometry. Roughly speaking, the coordinate charts allow us to identify ob¬ 
jects on the manifold, locally, with standard objects on open subsets of ¥ d (F = B 
or F = C) and the transition maps allow us to compare these standard objects. The 
first object one thinks of is that of a smooth function: a function F : M —> F on a 
real (respectively complex) manifold M is called a smooth function (respectively a 
holomorphic function ) if for every coordinate chart (U,x) of M the function 

F = F of 1 : x(U) — > F 

is smooth (respectively holomorphic). The function F is called the coordinate ex¬ 
pression of F in the coordinate chart (U,x). See Fig. B.2. The (commutative asso¬ 
ciative) algebra of all such functions F on M will be denoted by J^( M ). For an open 
subset U, viewing U itself as a manifold, we have an algebra of functions ■'f ; (U ) and 
there are obvious restriction maps & ( M ) —> which are in general neither in¬ 

jective nor surjective; the restriction of F € ff(M) to U will be denoted by Fj . 
Notice that &{M) may consist only of the constant functions, for example when M 
is a compact complex manifold. 
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Fig.B.2 Smooth functions on a manifold M are functions on M which are smooth in terms of local 
coordinates. 


One similarly defines the notion of a smooth map between real manifolds and a 
holomorphic map between complex manifolds. It leads to two categories: the cat¬ 
egory of real manifolds, whose objects are real manifolds with smooth maps as 
morphisms, and the category of complex manifolds, whose objects are complex 
manifolds and whose morphisms are holomorphic maps. Since complex manifolds 
are in a natural way also real manifolds, and since holomorphic maps are smooth, 
there is a natural forgetful functor from the latter category to the former. 


B.2 The Tangent Space 

Let M be a manifold and let m G M be an arbitrary point. We define the tangent space 
T m M of M at m. To do this, we consider the set SF m (M) of all pairs ( F,U ), where U is 
an open subset of M which contains m, and F is an element of &(U). Two elements 
(F. U ) and (G, V ) of 3F m (M ) are defined to be equivalent, denoted (F, U) ~ (G, V ), if 
there exists a pair (. H,W ) G such that W C {/(TV and H = F \ w = G\ w . For 

(F,U) G we denote its equivalence class by F m and we call it the germ of F 

(or of (F, U)) at m. It is clear that the quotient set & m (M )/ ~ of all function germs 
at m inherits from J F(M) the structure of an associative F-algebra. For example, 
in the complex case, the algebra (M) / ~ is isomorphic to the algebra of power 
series in d variables, whose radius of convergence is positive. Notice that a function 
germ F m has a well-defined value at m, which is simply F(m). 

Definition B.l. Let M be a manifold and let m G M. A pointwise derivation 8„, of 
& (M) at m is a linear function 
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satisfying, for all functions F and G, defined on a neighborhood of m in M, 


8m(,F m G m ) — f (ill) 8 m G m 4- G(ni) 8 m F m . 


(B.l) 


The vector space of all pointwise derivations of J F(M) at m is denoted by T m M, and 
is called the tangent space of M at m, while the dual space T* n M of linear forms 
T m M —> F is called the cotangent space of M at m. The canonical pairing between 
the dual vector spaces T m M and T* n M, which amounts to evaluating elements of T* n M 
on elements of T m M, is denoted by (•,•). 

One easily deduces from (B.l) that if 8„, is a pointwise derivation at m, and F is 
constant in a neighborhood of m, then 8 m F m = 0. For a given function F, defined on 
a neighborhood of m in M, consider the function d m F on T m M, defined by 


d m F : T m M -)• F 

8m 1 t 8 m F m . 


(B.2) 


Clearly, d m F is a linear function, hence it is an element of the cotangent space T*M. 
It is called the differential of F at m. The differential of a function admits a natural 
generalization to the case of maps between manifolds. Let M and N be two mani¬ 
folds and let be a map, defined on a neighborhood of a point m G M, with values 
in N. The linear map T m P : T m M —> Tp^N, called the tangent map of *F at m, asso¬ 
ciates to a pointwise derivation 8 m of :F(M) at m, the pointwise derivation 7 m 'f'(i5 / „) 
of J F(N) at *F(w), defined for every germ Gip(m) at by 


{T m 'F)(8 m )G v{m y.= 8 m {Go'F) m , 


see Fig. B.3. This is well-defined, because the germ (Go'¥) m is independent of the 
function G which represents the germ Gtp lmj . When F is a function, defined on a 
neighborhood of m, the tangent map at m is a linear map T m F : T m M —> T F r m ) F, 
and we can recover the differential d ,„F, upon composing T m F with the canonical 
isomorphism T F ( mj ¥ ~ F, which will be explained below. 

The tangent map obeys the usual rules of calculus: for example, if M,N and P 
are manifolds, *F : M —»• and E : N P are maps and m G M, then 


T m (Eo'F) = (T nm) E)oT m 'F. 


In particular, if T' is a diffeomorphism (at least in the neighborhood of in), then 7„, l P 
is invertible and 


(Tm'P)- 1 =Tw(m)'P~ 1 ■ 


Consider the vector space ¥ ,J , viewed as a ^/-dimensional manifold, and let m be a 
point of F rf . There is a natural isomorphism between the vector spaces T m ¥ d and ¥ d . 
Namely to a vector v G ¥ d we can associate a pointwise derivation v m at in by setting. 
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Fig. B.3 A map between two manifolds M and N leads for every point m £ M to a tangent map 
which is a linear map between the tangent space T m M and Ty^N. 


for every germ F m at m. 


n F m .— 


— F(m + tv) = lim 
dt |r=o t^O 


F(m + tv) — F(m) 
t 


It is clear that v i-A v m defines an injective linear map from ¥ <l to T m W l . The surjec¬ 
tivity of this map follows from the Hadamard lemma. 

Lemma B.2 (Hadamard’s lemma). Let F £ ■'F{U), where U is an open subset 
of¥ d and let m £ U. On a small neighborhood V C U of m in F d , 


d 

F = F(m) + ^(x, -x,(m))F w , 

i=l 


(B.3) 


where each of the functions F^ belongs to ¥F(V). In particular, 

F^(m) = (, Si ) m F m , 


where (e \,..., ef) denotes the natural basis of F f/ . 

For a proof of this lemma, which is essentially a first-order form of Taylor’s theorem, 
see [155, p. 17], 

Let F £ -IF{U) and consider (B.3), germified at m £ U, 
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d ,, 

F m = F(m) + - Xj(m))F, ( n. (B.4) 

i= 1 

Let 8 m be a pointwise derivation at m. Applying 8 m to (B.4) we find, using (B. 1 ), that 
d d 

8mFm = 8 m {xi) m F^'\m) = 8 m (x/) m (ei ) m F m , 

i—l i— 1 

for all germs F m at m, so that 


d 

8m = 8 m [Xi) m {Ci)m ■ (B.5) 

i—l 

This shows that T m ¥ d is spanned by the pointwise derivations (ei) m , so that the map, 
defined by v H > v m , is an isomorphism between F f/ and T m F f/ . 

If (U,x) is a coordinate chart of a manifold M, centered at m, then each of 
the d vectors of the natural basis (e \..... e,i") of F' 1 leads to a pointwise derivation 
of & (M) at m, defined by 




For a function F, defined on an open neighborhood of m in M, this means that 


) F m = diF(x{m)) , 


where F : x(U) —> F is the coordinate expression of a representative F G FF(U) of 
the germ F m (see Fig. B.2), and 1 F i F d; also, djF denotes the derivative of F with 
respect to its ;-th variable (real or complex). Since T,,F rl is spanned by the point- 
wise derivations (ei) 0 ,..., (erf ) 0 and since T„x~ l is an isomorphism, the pointwise 

fe) m s P an TmM - 

Remark B.3. When the tangent space of M at m is viewed as an equivalence class 
of curves, passing through m, as is done in a more analytic approach to elementary 
differential geometry, then the differential d m F of a function /-’: M -G F at m. is 


derivations ( 4— 


(i). 


d m F(f m ) := A F( 7 (0) 

at |r=0 


where y : I —> M is a curve, defined on a neighborhood I of 0 in F, with y(0) = m. 
whose equivalence class has been denoted by y m . As we have seen, in our approach 
to defining the tangent space, the definition of the differential takes the more alge¬ 
braic form 

(d mF : 8„i) •— S m F m . 
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for all 8 m £ T,„M. Thus, in our setup, we view tangent vectors as objects which act 
on equivalence classes of functions, rather than viewing functions as objects which 
define linear forms on equivalence classes of curves, although both points of view 
are equivalent (see [198, Ch. 1]). 


B.3 Vector Fields 

Let us consider a manifold M and a map Y, which assigns to every m £ M an 
element Y m of T m M. To each function F £ &(U), where U is an open subset of M, 
we can associate a function Y[F] on U by defining, for all m £ U, 

Y[F]{rn):=Y m F m £ F. (B.6) 

We also write Y m [F\ for Y m F m , so that Y,„[F\ = Y[F](m). We say that Y is a smooth 
vector field (respectively holomorphic vector field) on M if for every open subset 
U C M and for every function F £ ■'Y(U'). the function Y[F], defined by (B. 6 ), 
belongs to (i.e., it is a smooth, respectively holomorphic function on U). 

When the type of manifold which is considered is irrelevant or is clear from the 
context, we simply say vector field for smooth or holomorphic vector field. Notice 
that we use square brackets to denote the action of a vector field on a function. 

With respect to pointwise multiplication, the vector fields on M form an Y(M)- 
module, which is denoted by X*(M). Viewed as a vector space, X ! (M) is a Lie 
algebra, where the Lie bracket is the commutator of vector fields, defined as follows. 
Let Y and W be vector fields on M, and let in £ M. For every function F, defined 
in a neighborhood of m, letting 

[Y, W},„ (F m ) := Y m (W[F}) m - ( Y[F]) m , 

leads to a well-defined linear map ,W\ m : Y m (M )/ ~ —y F, which is eas¬ 
ily shown to be a pointwise derivation at m. For given vector fields Y and ’/f 
on M, the map which assigns to every in £ M the element \Y. "Y\ m of the tan¬ 
gent space T m M is a (smooth or holomorphic) vector field, hence we have a map 
[•, •] : X 1 (M) x X 1 (M) —> X 1 (. M). Clearly, [•, •] is a skew-symmetric bilinear map, 
which satisfies the Jacobi identity, hence it defines a Lie algebra structure on X (M); 
it is called the Lie bracket on vector fields. 

We have seen that a map Y : M —> N leads for every m£M to a linear map T m Y : 
T m M —> Lf/( m) N. Flowever, since Y is in general neither injective nor surjective, this 
collection of linear maps cannot be used to associate to a vector field Y on M, a 
vector field on N. Nevertheless, when Y is bijective, so that Y is a diffeomorphism 
(or biholomorphism), we get a vector field Y t Y on N by setting 

(W nm ) := {T m Y)Y m , 

for all in £ M. The vector field Y*Y is called the pushforward of Y by Y. 
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It is clear that vector fields can be restricted to open subsets; we usually do not 
make a notational distinction between a vector field on M and its restriction to some 
open subset of M. It is also clear from (B.6) that Y defines, for every open subset U 
of M, a derivation of &(U), i.e., we have 

Y[FG\ = FY[G\ + GY[F] , 

for all F, G £ &{U) . In particular, a vector field on M defines a derivation of &(M). 

Remark BA. It is shown in standard books on differential geometry that for a real 
manifold M, the above natural correspondence between (smooth) vector fields on M 
and derivations of JY(M) is bijective. For complex manifolds however, this is not 
true in general: think of a compact complex torus C d /7r d , which has non-trivial 
holomorphic vector fields, but whose algebra of holomorphic functions consists of 
constant functions only, so that all its derivations are trivial. The same phenomenon 
occurs for skew-symmetric biderivations and bivector fields (e.g., Poisson struc¬ 
tures), introduced in Chapter 1. 

Remark B.5. The set of all tangent vectors at m, for m ranging through M, has a 
natural vector bundle structure over M, denoted TM —>• M. The fiber over m is the 
vector space T m M and the vector fields on M can be defined as the (smooth, holo¬ 
morphic) sections of TM —> M. In abstract geometrical constructions, it is the latter 
point of view on vector fields which is often the most appropriate. 

On a coordinate chart (U,x) of M, there are d distinguished vector fields d/dxt, i = 
1 ,...,d, which are defined by m H > (57) , for all m £ U, which amounts to defining 

:= diF(x{m)) , (B.7) 

for all F £ ■'F(M). where F : x(U) -4 IK is the coordinate expression of F, as in 
Fig. B.2. By a slight abuse of notation, we usually write 'j'f (m) instead of either 
expression in (B.7). If Y is a map which assigns to every in £ U an element "V m £ 
T m M, then Y can be written in a unique way as "V = X^=i d/dxt, since the 
pointwise derivations j form a basis of T m M, for every m £ U. Then "V is 

a (smooth) vector field on U if and only if the coefficients F Ij! in this expression 
belong to It is clear that these coefficients are given by = Y[xi\. 

By a slight abuse of language, we often refer to the expression 

r = X n*>} 1 (b.8) 

;= 1 0X1 

as a coordinate expression of Y in the coordinate chart (U.x). It is very useful for 
explicit computations, as it allows us to compute with vector fields on a manifold, 
locally, in the same way as on F rf . 
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Fig.B.4 For a given vector field on a manifold, there passes through every point of the manifold a 
unique integral curve. 


B.4 The Flow of a Vector Field 

Let Y be a vector field on a manifold M and let m £ M. The fundamental theo¬ 
rem on the existence and uniqueness of solutions of first order ordinary differential 
equations with initial conditions, tells us that there exists a connected open neigh¬ 
borhood I of 0 in F, and there exists a map 0 : 1 —> M, such that 0 (0) = m and such 
that 

(®.9) 

for all t' £ /; the map is unique in the sense that if 0j : / j —> M and 02 : h —> M are 
two such maps, then they coincide on (/i n/2) 0 , the connected component of their 
common intersection, which contains 0, 

^(finy 0 ^1 (/jn/2) 0 ' 

The map 0 or the pair (/, 0) is called an integral cur\>e of Y, passing through m, see 
Fig. B.4. By a slight abuse of notation, the left-hand side in (B.9) is often denoted 
by using this notation (B.9) takes the more familiar form 

The integral curves of a vector field depend smoothly on the initial data; this is stated 
in a precise way in the following theorem (see [187, Ch. 5] for a proof). 

Theorem B.6. Let Y be a vector field on a manifold M and let m G M. There exists 
a neighborhood U of (0, m) in FxM and there exists a map <S> : U —X M such that, 
for every (0 ,m!) £ U, the restriction 

<P| (B.10) 

is an integral curve of V, passing through m!; the subset I m t in (B.10) is the 
connected component ofUC I (F X {m 1 }) which contains (0 ,m'). Moreover, <L> has 
the following property: for every ( t',m ) in the connected component of (0 ,m) in 
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U l~l (F x {m}), there exists a neighborhood U t i of(t',m) in U, such that the restric¬ 
tion 

<*>!,,,: (7,,->M, 

is a diffeomorphism (biholomorphism) between U t i and its image 

We refer to such a map 0 as being the (local) flow of the vector field 'V in a neigh¬ 
borhood of m. The diffeomorphism 0\ Ur is called the local flow at t' and is usually 
denoted by 0 t i (omitting its domain of definition, which is all of M in good cases, 
for example when M is a compact real manifold). 

An important and useful consequence of the (local) existence of the flow of a 
vector field, is the straightening theorem, which says that the coordinate expression 
of a vector field on a manifold takes a particularly simple form, at points where the 
vector field does not vanish. 

Theorem B.7 (Straightening theorem). Let M be a manifold and let Y be a vector 
field on M. If m € M is such that Y ( m ) 0, then there exist local coordinates 
Xi,... ,Xj on a neighborhood U ofm, such that Y — d jdx\ on U. 


B.5 The Frobenius Theorem 

Instead of having a vector at every point of a manifold M, as is the case of a vector 
field on M, one may have a one-dimensional subspace of the tangent space to M, 
at every point of M. This is what is called a 1-dimensional distribution on M; a 
A-dimensional distribution Y on M is then the datum of a ^-dimensional subspace 
3>(m) of T m M for every m £ M. One says that is smooth (or holomorphic ) if 
there exist for every m £ M smooth (or holomorphic) vector fields Y\ ,... , on a 
neighborhood U of m, such that 

9{m) = span{(ri ) m {%)„} , 

for every m £ U. When it is clear from the context, we often simply say distribution 
for smooth (or holomorphic) distribution. A vector field Y, defined on an open 
subset U of M, is said to be adapted to Q) on U if Y m £ S>(ni) for every m £ U. A 
distribution f3> on M is said to be involutive if for every open subset U of M, and for 
every pair of vector fields on U, which are adapted to on IJ. their Lie bracket is 
also adapted to on LJ. Involutivity of a distribution is a very strong condition, as 
is plain from Frobenius’ theorem. 

Theorem B.8 (Frobenius’ theorem). Let M be a d-dimensional manifold and sup¬ 
pose that is a k-dimensional distribution on M. IfS> is involutive, then every point 
m £ M admits a coordinate chart (17,x), with m £ U, such that 



S>(tn') = span 


for every m' £ U . 



B.5 The Frobenius Theorem 


437 


For a short and elementary proof, which is immediately adapted to the holomorphic 
case, we refer to [41] or [138]. It is clear that Frobenius’ theorem can be seen as a 
generalization of the straightening theorem (Theorem B.7). 
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